
Chapter 2

Information, Entropy and
Transmission

Until the present, most of our understanding of biological sys-
tems has been delimited by phenomenological descriptions
guided by statistical results. Linear models with little consid-
eration of underlying specifics have tended to inform such
processes. What is more frustrating has been the failure of
such models to explain transitional, and apparently aperiodic
changes of observed records.

(Zbilut, 2004, p.4)

This monograph is mostly about data that can be characteristically in-
tractable in the face of viable methods that are developed in other disci-
plines. For example, in creating methods to study series of earth tremors
that could be used to predict earthquakes, multiscale analyses are pro-
posed (Zaliapin, Gabrielov & Keils-Borok, 2004). A series is chopped into
short segments, where it is known from extensive data and experience
they will be approximately linear trends, up or down, separated by turn-
ing points. The segments thus created are a mix of slow and fast fluctu-
ations; the slow fluctuations have large amplitude and are the part ap-
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proximated by a linear trend, the fast fluctuations are lower amplitude
and appear to ride on the slow segments. In terms of filtering, each seg-
ment in succession is separately filtered, and a model that involves both
the parameters of each segment and the locations of turning points can be
constructed. The literature in probability theory on identifying and pre-
dicting such processes is now diverse and not restricted to variations of
linear models. The interrelations of symbolic dynamics, Markov chains,
discontinuities or singularities, and random evolutions feature in mod-
ern mathematical treatments (Horbacz, 2004), and will receive some usage
here.

The important contrast with a model in experimental psychology is
that earthquakes are, unfortunately, not controlled, they are observed,
whereas stimulus-response relationships are manipulated, they are ex-
plored in the laboratory where conditions are set up to create some sort
of local stationarity. This often makes it possible to use models like the
so-called Stevens’ Law,

Resp = a+ Stimb + ε

where a and b are scalars, and ε ∼ N(0, σ) is Gaussian noise, the Stimuli
can be scaled in some metric based on physical properties and the Re-
sponse may be arbitrarily scaled or represented as a probability. The prob-
lem is that, unless we replace the constants a, b by functions varying over
time, there is no way the underlying dynamics that are involved when the
system is perturbed and comes back to stability, at some rate, can be cap-
tured in the model. Stationarity is censoring of dynamics. Ideally, what we
seek is a relaxation of metric assumptions and insight into dynamics at the
same time (Gregson, 1988, 1992).

It has been noted that the filter in use is also part of the current model
being tested and, more usually, it is the model that is the focus of attention
and the structure of the filtering, together with the notion of the statistical
nature of the noise, that is taken for granted as a secondary consideration.
An example is the practice of multiple regression, where the data are either
static outside time, or time series. The residual noise after model fitting is
taken as Gaussian i.i.d. and independent of the signal components.
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Here in regression we have a multiplicity of predictor variables and
one dependent variable, so the input to the filter is a set of parallel time
series and the problem is to find the intervariable causality of the system
and filter optimally to exclude noise. This problem is usually treated as
hypothesis testing in psychometric literature, but a strong alternative ap-
proach, which can be grounded in Bayesian inference, has been advanced
by Burnham and Anderson (2002), which uses instead the corrected like-
lihood inference approach built on Akaike’s Information Criterion (AIC)
and its many modifications. There are still difficulties with doing this for
small samples with many alternative models, and it is preferable theoreti-
cally to restrict consideration to nested models. There are other criticisms
of hypothesis testing in the specific context of identifying the dynamics of
causality that have been pointed out by Feng (2003).

A little-known theorem in what is called the search problem, another
name for the inference or inverse problem (which means getting back from
data to an optimal causal model), was derived by Wolfert and Macready
(1997). This states that, as no model is ideal, uncontaminated, pure truth,
all algorithms that address the inverse problem are equally bad, but even
so if the search algorithm is fitted to a particular problem space, it can work
better than most other alternatives that do not use all the prior information
that properly define the inverse problem. It does not follow from this that
all filters are equally bad but, as remarked in the introductory chapter, false
outcome information about causality can be created by inefficient filtering.

