
Chapter 1

Introduction

The reader should be warned against being seduced into think-
ing that linearization tells the whole story.

(Infeld and Rowlands, 2000, p. 296)

This monograph is about building models of psychological or psy-
chophysiological data that extend through time, are inherently unstable
and, even from the perspective of the applied mathematician, are often in-
tractable. Such instabilities have not gone unnoticed by statisticians and
even such patterns as good and bad patches in the performance of sports
teams, which are inexplicable to some of their followers, have been mod-
elled. Attempts to address this problem in a diversity of disciplines are le-
gion and it is only data of interest to the psychologist and the constructor
of psychological measurements that are our focus. This does not mean that
new methods will not emerge, even while this monograph is being writ-
ten. Strange attractors and soliton metamorphoses have been added to the
range of theoretical constructs available to the physicist and the sorts of
data that we may meet in psychometrics are often appropriately treated as
evidence of non-coherence, though that term is, as yet, rarely used outside
physics (Infeld and Rowlands, 2000). In one sense, psychological data can
be even worse because they jump about in their dynamics or are induced
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to do so by the action of the environment providing stimuli. One might
think of any attempt at modelling a real life process extending through
time as a compromise between plausibility of a representation of substan-
tive data and mathematical tractability. If that were so, it could be a zero
sum game in which one is achieved at the expense of the other. But it is
not. There can be and frequently is loss on both sides of the compromise.

Historically, we could go back to 1812, when one of the first serious
mathematical models of sensory or cognitive processes was created by
Herbart (translated by Gregson, 1998). He had the profound insight that

The calculation of the rises and falls of imagery in conscious-
ness this most general of all psychological phenomena, of
which all others are all only modifications would only require
a quite simple algebraic representation, if the imagery could
be said to be directly proportional in all its strength, if not it
has its origins in the perception of time itself, and would show
against already existing contrasts.

But that does little more than remind us that the subsequent evolution of
the discipline was a history of false starts and neglected solutions. There
are two sorts of mathematical borrowing that are found in the history of
quantitative psychology: borrowing of a wide area of mathematically ex-
pressed theory already in use in physics, biology or engineering, such as
stochastic differential equations, or catastrophe theory; and borrowing of
specific equations that were originally advanced as models in some sub-
stantive area that has no immediate intuitive parallels with psychology.
The first sort of borrowing, if it can be called borrowing, is involved here
and has been one of increasing interest recently as symbolic dynamics
(Jiménez-Montaño, Feistel and Diez-Martinez, 2004). The second sort goes
back a long way; for example, it seems not to be generally known that the
use of a linear model with an added Gaussian random residual compo-
nent, introduced by Fechner in the 1850s, goes back, via Weber, to Gauss
and the resurveying of the streets of Hannover after the Napoleonic wars
and to Gauss’s monograph on least squares of 1809 (Bühler, 1986).
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It seems to be relatively rare for mathematical psychology to produce
its own equations that are not copies of something in physics or biology,
such as borrowing the logistic equation created for population dynamics,
but that may be an unfair criticism. If hard work has already been done,
one can build on it. The complex cubic Gamma recursion of nonlinear psy-
chophysics (Gregson, 1988, 1992), will be quoted later. It resembles some
other mathematical models but is a bit different; a model can be one of a
family and, at the same, uniquely applicable to some substantive area of
science.

The title of this monograph was chosen to include the word infor-
mative, which has a special meaning that will characterise the approach
taken: informative implies information, and information implies informa-
tion theory and its extensions, associated with the names Kullback, Leibler
and Akaike (de Leeuw, 1992). The use of information theory in psychol-
ogy had a brief popularity, due in part to the efforts of Attneave (1959),
preceding methods, in the later 20th century, that have had some partial
impact on psychometrics but rather more on engineering. Recently, in-
formation measures as a basis of choice between alternative models has
been strongly advocated in biology (Burnham and Anderson, 2002). This
is an approach with which we have strong sympathy, but one that sets us
at odds with some preferred traditions in psychophysics and in applied
statistics. Much of both classical and modern psychophysics is written out-
side time. It is not an area of dynamics, let alone nonlinear dynamics, but
one of steady-state stimulus-response mapping (Falmagne, 2002). There
have been important attempts to extend this dynamically: Helson’s (1964)
work on adaptation level theory was one, and Vickers (1979) on accumu-
lator theory was another. Trying to build time series analysis into the to-
tal picture that was mostly linear theory created this author’s 1983 work
Time Series in Psychology. But what has happened since creates a need for
a fundamental rethink if nonlinear systems are to play a important role.

Ignoring sequential effects in stimulus-response mappings by only ex-
amining behaviour under asymptotic steady-state conditions is useful if
some sorts of individual differences in responses to the environment are
important; the logic of a simple intelligence or memory test does not ask
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how a respondent got, over some years, to be what he or she now is,
but what he or she can now do when faced with tasks of various diffi-
culties. One cannot investigate absolutely everything at once and delib-
erately choosing not to ask some questions is, perhaps paradoxically, one
of the bases of scientific method. But asking too many questions at once,
that is, collecting a host of data on all potentially relevant variables, can
create studies in which nothing is identifiable or decidable. In statistics,
this is called the problem of overdetermination or lack of degrees of free-
dom. The counter argument, particularly in nonlinear systems, is that, if
variables are taken one by one and not in clusters as they occur in the
real world, then the nature of their interaction is obscured and causality is
obliterated.

————————————————-
Figure 1.1
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There are a number of locations in Figure 1.1 where a psychophysi-
cal mapping may be created. Indeed, in the 1860s, Fechner distinguised
what he called psychophysics from below and psychophysics from above.
In the 1890s, Wundt wrote as though he was predominantly seeing him-
self as doing physiology. It is explicit in Fechner (1860), that he wished
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to bring together evidence in one framework from all of physics, phys-
iology and everyday life. There are two pathways in Figure 1.1 that are
of interest: from the Event, through S1, to the Observer; and through the
Intrumentation of the Event and S2 to the Observer. The path through S2
is, as drawn, a bit of a cheat, as it should really go from Instrumentation
back to Receptors R and then via S1. The path via S2 is drawn to empha-
sise that some Events are never directly available to our senses, such as
voltages or radio waves (except in some pathologies, apparently), but we
can and do read pointer readings and may consider the psychophysical
relations between pointer readings and our awareness of events in ways
that were never available in the mid-19th century. Yesterday, as I am writ-
ing this, it was hot and muggy, so I consulted the barometer hanging in
the hallway of my home, and read humidity and temperature dials. Yes,
I was right. It was information consistent with feeling hot and stuffy; it
wasn’t an illusion due to me having a bad cold. But I did not have a sound
meter handy to check the loudness of my hi-fi system. That just sounded
agreeable, though the nearby thunderstorm sounded threatening.

But there is an immediate complication: a step labelled ’sampling’ in-
dicates that only parts of the Event get represented in the Instrumentation
and some of the properties encoded may never correspond to our sen-
sory experiences. This is particularly true for detailed chemical analyses,
as compared with odours and tastes. Unprocessed signals can come as far
as S1 and/or S2, but get no further.

The psychophysical mappings, symbolised in Figure 1.1 as ψφ terms,
and expressed in equations; traditionally they are usually called laws,
named after Weber, Fechner, or Plateau (but his was later reinstated by
Stevens). These equations are peculiar, for two reasons: they are usually in-
completely expressed, as they have no stipulated boundary conditions but
are intended only to hold within a limited Event amplitude range, called
lower and upper thresholds; and they treat the Event as fixed in time, suf-
ficiently encoded as a scalar variable. There is no provision for dynamics
in the environment, but some for delays in the sensory pathways. Fechner
regarded the method of average response to a fixed stimulus as one for get-
ting a best estimate from repeated presentations of a fixed environmental
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stimulus that created local second-order variability in the sensory system,
though the dynamics of neither were then of interest, only the first and
second moments. Much of contemporary psychophysics does just that.

If one wanted to rewrite Fechner’s version of Weber’s law with bound-
aries, then for Response = ψ, Stimulus = φ,

f(∆1φ|p = .5) = a · log(φ), φmin < φ < φmax [1.1]

might be acceptable. Note that the equation is strictly not psychophysical,
in that psychological units of magnitude are replaced by a j.n.d. operation
expressed in physical units. There are serious problems with the rigorous
interpretation of [1.1] as a scale of measurement, that are discussed by
Luce and Galanter (1951).

The alternative popularised by Stevens (1951) is

ψ = a · φb, φmin < φ < φmax [1.2]

and this form does map from physical to psychological measures, but the
choice of what actually to use as ψ is very arbitrary.

As both [1.1] and [1.2] are monotonic and, as written, have no addi-
tive constants, one can be transformed to the other. There are objections to
[1.2] concerning what happens in the region near φmin. Those objections
go back to Wundt. In order for an observer to perform the tasks necessary
to create data for either equation, some sort of comparison of successive
events is needed, but the events are taken as being independent realisa-
tions of the same stationary process. To put it another way, they are both
models of relative judgement or, as Luce and Galanter subsumed it, in the
general category of discrimination tasks. What is also interesting here is
that neither equation describes a process that is self-terminating in time,
whereas in nonlinear dynamics that can be done without adding indepen-
dent boundary conditions. What are treated as events are not themselves
instantaneous, but the temporal extension of the events may not feature
in [1.1] or [1.2], unless the event is itself a time interval whose duration
is to be judged. The time to process in S1 or S2 may be much longer than
the temporal duration of the event, as is involved in short-term memory,
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or the delays in the instrumentation and it is this difference in processing
duration that commonly characterises the whole system. A consequence
is that separate equations for response latencies, or reaction times as they
were sometimes called, have to be added to the system. A special case that
arises in audition is the perception of pitch; the signal is fluctuating in time
and the eventual response is a single unfluctuating level, the Neural Net-
work in the ear integrates the fluctuations in a time sample, so the event
must have duration. We will explore these filters in later chapters.

The pathways in Figure 1.1 can be thought of as imperfect informa-
tion transmitters in various senses: the instrumentation only detects some
Event properties, both intentionally and unintentionally; the neural net-
works that include sensory channels to the brain have limitations in activ-
ity level capacities and rates of transmission; and the eventual conscious
observer has fluctuations in attention and memory, both short and long
term.

Filters and Filtering

There is a story, probably not apocryphal, that the great British chemist
Joseph Priestley (1733-1804) cut a hole in the base of his door so that his
cat could come and go through it1. This in itself is not exceptional, today
people do it with a little hinged panel on the hole and it is called a cat-flap.
But Priestley also cut, alongside the larger hole that was big enough for an
adult cat but too small for a dog, a much smaller hole for a kitten. This is
seen as eccentricity, but can also be the result of shrewd observation of cat
behaviour: a mother cat will carry a very small kitten by holding the back
of the kitten’s neck in her jaws, older kittens who can see and run will run
alongside their mother where she can keep an eye on them, not necessarily
follow her from behind, out of her sight. Priestley was a careful observer

1 This story is also attributed to Sir Isaac Newton, who is said to have cut not one hole
for one kitten but four holes alongside each other, for the whole litter. The principle of
the story is unaltered but, as recent scholarship portrays Priestley as a nicer person than
Newton, let us give him some credit.
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and a prolific theorist and could have argued that a cat with a kitten fleeing
a predator would have the best chance of survival if they could run in
parallel. The oddity to some is that the kitten would grow too big for the
small hole and change its behaviour, if it were still around, so that it could
follow or lead another cat through one large hole. What we are going to
call a filter is exemplified by Priestley’s cat hole. Its purpose is to let one
thing through but not another, and has to be modified as circumstances
change. Those changes may or may not be predictable and, if they are not,
the filter may become ineffective.