Consider a case where there are potentially 5 predictor variables i =
1, ..., 5, so there are 25 − 1 possible models, ignoring the situation where
nothing has any predictive value. The linear models are

y = b1v1 + b2v2 + b3v3 + b4v4 + b5v5 + ε [2.1]

and all subsets of this generic model where some bi are zero. Each opera-
tion of setting one or more bi = 0 is a filter, apart from the filter implicit
in partitioning the residual ε. The models are said to be nested if they are
ordered from [2.1] down to y = b1v1, dropping terms v5, then v4, then v3,
and so on. This is simply making the filter progressively more stringent on
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an implicit ordering of the potential relative importance of the variables to
carry information about y. There are still 5!=120 nested models to consider.
If cross-product terms on the v are included, making the models nonlin-
ear, then the number of possible models explodes and nesting them is,
in reasonable, practical terms, computationally intractable. Any overde-
termined model will fit data in the sense of creating some prediction of
input-output relationships; any overdetermined model is an approxima-
tion to a transparent filter.

Shadowing

The concept of shadowing is fundamental to describing how a filter that
is only approximately a representation of the mathematics that defines the
generation of a time series of data can be modelled, under restricted con-
ditions, using information measures. The explanation rests on three stages
in the argument: what is meant by noise, what is meant by a nearby trajec-
tory, and why moving into symbolic dynamics, with Markov representa-
tions, is a constructive approach to identifying and controlling nonlinear
dynamical trajectories. In short, shadowing is a type of filtering to preserve
stability.

For linear time series, the noise is assumed to be in some frequency
band that separates it from the signal or, if a frequency domain partition
is not possible and Fourier analyses are invalidated, then signals are as-
sumed to be the sharp as opposed to the diffuse components. This, again,
will not work if the signals are not at least in part periodic. It is necessary to
distinguish between two sorts of noise: that intrinsic to nonlinear dynam-
ical evolution, and that due to added error of observation (Grassberger,
Hegger, Kantz, Schaffrath and Schreiber, 1992).

Consider a series of symbols Y1, ..., Yj , ..., YN , that is where
Y ∈ {Ya, Yb, Yc, .., YS} takes at any time one of S exhaustive mutually ex-
clusive states. In the limit if S is large and the states are ordered the sym-
bols Y are replaced by some variable yj . The recursive difference equation



INFORMATION, ENTROPY AND TRANSMISSION 37

of the system is then
Yj+1 = f(Yj) [2.2]

and real data will be of the form

yj+1 = f ∗ (yj) + ε [2.3]

where f and f∗ are in some definable sense close, and where ε is exper-
imental observation noise, distributed hopefully over a closed interval.
Such noise can be additive, as written or multiplicative. Noise with infinite
variance is obviously troublesome but exists in some statistical models.
The other sort of noise is added by the dynamics during its evolution and
it is asked if there exists a nearby trajectory that is free from this noise but
also satisfies the exact dynamics. Such a trajectory does not have to exist,
but if it does, it is said to be shadowing the exact dynamics, always within
some small limit close to the desired clean model. Shadowing is thus a sort
of filter, finding it is an art. As there are two sorts of noise, if an attempt
is made to filter out ε, then the other pseudonoise gets partly taken out
with it and distortion of the identification of f(y) results. The question is
whether misidentification of f(Y ) also follows. It seems that, under some
technical conditions, when a representation by Markov chains is possi-
ble (that is, using Y and not y) it is possible to construct shadowing even
when the dynamics involve singularities (Krüger and Troubetskoy, 1992).
The mathematical basis that supports shadowing is the Anosov Closing
Lemma (Katok and Hasselblatt, 1995, section 6.4.15). It is easier to meet
shadowing conditions if the dynamics involve some cycling, which in turn
implies a particular structure in a Markov chain.

Turning the argument around, so that we go from y to Y and not Y to
y, any series y can be converted to a Y series, by rescaling onto the unit
interval, that is

〈max(y),min(y)〉 ⇔ 〈1, 0〉 =def 〈max(Y ),min(Y )〉 [2.4]

and then the Y representation can be partitioned into S subsets. These
subsets are the states of the system in symbolic dynamics terms, but only
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if the probabilities of state occupancy are equal, that is

∀si ∈ S, pi = 1/S

is the partitioning maximum entropy. Otherwise, the widths of the si have
to be adjusted to make the pi approximately equal, so that the filter implicit
in the partitioning transmits the most information.

The interrelations between symbolic dynamics, Markov chains, shad-
owing, and recurrent neural networks have an extensive and expanding
literature (Lawrence, Tsoi and Giles, 1996; Setiono & Liu, 1996; Zak, 2004),
but so far this has had little impact on psychometrics, though some on
neurophysiology.

Fitting a Model plus Filter

The problems with fitting a family of models are various, the most trouble-
some is that of overfitting. In short, any model that is too complicated will
fit data, as a filter it becomes transparent, the flap lets the dog through as
well as the cat. If the process is really nonlinear and not stationary, then try-
ing to capture those dynamics economically by adding the product terms
such as b1,2v1v2, b1,2,3v1v2v3, of which there are at least 5C2 +5 C3 +5 C4,
creates a lot of models where the fit assessed as R2 will be almost equally
high and ”significant” but useless. Burnham and Anderson (2002, chap-
ter 3) give a valuable set of examples of fitting models by AIC to various
data sets; the nearest to our present interests is the example of adding an
insecticide to a tank full of earth in the bottom and plants and little fishes,
to simulate a pond. The example involves dynamics changing over time
and illustrates the point that various analytical methods need to be em-
ployed in parallel and that we have to make maximum use of what is
already known about the problem in terms of its basic science, to select a
closed set of candidate models to achieve parsimony and relevance.

Working in discrete and not continuous time and considering a vari-
able yj , j = 1, .., N that takes only a finite set of n symbols, each symbol
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si, i = 1, .., n in a time series sample has probability pi, then the informa-
tion is

H(x) = −
n∑
1

pilog(pi) [2.5]

The Kullback-Leibler information that compares a model θ, giving corre-
sponding expected probabilities xi|θ with a data sample is then

I(y, x) =
n∑
i=1

pi · log
( pi
xi|θ

)
[2.6]

and that may be thought of as a mismatch distance (not a true metric dis-
tance, because of asymmetry) between theory and data, in our situation θ
becomes a filter and the mismatch is expressed in information loss. Then
if there is a class of related and a priori plausible parsimonious models
θ1, θ2, etc., the models are ordered in terms of their mismatches, and itera-
tive revision to make the filter open, as the model converges on data, is by
revision of θ evaluated by minimising mismatching. The approach using
Kullback-Leibler information has been extended to the situation where we
do not know how the data are generated but can consider three hypothe-
ses at the same time, one of which is some sort of noise (Zheng, Freidlin
and Gastwirth, 2004).

If the models considered are linear and fitted to short stationary time
series, and we are only concerned with one data set n, then AIC can be
used to select a (or a subset) most appropriate candidate model. For a
model θ, with r parameters and residual sum of squares (RSS)

σ̂2 = RSS/(n− (r + 1))

for least squares estimation with log likelihood

log(Λ(θ̂)) = −1
2
nlog(σ̂2)− n

2
log(2π)− n

2
[2.7]

and we can drop the last two terms as they do not affect inference because
they are constants for any competing model in a closed set on one data
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sample. Then for a given data set y

AIC = −2log(Λ(θ̂|y)) + 2K [2.8]

where K is the number of fitting parameters (≥ n). The AIC formula as
just given has limitations and has been modified in various ways for small
samples. A very important recent result (summarised by Burnham and
Anderson, 2002, section 6.4.5) is that a set of weighted AIC values for a
set of models on one data set yields a good approximation to the Bayesian
posterior model probabilities, provided that one is prepared to assume
equal prior model probabilities.

As the flow diagram of filtering in Chapter 1 is drawn, these AIC meth-
ods could be applied where we have linear models to consider on the sta-
tionary subsets used for filter revision, but not globally. As exploration and
tests of non-stationarity are the main focus of some later chapters here, the
AIC results are given for completeness but not for invariant employment.
They are still preferable to hypothesis testing and significance measures in
many situations.

Preliminary Data Examination

Any time series is an ordered set of symbols. Those symbols may each
have numerical properties or they may not. If they are numbers in a metric,
they may be re-encoded as weaker numbers with only ordinal properties,
they may be re-encoded as ordered non-numerical symbols, or they may
simply be labelled as elements of a mutually exclusive exhaustive set of
states. What sort of symbols they are imposes limits on what meaningful
operations may be performed on them. If it is assumed that the numbers
are in a mathematical sense well-behaved, and they are not, then bogus
conclusions could be drawn from operating on them algebraically.