This monograph is about time series in psychology, which means it is
about records of sequences of events in life histories. At any arbitrary point
at which an external observer stands, the information about what is hap-
pening in the time series can change or can remain the same. If the changes
are partial, some features persist and others are lost, then, by definition, in
the sense that we are going to use the word filter here, a filter is operating.
Any filter is an operation that lies between two uninformative extremes:
the equifinality of death on the one hand, and perfect transparency on the
other. One extreme ensures that no information survives the moment of
observation, the other tells us absolutely nothing new. But both extremes
are perfect bases for a type of simple prediction; that makes the point that
predictability is not the same thing as being able to be filtered, but filtering
is a form of partial prediction.

A filter can preserve information, it can destroy information, it can cre-
ate false information, if the action of the filter is encoded in some way in
information measures. If a metric can be imposed on information in a pro-
cess, then the relative contributions of preservation, destruction and cre-
ation may be quantified, and then risk assessment attendant on informa-
tion loss or misrepresentation can be determined within limits. Priestley’s
cat hole did not function quite the same way as the filters considered here,
but it shares some features in the decisions it imposed on and provided for
the cat and her kitten.

There is an important distinction that can be made between a filter
and a sieve. At the same time, a sieve is a particular form of filter. If there
exists a basis for ordering component objects or signals in magnitude, usu-



INTRODUCTION 9

ally but not necessarily on a single continuum, then those magnitudes are
the basis on which a sieve separates the set of objects into two or more
subsets and allows one to pass through in time. The idea of a sieve in a
physical sense is thousands of years old, wheat is separated from chaff,
gold is panned by swirling out less dense particles from sand or gravel.
But when information in time series is being transmitted, it is usual to
write of band pass filtering, a term that covers a diversity of possibilities.
Then, events that lie in a narrow magnitude band are given a special sta-
tus, either for acceptance or rejection. The bands are often defined in terms
of frequency components, as is common practice in electroencephalogram
analyses. What is not passed on may be defined as noise. If very slowly or
very quickly fluctuating components in a mixture of components of a time
series are given a priori some special meaning, then they are filtered in or
out by using, respectively, high- or low-pass filters. The following diagram
(Figure 1.2) is a simple heuristic to relate some parts of filtering.

There is another sense in which information is filtered: censoring. The
name obviously derives from its older usage in distasteful politics or gov-
ernment, but has been borrowed by statisticians to indicate when a fre-
quency distribution of data has been in some way truncated or trimmed,
usually to exclude a long tail or outliers. This obviously implies that there
is some prior notion of what the full frequency distribution would be
like and, as a consequence of censorship, estimates of parameters are sus-
pected or known to be biased.

The flow diagram in Figure 1.2 is skeletal, it includes most of the in-
formation flows that will concern us and where they are but, as it stands,
would be useless in exploring any real situation, because it has no equa-
tions, variables, parameters, or gains at any point and no specified delays
in the pathways. All these are necessary in order to create a simulation and
compare that simulation against real world events.

The words IN and OUT indicate places where the system would be
externally observable. Externally refers to any instrumentation, either be-
havioural or psychophysiological, that is accessible independently of the
assumptions in the system representation. A symbol δ indicates variable
delay in feedback (fb) that is controlled independently of the intrinsic de-
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————————————————-
Figure 1.2
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lays of the filtering operations themselves.
Many of the steps in the flow diagram are, to some extent, discretionary

and involve decisions about when to stop an iterative revision of mod-
elling and prediction. Such iterative processes that should converge, if the
analysis is stable, but might not converge on a useful solution (hence the
word ”applicable” is implicit in the title of this monograph), are them-
selves the subject of computational filtering when they become written as
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computer programs. One discretionary step is the abstraction of a subset
of data that, on inspection, appears to be stationary with respect to the
lower-order variables of the model being used as the central filter. Lower-
order here means the parts of a model that are treated as constant locally in
time, so in turn implies taking short subsamples. As always, the problem
of non-stationarity is ubiquitous in psychological data.

It is assumed in the flow diagram that the input data that is externally
observable is complete in terms of the inbuilt assumptions of the initial
model. However, many data sets are censored, and particularly may be
aliased. This term refers to yet another sort of filtering and is most often
used to denote a situation where high frequency components of a series
encoded in the frequency domain are lost because the frequency of dis-
crete encoding is less than twice the maximum frequency of the signal’s
components. But aliasing can also arise in a different way; for example, the
statistics of the long series of major accidents resulting in deaths in English
coal mines over the century beginning around 1850 does not include acci-
dents where there were fewer than 10 men killed at once. Aliasing small
accidents seriously biases both the distributions of accident magnitudes
and the inter-accident intervals in time. This confounds our understand-
ing of the relevant causalities. There is no difficulty in imagining similar
problems in self-report records or recall by human subjects who keep di-
aries of their misfortunes, moods, or illnesses.

The filtering that yields both information and noise is, in experimen-
tal psychology, most commonly that created by the General Linear Model
(GLM), of which ANOVA is a special case. The part that is filtered out
as noise is assumed to be Gaussian, to have independent identically dis-
tributed (i.i.d.) realisations and be independent of the linear model compo-
nents. In general, these are empirically false but mathematically tractable
assumptions. The GLM is not usually applied iteratively in experimental
psychology. The assumptions made in the GLM will not be used here, with
a few exceptions.

A partitioning between signal and noise is traditional in linear models
under stationarity, but it does not follow that analyses in the frequency do-
main, when cyclic patterns are observed or suspected, are necessarily most
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advantageous. An interesting example of using eigenvector decomposi-
tions of autocovariance matrices was described by Basilevsky and Hum
(1977); it has various advantages if the time series variables have some
metric properties and can be used for weak stationary short series. It also
has the advantage that series need not be detrended prior to analysis and
the partitioning of causal components can be easier to interpret. For these
reasons, we will return to eigenvalue methods in some cases in later chap-
ters, even though we will need to relax assumptions about metric variables
and stationarity.