Given a time series, a finite sample from some longer process, there
are a wide range of other series that may be derived from it. If we do not
know the history of the data with which we are presented, then it may be
that what is observed is itself a derived series. Two successive numbers,
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yj , yj+1, observed at times tj , tj+1 respectively, may be replaced in various
ways. The simplest are the difference δjy = yj − yj+1, and the absolute
difference |yj − yj+1|. This operation of differencing may be repeated to
a kth order. If the difference δjt = tj − tj+1 is not constant, then the local
gradient gj = δjy/δjt may be used to create a new series of g values. The
statistical properties of derived series are not in general the same as those
of the core series from which they are derived. Each of the series y, δy, g
may have computable first and second moments of the distribution of val-
ues that their variable takes.

Relaxation of Metric Assumptions

Serious difficulties are met in identifying underlying dynamical processes
when real data series are relatively short and the stochastic part is treated
as noise (Aguirre & Billings, 1995), it is not necessarily the case that treat-
ing noise as additive and linearly superimposed is generically valid (Be-
thet, Petrossian, Residori, Roman & Fauve, 2003). Though diverse methods
are successfully in use in analysing the typical data of some disciplines, as
in engineering, there are still apparently irresolvable intractabilities in ex-
ploring the biological sciences (particularly including psychology), and a
proliferation of tentative modifications and computational devices have
thus been proposed in the current literature.

The theoretical literature is dominated by examples from physics, such
as considerations of quantum chaos, which are not demonstrably relevant
for our purposes here. Special models are also created in economics, but
macroeconomics is theoretically far removed from most viable models in
psychophysiology. Models of individual choice and the microeconomics
of investor decisions may have some interest for cognitive science, but
the latter appears to be more fashionably grounded, at present, in neural
networks, though again the problem of simultaneous small sample sizes,
nonlinearity, non-stationarity and high noise have been recognised and
addressed (Lawrence, Tsoi & Giles, 1996).

Much of the computational literature focusses on fractal dimensional-
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ity, Lyapunov exponents, or entropy (Mayer-Kress, 1986), however, there
are paths between symbolic dynamics and entropy measures, particu-
larly where the location of periodic saddle orbits is involved (Lathrop and
Kostelich, 1989a,b). The use of Lyapunov exponents emphasises that the
predictability and controllability of processes are fundamental concerns,
but even here systems can float between uncertainty and certainty about
their future evolution (Ziehmann, Smith & Kurths, 2000). One exception,
that could circumvent the difficulties in analysing psychological data that
are encoded in numbers that do not satisfy metric axioms, is to use sym-
bolic dynamics. The problem of constructing psychological measures with
axiomatic bases that define some sort of metric was a continuing challenge
in the late-20th century (Krantz, Luce, Suppes & Tversky, 1971) and the in-
validity of assumptions by fiat that had been achieved has been described
by Michell (2002). Possible foundations of psychophysical scaling were
established on a basis of the long-established functional calculus (Aczél,
1966, gives an historical survey) to define what forms of scales can sat-
isfy metric axioms (Luce, Bush & Galanter, 1963). The assumptions therein
imply functional deterministic stability and are not of use for modelling
dynamics processes without augmentation; the modern approach using
MCMC statistics can in some restricted cases be treated as a hybrid of Eu-
ler functionals and Markov chain transitions (Winkler, 2003, p. 314), which
does postulate an evolving mixture of deterministic and stochastic pro-
cesses running through time. The symbolic dynamics explored here are
closely related to some of the assumptions of MCMC practice, but we do
not use the full apparatus of statistical estimation, rather the focus is on the
ubiquitous non-stationarity of psychological time series. In effect, by us-
ing symbolic dynamics, the processes studied are taken to be in the class
of discrete dynamical systems, and tests for stability that are developed
are in that domain (Gumowski & Mira, 1980).

There have apparently been examples from social psychology where
using symbolic dynamics instead of making metric assumptions (with
ANOVA-type statistics) has produced more sensitive insights into the
dynamics (Heath, 2000, p. 311). Guastello, Hyde and Odak (1998) and
Guastello (2000) on information exchanges during creative problem solv-
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ing in a social group, Guastello, Nielson and Ross (2002) in the analysis of
brain activity in MNR pattern sampling, and Pincus (2001) in family in-
teraction dynamics, have also made valuable use of symbolic dynamics,
employing some necessary variations in technical details.