The input time series may be multivariate and the measures that com-
prise it may be real or complex if they are apparently numerical but, more
generally, are symbols, encoding different types of behaviour such as are
used by ethologists in studying animal behaviour patterns and sequences.
Priestley’s cat and her kittens need representation in a series of behaviour
sequences, parallel in time and space, and assumptions of interdepen-
dence of component series can be erroneously filtered out. Non-numerical
symbols are still information and can still be filtered, though the filtering
may then not be possible in the frequency domain. If the initial model
makes wrong assumptions about the properties of the input series, then
the filter will not be optimal, as the filter is an extension of the model, built
on the same assumptions about the nature of the input. A multicompo-
nent time series may be misidentified and wrongly filtered if assumptions
about the mutual independence of parallel input component channels are
wrong.

Special cases, that arise in nonlinear dynamics, where the input series
is treated as a trajectory in a dynamical system, may also be modelled as
recursive steps within a neural network. In such cases, the variables can
be complex (Hirose, 2003).

Given the suspected existence of a dynamic system in the real world,
it is possible to proceed through a series of ordered stages, with success
or failure at any stage. Any step may be partially implemented, and the
degree of partial implementation can be sufficient to progress to the next
stage, with a consequent increasing risk of failure.

It is also possible to achieve some later stage, such as Control, without,
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in fact, having any predictive capacity beyond the short-term.

[1] Observation
This refers to ordinary language observations of events and properties

of events with minimal theoretical presuppositions. Let us call these the
set Ω. One might call this stage extreme atheoretical empiricism.

[2] Description
It is assumed that some framework or vocabulary for grouping and

ordering events is employed, which takes some account, not necessar-
ily valid, of the relative substantive a priori significance (not necessarily
statistical significance) and reliability of different data components, when
they are potentially to be incorporated in a total description of the situation
under examination. The descriptive attributes imposed by the observer are
the set a, b, c, d, ... and so Ω becomes Ωabcd....

[3] Measurement
This is defined as the first stage in which observations are replaced by

numerical or symbolic encodings, as those numbers x, y, .., with assumed
metric properties of some type µ(x, y, ..), are then the working basis of the
next stages. This is the step at which ordinary language meanings cease to
feature if the encoding is consistent and unambiguous. This consistency
refers to the mappings Ωabcd... 7→ µ(xy..). In general the mapping will be
many-to-one, multiple instances of events classified as identical in terms of
their attributes will map into one set of numerical variables. This implies
a condensation of structure prior to formal modelling.

[4] Modelling
This is defined as the formal construction of mathematical or symbolic

programming structures, which are comprised of parameters and vari-
ables and the relations between them. This definition is deliberately vague,
as it covers any model that can be written as code, in digital or analogue
mode, and would thus include any differential-difference equations and
recursive maps. The purpose here is to focus on models that are intended
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to reflect the putative properties of system dynamics. If the set of relational
operators in a model M is {ρM}, then

M ≡def ρM ,Ωabcd..

[5] Identification
When, by some incomplete process of matching a subsetQ of the prop-

erties of M is matched down to a residual error limit ε with a real data set
not used in [4], the process is said to be Q, ε-identified. This idea parallels
the statistician’s notions of goodness-of-fit and the costs of misidentifica-
tion.

[6] Prediction
A prediction is a statement at Q, ε level about a set of events [1] or [2]

that have not been employed in the construction ofM . They may be future
events, or ones that are already on file but not employed in [4,5].

[7] Control
In order to write about control it is necessary to define first the notion

of acceptable limits of variation within a Q, ε system. We assume that a
representation M̂ exists and that it can, over time, drift out of satisfying
Q, ε conditions for M . To control effectively is to add a set of rules for the
transient implementation of a feedback loop that was not originally part
of M ; either current variable values are changed by being overwritten, or
parameters are reset. If the control is recursive, then the need for prediction
is minimal. Otherwise, local predictability is required. Control involves
the use of energy and thus may reduce the efficiency of a system which
embodies M .

[8] Response
All of [1] through [4] may be incomplete and lead to pseudo-

identification in [5]. Importantly, in [1], if we are to consider dynamics,
then already observations are tagged as occurring in time and in temporal
separation, coincident or sequential. By Response [8] is meant the capacity
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of the observer to take protective or corrective action to change the out-
comes of the action of a system that cannot be controlled. For example, the
weather can be predicted in the very short term, not be well predicted in
medium term, and be well predicted on average with seasonal correction
in the long term. The response is sometimes to carry an umbrella or to use
a sun-screen cream.

The change from [1] to [2] involves the use of some categorisation of
raw data, so a priori notions of similarity and difference and clustering be-
come involved. When the partially described data are quantified, either by
direct measurement of properties in extension, or by probabilities of class
membership, then we move to [3]. Modelling [4] uses [3] and operations of
identity and relations. The errors arise at this stage either because of wrong
variables being included at [2,3] or wrong relationships being postulated
in [4]. Dynamic models involve relationships that evolve in time.

All psychological data are samples from the evolving life histories of
the observed individuals who are the subjects of observation and theoris-
ing. From the perspectives of time series analysis they generate data whose
numerical properties are ill-behaved or even ill-defined, and in terms of
linear models they are non-stationary unless some ruthless data smooth-
ing or filtering is applied locally. The wider the windows in time through
which we observe the behaviour, the more insight we potentially obtain,
but the less tractable the data become. Predictability means extrapolation
into future time of dynamic sequences whose structures are incompletely
observed, and whose instabilities can be shown to be only second-order.

Time series fall into different types: event series, time-interval series,
and events-in-time series. Further subdivision of these types is possible,
according to whether or not the variables are continuous or categorical,
and whether the observed events are treated as seen through narrow win-
dows opened upon an underlying continuous process (Krut’ko, 1969) or
are assumed to be discrete events exhaustively recorded. The statistical
methods used to identify sequential dependencies in the dynamics can be
quite different for the various types.

Any series which is representable in the time domain can also have an
equivalent representation in the frequency domain using Fourier analysis
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and, computationally, the Fast Fourier Transform. That approach yields a
representation of the relative energy in any frequency component of the
process and is used widely in EEG analyses, which are typically event
series of potential levels recorded at 3 msec intervals, when a physiological
significance is given to energy in the 10-12 Hz spectral band.