If one wishes to explore nonlinear dynamics directly within the tradi-
tional framework of difference-differential equations then the use of vari-
ables with metric properties, such as can more readily be achieved in psy-
chophysiology than in psychophysics, is mandatory.

The matrices that we create for a representation of psychophysiological
and psychophysical time series are Markovian, and are necessarily square
and non-negative. They may also be sparsely filled and quasi-cyclic. We
know from the fundamental mathematics and from examples constructed
(Mitchener and Nowak, 2004), that if we accept the positivity of the largest
Lyapunov exponents as a sufficient indication of chaos, of one sort, then
the processes being represented in transition probability matrix form may
be chaotic.

One of the powerful consequences of using symbolic dynamics on
maps on the unit interval is that Markov transition probability matrices
may be created, and from those an information theory treatment is sup-
ported, leading back into entropy calculations. The deep mathematical
relations between symbolic dynamics, Markov chains, and entropy mea-
sures have now an extensive literature, which has been surveyed by Blan-
chard, Maas and Noguiera (2000).

This rests on some theorems of Parry (1964, 1966) showing that, if a
series behaves locally like a Markov process, then, from the perspective
of information theory, it is Markov. This approach has been extended by
Buljan & Paar (2002).

Symbolic dynamics have also been linked with nonlinear psy-
chophysics (Geake & Gregson, 1999), for encoding the existence of em-
bedded recurrent episodes within trajectories. They are used in the gener-
ation of the entropic analogue of the Schwarzian derivative, ESf , in scal-
ing quasiperiodic psychological series (Gregson, 2002; Gregson & Leahan,
2003).

The idea of employing Markovian representations of psychological
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processes evolving through time is certainly not an innovation and was
used in a fundamentally different way in learning theory (Bower & Theios,
1964). There, the dependent variable was the probability of making a par-
ticular response (usually a correct one) on a trial in a learning curve that
eventually entered an error-free absorbing state; a major finding was that
three theoretical states in discrete time generated closer fits to observed
data. Mathematical learning theory was not conceptualised as an instance
of nonlinear dynamics, but rather as simpler stochastic processes with as-
sociated statistical tests.

Parry usefully distinguishes between two matrices that play a part on
theory, the State Transition Matrix (s.t.m.) which Parry calls the Structure
Matrix, where each cell is 0, or 1 only if a transition exists, and the Tran-
sition Probability Matrix (t.p.m.) where each cell is a probability. As the
process is Markov, the transition is taken to be t → t + 1, in real time the
increment is t to t+ θ, where θ is the time interval between two successive
observations of the process. In simpler treatments θ is taken as a constant,
but it can be a random variable. Given a set S of states s ∈ {1, .., i, j, .., n}
that is exhaustive, but not necessarily ordered in terms of some measure
µ(s), the elements of t.p.m, t(i, j) are given by

t(i, j) =
{
> 0 if s(i, j) = 1;
= 0 if s(i, j) = 0

[2.9]

The t.p.m matrices are usually taken in terms of succession, so that each
t(i, j) ∈ F is the probability of state j following state i, t → t + 1. This
is appropriate in a dissipative and irreversible process, such as a real psy-
chological time series. But the reverse matrix can be computed, in which
each t(i, j) ∈ R mean the probability that i is preceded by j, t→ t−1. This
usually has different eigenvectors. Possibly the most important extension
of these ideas is to non-homogeneous Markov chains as a structure for
non-stationary psychophysics.

As we will want to examine some real and theoretical Markovian ma-
trices and their associated eigenvalues, it is proper to begin by restating
the Perron-Frobenius theorem (Frobenius, 1912, Seneta, 1973) for primi-
tive matrices:



INFORMATION, ENTROPY AND TRANSMISSION 45

Suppose that T is an n × n non-negative primitive matrix. Then there
exists an eigenvalue r such that:

(a) r real, > 0;

(b) with r can be associated strictly positive left and right
eigenvectors;

(c) r > |λ| for any eigenvalue λ 6= r;

(d) the eigenvalues associated with e are unique to constant
multiples;

(e) if 0 ≤ B ≤ T and β is an eigenvalue of B, then |β| ≤ r,
and |β| = r impies B = T .