Event Series

An event series is here defined as a series of events equally spaced in time.
Event xj arrives at time τj , but the temporal units in which τ is recorded
play no part in the data analysis, though they play a part in the subsequent
interpretation of the process. The first differences of the time process ∆1τj
are zero or taken as constant, or are assumed to be sufficiently near con-
stant not to be important in their variation. For example, observations are
made once a month on total suicides in a community, or once every ten sec-
onds on attention shifts to a television program, or once every ten msecs
to an EEG measure. The time series analysis is applied to the sequence,

x1, ..., xj , ...., xn

which is taken to be unbroken, though missing values which are randomly
distributed and do not exceed more than about 5% of n can be filled by lo-
cal linear interpolation, matching iteratively the first two moments of the
distribution of x. The widespread use of ARIMA modelling introduced by
Box and Jenkins (1970) is almost always concerned with event series as
defined here, but modifications to handle local discontinuities and inter-
polated episodes are useful in psychological applications (Gregson, 1983).

The results of analysis are expressed in autocorrelation spectra and
then models of minimum order are fitted, within the general framework
of (p, d, q) where p is the order of the autoregressive parts of the model, d is
the order of differencing (∆d(x)), and q is the order of the moving average
parts of the model. We shall not be using much of that theory in this work
because the time series encountered in psychology are often too short or
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too nonstationary in ARIMA terms to legitimise the methods beyond ex-
ploratory data analyses, so the reader is referred to standard sources such
as Hannan (1967) or Kendall (1973).

Time-interval Series

When the occurrence of an event, but not its magnitude, is considered to be
the meaningful basis of data, and the events do not arrive equally spaced
in time but with inter-event-intervals (iei) dτj , the frequency distribution
of dτ is the focus of statistical analysis. The iei series is itself a time series
and may be explored using all the methods available for an event series,
the interpretation of results is, however, quite a different matter.

Events-in-Time Series

It should be immediately obvious that series in which both the intervals
between events have a distribution in real time and the events them-
selves vary in magnitude occur in the real world. In fact, one would think
that psychological data are preferably recorded and encoded in this form,
though examples are, in fact, sparse. A series of judgements of sensory
intensity may be made, each with a response delay (or reaction time) af-
ter stimulus presentation and the arrival of the stimuli may be random or
locally unpredictable. For example, in a vigilance task, looking at a radar
screen for the movement of objects in airspace, some signals may be seen
quickly, some after a delay, and some missed completely. The objects gen-
erating the signals and the signals themselves can vary in size, proximity
to the observer, and rate of movement.

In the notation just introduced for the two previous cases, each event
is a pair xj , dτj and this series may be represented in complex variables,

xj , idτj

The advantage of using complex variable models for the generation of this
process is that the imaginary part may exhibit fast dynamics at the same
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time that the real part changes relatively slowly. Fast/slow dynamics ap-
pear to be widespread in psychophysiological contexts (Gregson, 2000), so
the possibility of treating event-in-time series as complex and not as two
simultaneous reals needs a priori consideration.

Markov and Hidden Markov models

If data are only encoded in an exhaustive mutually exclusive set of cate-
gories, which need not be ordered, then the event series and events-in-time
series can be represented in another fashion. The variable xj may be a la-
bel of a set of k ordered states, or it may be the result of a coarse scaling in
which x is partitioned into k ordered categories which span the total range
of x. The latter approach is particularly useful where the response data in
a psychological experiment are not more than steps on a Likert scale.

The core of any k-state Markovian model is the transition probability
matrix Tk×k, which is taken as having fixed elements in a stationary real-
isation. It thus follows that variation in estimated transition matrices over
successive subseries are an empirical test of non-stationarity.

Tk×k =


p11 p12 p13 . . . p1k

p21 p22 p23 . . . p2k
...

...
...

. . .
...

pk1 pk2 pk3 . . . pkk


The convention of interpretation is that the rows are the jth trial states
1, ..., k and the columns are the (j + 1)th states so that the transition prob-
abilities are the system’s one-lag stochastic dependencies. If it is possible
for transition to happen from any one state to any other over a finite se-
ries of trials, the process is ergodic, and the stationary k-state vector V∞ is
computable. That is,

∃V∞ such that V
′
∞ = V∞T
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The extension of this model to what is called a hidden Markov process
arises when the dwell time in any state is not one lag with an exit proba-
bility vector given by the kth row of T, but is an exponential decay func-
tion, where the probability of staying in the state over more than one time
unit decreases with a decay parameter specific to that state. That is, k more
parameters are added to the model. This case has so far had negligible use
in psychometrics, but can be usefully regarded as an example of fast/slow
dynamics, where the fast dynamics are within a state and the slow dynam-
ics are controlling the inter-state transitions. It becomes intractable as an
estimation problem for short series with a large number of states or long
series with a low number of states (Visser et al, 2000). As the focus of this
study is on short series with a priori an unknown number of states, it is
set aside. It is the failures of the simplest Markov model, where the prob-
ability distributions of lengths of runs in a state are not the power series
psjj , j = 1, ..., k, s = 1, ..,∞, p < 1 but are more persistent in some states,
that are of particular interest in psychology.

Stimulus-response sequences

A special case, which involves multivariate time series and particular in-
terpretations of the components of the vector x ∈ X at any stage j, arises
in psychological models and is an extension of the previous cases. Its pic-
ture has been called an influence-lines diagram (Gregson, 1983), which is
useful for revealing the hidden ambiguity in many experiments between
stimulus-dependent and response-dependent sequential processes. The
diagram is a window of fixed length on the process, which may extend
to an indeterminate degree outside the window both in the past and in
the future. In the statistical sense, it is sometimes called a moving-boxcar
window, and the process is stationary if the implicit scalar weights on all
the influence lines within the window remain the same; that is to say, they
are independent of the time counter j. We use U to mean an uncontingent
process and C a contingent process. Here, j is the time sequence counter,
which in an experiment is a trial number, s is a stimulus magnitude, r
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a response magnitude, and er is an expected response. In fact, er can be
any ancillary psychological variable, such as subjective confidence ratings
or response latencies, or even a measure of surprise. This latter ancillary
variable can run into future time, whereas, except in the dubious context
of parapsychology, s and r do not. The vector Xj = (sj , rj , erj).