(f) r r is a root of the characteristic equation of T .

We are also going to need to make reference to the well-known scram-
bling property of Markov matrices, namely
An n× n stochastic matrix p+ {pij} is called a scrambling matrix, if given
any two rows α and β there is at least one column, γ, such that pαγ > 0
and pβγ > 0.

A corollary follows; if Q = {qij} is another stochastic matrix, then for
any Q, QP is scrambling, for fixed scrambling P .

Fast/Slow Dynamics

Interest in processes where there is a functional division between slow
dynamics, that may serve as a carrier, and fast dynamics, that can re-
semble noise or a signal with chaotic characteristics, possibly began in
engineering, but this now recognised as a paradigm for some biological
applications. In fact this area of investigation is intimately linked to the
two-attractor problem just discussed above. Arecchi (1987, p.42) from a
frequency domain approach, observed:
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We have shown that, whenever in nonlinear dynamics more
than one attractor is present, there are two distinct power spec-
tra:

i) a high frequency one, corresponding to the decay of cor-
relations within one attractor;

ii) a low frequency one, corresponding to noise induced
jumps.

The term fast/slow is used to label such processes1; it is not, in fact,
critical whether the fast part is treated as the signal or the slow part; the
important consideration is which of the two parts, if they are separable,
is externally controllable over some finite time interval, at some rate of
intervention.

For a very simple case, we assume that the dynamics are stationary
and first construct the s.t.m. of the slow part, which we label Css. The dou-
ble suffix is r to remind us that the process is assumed to be slow and
stationary.

Css =



0 1 0 0 ... ... 0 0 L
1 0 1 0 ... ... 0 0 0
0 1 0 1 ... ... 0 0 0
0 0 1 0 ... ... 0 0 0
... ... ... ... ... ... ... ... ...
... ... ... ... ... ... ... ... ...
0 0 0 0 ... ... 0 1 0
0 0 0 0 ... ... 1 0 1
L 0 0 0 ... ... 0 1 0


.

This matrix is defined over transitions in the real time interval t, t+ θ, and
θ has to be chosen by trial and error if the generator of the slow dynam-
ics (such as a sinusoid) is not known. If θ is too small then some terms

1 Guckenheimer (2003) uses the term slow-fast in a more complicated treatment of the
bifurcations of such systems.
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s(i, i) ' 1, and if θ is too large then other off-diagonal cells are not zero.
Css may then be part of a matrix where the elements of S are strictly or-
dered and the cell t(..) values fall off monotonically as we move away from
the leading diagonal.

Let any one line (with correction for the end lines) of the t.s.m. of
Css contain the terms t(i, i − 1), 0, t(i, i + 1), and the minima over S be
min(t(i, i − 1)),min(t(i, i + 1)). This double off-diagonal matrix with the
minima substituted for all i is Tss.

If the trajectory is on a closed orbit, then the cells s(i, n) and s(n, i),
marked L in the matrix, are also non-zero. The matrix is then a circum-
plex (Shye, 1978). This form corresponds to an attractor on a limit cycle.
Obviously, both with and without the L cells the Css pattern depends on
finding an order of the elements of S that generates the pattern. If the n
states are on a closed orbit, then there are 2n such orderings: one can start
at any state and go in either direction round the orbit.

If the fast component is the trajectory of a chaotic attractor in its basin,
then it eventually visits everywhere, has no absorbing states, and its t.s.m.
is ergodic. Call this matrix Dns. The observed matrix of the process is
Ms+n,s and if the two parts add linearly within any cell then, over some
subsequence in time, that is stationary,

Ms+n,s = Tss +Dns [2.10]

so subtracting cell-by-cell

D̂ns = Ms+n,s − Tss [2.11]

It is D̂ns that we now treat by Parry measure to find the approximate eigen-
values of the fast part of the system.

The matrices Css and F from some depression data (Gregson, 2005) do
have some interesting resemblance to a symbolic dynamics representation
of the Belousov-Zhabotinskii chemical reaction described by Lathrop and
Kostelich (1989b, p. 152). The resemblance does not reduce to saying that
the causality is the same between chemistry and psychophysiology, it says
merely that a problem in identifiability has common structure. This is
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BZ =



0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 1 1
1 0 0 0 0 1 0


.