In U the stimulus series is externally defined, and may be generated by
a function sj+1 = f(sj), where f may be deterministic or stochastic; in the
latter case we may write sj = f(sj−1, sj−2, ..., sj−m, εj), ε ∼ N(0, σ). The
lag parametermmay be unknown or may be defined by the experimenter.

U :=



past past now future future
sj−2 → sj−1 → sj → sj+1 → sj+2 →
↓ ↘ ↓ ↘ ↓ ↘

rj−2 → rj−1 → rj → . . . . . . . . . . . .
↓ ↗ ↓ ↗ ↓ ↗ . . . ↗ . . . . . .

erj−2 → erj−1 → erj → erj+1 → erj+2 →


U may be regarded as the normal paradigm for a psychophysical experi-
ment, though most usually only the set of vectors {sj , rj} is recorded, and
the mapping r = Φ(s) is of interest, outside of time. The terms er many
be replaced or augmented by subjective confidence ratings, particularly if
the task defining s→ r is identification and not estimation.

There is another interpretation, if the task is to learn some associa-
tions between s and some outcomes e∗r which are provided by the ex-
perimenter (and not by the subject) after r, in some cases generating sur-
prise (Dickinson, 2001). In this case the e∗r have the role of condition-
ing stimuli in classical conditioning. Rescorla and Durlach (1981) distin-
guished between within-event and between-event learning: the former
needs only sj , rj pairings, whereas the latter requires the sequential link-
ages j − k, ...j − 1, 7→ j in the diagram.

An extended psychophysical function may be defined, where m and n
are unknowns, as

rj = Φ∗({s}, {r}) = f(sj , sj−1, ..., sj−m, rj−1, rj−1, ..., rj−n, εj)
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and we note that statistically, if it is linear, Φ∗ is an ARMA process.
The contingent process C is one in which the stimulus series is inde-

pendent of the environment and is internally-generated contingent on the
previous response series.

C :=



past past now future future
sj−2 sj−1 sj sj+1 . . . . . .
↓ ↗ ↓ ↗ ↓ ↗ . . . ↗ . . .

rj−2 → rj−1 → rj → rj+1 → . . .
↓ ↗ ↓ ↗ ↓ ↗ . . . ↗ . . .

erj−2 → erj−1 → erj → erj+1 → erj+2 →


The contingent process is, for example, one which is postulated to arise
when in a vigilance task attention transiently fails, so that sj = null, but
responding continues. An example of such an experiment has been anal-
ysed by Gregson (2001).

Transitions between the two processes can arise at any j and each pro-
cess can be regarded as a state of the system. Then, from the perspective of
either U or C, the system as a whole is nonlinear and nonstationary, but
it can be written as a 2-state Markov and, at that level of analysis, can be
stationary and stochastic, that is:

T2×2 :=
(

U⇒ U U⇒ C
C⇒ U C⇒ C

)
For example, a series might exist, a part of which is observed, such as

→ ...,U,U,U,U,C,C,U,U,U,C,U,U,U, ......→

and if the C epochs are taken as evidence of intermittent malfunction,
either cognitive or clinical, then the lengths of runs of C are of interest.

In terms of fast/slow dynamics, the processes which generate re-
sponses r, er within a trial are fast and unobserved, and the transitions
from trial to trial j → (j + 1) are slow and externally observable.
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Another extension of the U is made by some theorists, where the distal
and proximal stimuli are distinguished. This case arises in the study of the
perceptual constancies, such as for size-distance object constancy. Let us,
in that case, use D and P as labels to distinguish the two sorts of stimu-
lus, and the mapping from D to P is then physiological when D refers to
the physical object’s dimensions (some distance away) and P refers to the
retinal image of the object as viewed by the observer. The second mapping
from Psj to rj is then taken to be psychological, the correction that makes
the correlation of r,Ds greater than for r, Ps is assumed to take place at
this stage. Rewriting the influence diagram U as uncontingent but distin-
guishing P and D we now have

U :=



past past now future future
Dsj−2 → Dsj−1 → Dsj → Dsj+1 → Dsj+2

φ ↓ φ↘ φ ↓ φ↘ φ ↓ φ↘ ↓ ↓
Psj−2 φ→ Psj−1 φ→ Psj φ→ . . . . . . . . .
ψ ↓ ψ ↘ ψ ↓ ψ ↘ ψ ↓ ψ ↘ . . . . . . . . .
rj−2 ψ → rj−1 ψ → rj ψ → [rj+1] . . . . . .
ψ ↓ ψ ↗ ψ ↓ ψ ↗ ψ ↓ ψ ↗ . . . . . . . . .
erj−2 ψ → erj−1 ψ → erj ψ → . . . . . . . . .


and the influence lines are labelled to indicate whether the postulated
causal links are predominantly physiological (φ) or psychophysical (ψ).
It is assumed that the Ds series is not generated by any deterministic rule;
the series may be i.i.d. A point to emphasise is that rj+1 may be partly
determined before any Dsj+1 actually occurs. The extensive literature on
contrast and assimilation effects in sequences of judgements, following
Helson (1964), may be viewed as an attempt to identify the dynamics of
situations in U form.

Limits on Identifiability

From only the external record {s, r, er} it is not in general possible unam-
biguously to reconstruct the linkage patterns in either U or C. This is a
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serious problem because the linkage patterns are the simplest model of the
process dynamics that are available.

The linkages sj → rj are not linear mappings, and can be represented
in fast /slow dynamics as sj → Γ(Y, a, e, η) → rj (Gregson, 1995), where
the evolution of the complex Γ trajectories is fast, if the sequential slow
dynamics j → j + 1 are ignored or treated as second-order. But there are
cascades; for example, in C we have

∀j : K := rj−1 → κ→ sj → Γ(Y, a, e, η)→ rj → κ→ sj+1

where κ is affine. Hence the coherence between the two series {s}, {r}
(even given that both are observable) also masks the internal dynamics
of the K-cascades. There are also other cascades possible in parallel.

The most readily generated ambiguities in the dynamics rest on triples
over a subsequence j − 2, j − 1, j. The diagonal (south-east or north-east)
links, if present, mean that influence can run forward for two or more
steps. Giving the system both memory and coupling between levels s, r, er
implies that two or more paths in a triple, such as sj−2 → rj−1 → rj , and
sj−2 → rj−2 → rj−1 → rj exist. If the delay times on these two paths are
different (only because they have a different number of internal links each
with unit delay) then the shortest should dominate if they run in parallel.
A consequence of this is that a path over a quad j − 3, j − 2, j − 1, j could
be shorter than a path over a triple.

Perhaps surprisingly, there are many experiments in which the stim-
ulus series is not really known, all that is recorded is the series {r}. The
stimuli are degenerated into a set of states, so that on any one trial there is
ambiguity within a state, even if the state is identifiable. Defining an exper-
iment as a set of treatment levels mapping onto a potentially continuously-
varying response, as is done in a factorial design, is such as example if
repeated measures are used within cells. But the number of repeated mea-
sures needs to be so great, for system identification, that an ANOVA anal-
ysis becomes dubious pertinent.

Most methods for time series dynamics do demand long series and
this monograph is mostly about series which are short but informative,
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even if they are perhaps not regarded as subsamples which might be con-
catenated after experimental replication to form a longer stationary series.
Long-term correlations cannot be detected if the data are not themselves
long-term (Peng, Hausdorff & Goldberger, 1999).

As they have been written,U andC are examples of Event series. How-
ever, if the presentation of a stimulus is allowed to be contingent upon the
response latency of the subject’s response to the previous stimulus, then
the series become Events-in-time series.

If we are only interested in response shifts, such as attention coming
on (+) or going off (-), then the response is binary (+,-) and the series is
a Time-interval series, the intervals are between crossing points, and the
unit of measurement of the inter-crossing-point-interval durations is the
single inter-event interval. Such series are also known in statistical the-
ory as point processes, the response shifts between on and off states, and
the intervals in time between successive crossing points between the two
states have a distribution in time which may be studied in its own right.

Some peculiarities of psychophysical time series

Time series in psychophysical experiments are, in some respects, quite dif-
ferent from those in areas of application such as physiology or economics.
The spacing in real time of the events is two-dimensional, from stimulus
to stimulus, and may not be constant but a function of events in the R or E
series on previous trials. The spacing in time (the response latencies) from
stimulus to response within a trial is again variable, and is contingent on
previous trials to some degree, but also on the intrinsic psychophysical
mapping S → R.

We have to therefore distinguish two major cases, contingent and non-
contingent. The latter is simpler, so we depict it here as a diagram of in-
fluence lines. Each such line may, in theory, be modelled as a regression,
not necessarily linear, and may or may not be thought of as a stationary
process.
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It may be helpful to distinguish the contributing parts of the dynam-
ics of the total system as identified, not identified, or unidentifiable. The
human participant in the experiment has a memory and forms concepts,
which are here labelled expectations, E. This is an extra series that does
not have a corresponding part in most models in the physical sciences.
From the viewpoint of an external observer the experimenter the stimuli
are or can be identified if they are, in fact, created by the experimenter,
the responses are identified, the expectations are unidentifiable as they
are private information of the participant in the experiment. They can be
asked for and this then constitutes another experiment with another series
of self-reported expectations, ψE.

Note that the NPD dynamics, running down the page, are orthogonal
to the sequential stimulus dynamics (controlled by Φ) running across the
page. It is thus usual in psychophysical experiments to try and space the
stimuli in real time so that the Γ mapping becomes independent on each
trial, and then averaging over trials under the assumption of stationarity
models the form of Γ, which has been known for about 150 years to be
roughly ogival. An extra variable, e, called here for convenience sensitivity,
modifies the shape of the ogive. This spacing of the S sequence can often
fail and when it succeeds it destroys information about the dynamics of
the total system.

We may remark that all the influence lines are causal, even if not iden-
tified, the whole system is deterministic and there are no random parts,
though residual observational error on S and R may be treated as stochas-
tic. Some of the nonlinearity in NPD can have the appearance of noise if
an attempt is made to model the S 7→ R relations with a linear model.

There are other important distinctions that are intrinsic to psychophys-
iological processes. The Φ sequence is in slow dynamics, the orthog-
onal Γ process is in fast/slow dynamics (as is characteristic of most
physiologically-based sensory processes), and the Ej−1 7→ Rj is indeter-
minate in this respect.
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Figure 1.3

Influence Lines Diagram

The non-contingent case, S is not a function of previous R
S = stimulus, R = response, E = expectation

Φ is the stimulus generating function in time
Γ is the NPD (nonlinear psychophysical dynamics) function

PAST NOW FUTURE
Φ Φ Φ Φ

.....Sj−2 → Sj−1 → Sj → Sj+1 → Sj+2.......

Γ ⇓ ↘ Γ ⇓ ↘ Γ ⇓

.....Rj−2 → Rj−1 → Rj →

⇓ ↗ ⇓ ↗ ⇓ ↗

.....Ej−2 → Ej−1 → Ej →

Γ(a, Y (Re), e) ⇔ ΨΦ(S,R, sensitivity)
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Measure Chains

Time series are modelled usually by assuming they are from a continuous
function, then employing differential equations, or in discrete time, and
then using difference equations. In dynamical parlance, they are functions
on the reals R, or on the integers Z. But, since the work of Hilger (1988), it
has been possible to consider intermediate cases where the time series has
properties that are neither strictly on R nor on Z, but on a time scale T .
A time series built on T is called a measure chain. The extensions of these
ideas to nonlinear functions are reviewed by Bohner and Peterson (2001).

The delta derivative f∆ for a function f defined on T has the properties

i) f∆ = f ′ is the usual derivative if T = R
ii) f∆ = ∆f is the usual forward difference operator if T = Z.

Various examples of nonlinear functions on measure chains are re-
viewed by Kaymakçalan, Lakshmikantham and Sivasundaram (1996).

Our interest in these extensions is partly motivated by knowing that
if some process is represented as continuous then its functions may not
exhibit chaos, but if it is mapped into discrete time then it may have locally
chaotic dynamics. Bohner and Peterson (2001) give examples of biological
processes that have gaps and jumps, so that their time basis is not regular,
yet they still have biological continuity. These are more readily modelled
on T chains than on constant-interval series.

Other Special Cases of Transition Matrices

For attempting a bit more coverage of possibilities but not pretending
to any completeness, we should mention some special sorts of transition
probability matrices that have potential application in real-world psycho-
logical processes. Markovian representation of contaminative dynamics is
one example.

In Table 1.1 the terms with a negative sign mean that the pro-
cess thereat returns to the previous state. This somewhat odd and non-
standard notation is due to Wang and Yang (1992) and it is, in my view,
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preferable to rewrite the matrix QN as in Table 1.2, which leads to imme-
diate computability from raw sample data. We then have:

—————————————————–
Table 1.1: Birth and Death Process of Order (N + 1)

QN =



−b0 b0 0 ...0 0 0
a1 −(a1 + b1) b1 ...0 0 0
... ... ... ... ... ...
0 0 0 ...aN−1 −(aN−1 + bN−1) bN−1

0 0 0 ...0 aN + bN −(aN + bN )


——————————————————

In this process an individual enters at the first state s0 and stays
there over time with probability p(1 − b0); if, however, he/she becomes
infected this then occurs with probability p(b0) and progression subse-
quently is through the states in strict sequence to eventual death. In each
state s ∈ {Q} the process may stagnate. The penultimate state is thus re-
covery without reinfection.

If the whole process is to represent persistent reinfection of a subsam-
ple of the population then additional off-diagonal terms to create a feed-
back path to s1 have to be introduced. Alternatively, a whole matrix for
each cohort of infection is written and the population as a whole treated

——————————————————
Table 1.2: B and D process in probability notation

Qp,N =
p(1− b0) p(b0) ...0 0 0

... ... ... ... ...
0 0 ...p(aN−1) (1− p(aN−1 + bN−1)) p(bN−1)
0 0 ...0 p(aN + bN ) p(1− (aN + bN ))


——————————————————
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as a collection of sub-populations running in parallel but staggered in the
times of their onsets in the first state s0. The assumption is that the sub-
populations are closed and cannot cross-infect. That might be a plausible
way to proceed for a collection of small country towns, separated in terms
of social and commercial movements between pairs of towns, but would
not work in suburbs of a large city.

An alternative model is given by Wang and Yang, which is shown in
Table 1.3, but this does not seem to offer any immediate advantages. The
problem is to derive expressions for the expected duration (and frequency
distribution of expected durations) of an individual in any state s, which is
commonly treated as an exponential distribution with generating param-
eter p(sii), the leading diagonal term in Qp,N .

——————————————————-
Table 1.3: Canonical structure of epidemial dynamics

Q =



−(a0 + b0) b0 0 ... 0 0 0...
a1 −(a1 + b1) b1 ... 0 0 0...
... ... ... ... ... ... ......
0 0 0 ... an −(an + bn) bn
... ... ... ... ... ... ...


where a0 > 0, b0 > 0, ai > 0, bi > 0 (i > 0).

——————————————————-

The next matrix arises from a theory about the sequential genera-
tion of stress, conjectured by Jason Mazanov (personal communication,
2004), which was encoded simply in a linkage flow diagram. This dia-
gram would, unfortunately, confuse two time scales: the short-term scale
is between-states within-time, and the long-term scale is within- and
between-states but between-times. To disentangle this it is necessary to
produce two matrices, and to have long-term as a dummy state for the
short term matrix to exit into the long-term, and to be re-entered from it.
It would, of course, be possible to nest the short-term states within one
larger matrix, as a submatrix on the diagonal, but this is clumsy.
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Table 1.4: Jason’s Theory
The Short-term Matrix; internal to one episode

State Stressor interp1 Stress interp2 SR Long-term
Stressor p11 p12 p13 p14 p15 p16

interp1 p21 p22 p23 p24 p25 p26

Stress p31 p32 p33 p34 p35 p36

interp2 p41 p42 p43 p44 p45 p46

SR p51 p52 p53 p54 p55 p56

Long-term p61 p62 p63 p64 p65 p66

——————————————————-

The corresponding long-term matrix has the same core of five stress
generation states, but with a link back to Short-term substituted for Long-
term as the sixth state. The numerical probabilities are, however, different
and the existence of absorbing states would be expected to arise.

Let us make trial substitutions in the 6 × 6 Short-term matrix, as the
off-diagonal pattern does resemble slightly the pattern in the epidemial
matrices.

——————————————————-
Table 1.5: substitution in Table 1.4

STM =



.10 .80 − − − .10

.08 .08 .64 − − .2

.08 − .14 .48 .10 .2

.08 − .04 .16 .32 .4
p51 − p53 − − .20
p61 − p63 − − .50


——————————————————-

The terms left in pxy form in Table 1.5 are suspected to be the manip-
ulable consequences of the enviroment; in short they could be the exper-
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imental variables. The inequalities p51{> or <}p53 and p61{> or <}p63

have some status in that they conjointly define four alternative theories on
the persistence of stress induction.

The obvious problem with this model is that it has 60 d.f., and for sys-
tem identification at least 1200 d.f. would be needed in the raw data be-
ing modelled. There are precedents in econometrics and in epidemiology
for models of such complexity, but the identification problems as soon (as
feedback loops are nested) become well outside the usual resources of clin-
ical psychology. If the model were to be reduced to being expressed only
in externally observable variables, which are Stressors and SR, then there
are 8 d.f., which is tractable. It might then be possible to test whether the
process is, in fact, reducible to a two-level Markovian dynamic.