This type of matrix can be evidence of cyclic stable dynamics, on a count-
able space chain; a deeper analysis is given by Meyn and Tweedie (1993,
p. 115). The off-diagonal array and the recurrence at s(1, 7) resemble half
of the symmetry of Css, and thus the weak asymmetry of F . The BZ dy-
namics are associated with closed orbits and an intermittent burst after
which the dynamics return to a periodic orbit. It is possible to employ the
symbolic representation to calculate the topological entropy ht using only
relatively slow orbits and hence of low period, as Lathrop and Kostelich
(1989) also had the maps of the reconstructed attractor and the data series
8400 points long.

If Np is the number of periodic points for the pth iterate of the return
map, then

ht = lim
p→∞

1
p
log2Np [2.12]

but [2.12] does not work for short series. Alternatively from the t(i, j) ma-
trix BZ

Np = trace Mp [2.13]

The trace2 is the sum of the diagonal elements of the t.p.m. matrix, as it is
dominated by the largest eigenvalue λ1 of the matrix for large p,

ht = log2λ1 [2.14]

which resembles the Parry measure derivation. In the example ofBZ, ht =
0.73 bits/orbit.

2 See Horst (1963) for an introduction to trace properties and computation.
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In situations where there are two or more attractors and fast/slow dy-
namics exist, a link emerges between the two attractor situation examined
above and also, apparently, with nonlinear psychophysics (Gregson, 1988).
This is illustrated in an example by Arecchi, Badii and Politi (1984) who
show that, if there are jumps between basins of independent attractors,
the system as a whole exhibits a low-frequency component in its power
spectra. The Lyapunov exponent is then complex, being made up of parts
corresponding to attraction and repulsion. This has some qualitative par-
allel with the Γ function used in nonlinear psychophysics; both Γ and the
example created by Arecchi et al are grounded in a cubic map, without
noise. The dynamics are very complicated and cannot be reduced to a sin-
gle 1/f b, 1

2 < b < 2, power spectrum.

Filtering Sequential Dynamics

The information in a dynamic series involves not just the values taken in
a raw data series yj , but their successive differences, ∆1yj ,∆2yj and so on
until they converge to a very small value or zero.

Entropic Analogue of the Schwarzian Derivative.

This method was introduced by Gregson (2001), it is a parallel of a deriva-
tive introduced by Schwarz (1868), but based on local summations of
coarsely scaled series and not on point derivatives of a continuous func-
tion. The idea of treating a dynamical trajectory from an entropy perspec-
tive is not novel, but is well developed (See Sinai, 2000, Chapter 3) and can
be traced back to statistical mechanics in the 19th century.

A series of a real variable y is partitioned into k exhaustive and mu-
tually exclusive subranges in the values y it takes, k = 10 is initially suf-
ficient. As a condition of the normalisation 0 ≤ y ≤ 1 the end subranges
h = 1, k will initially not be empty. Some or all of the remaining k− 2 sub-
ranges may be empty, when the dynamics are minimally informative. Call
the width of one such subrange δ(0) (of y). δ(0) = .1 for the original y but
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will almost always be less for ∆m(y), the successive mth absolute differ-
ences of the series. This δ is the partitioning constant of the system. Call
the partitioning constant of the range of the mth differences δ(m). In the
examples used here δ(1) is referred to simply as δ in the tables of results,
and all δ(m),m > 0 are set constant = δ(1).

The frequencies of observations lying in one segment δh, h = 1, ..., k is
then nh, and converting to probabilities ph we compute the information in
that subrange. The absolute differences of the rescaled y series are taken
putting

∆1(yj) = |yj − yj−1| [2.15]

and further differencing repeats this operation, so that

∆2(yj) = |∆1(yj)−∆1(yj−1)| [2.16]

This operation can be continued only until all absolute differences are zero.
Going only as far as ∆4 is sufficient. Summing over all subranges gives the
total information in the mth differenced distribution as

I
(m)
{h} = I(m) =

k∑
h=1

phlog2(ph)|m [2.17]

Then, by definition, the entropic analogue of the Schwarzian derivative,
abbreviated to ESf , has the form

ESf :=
I(3)

I(1)
− 3

2

(
I(2)

I(1)

)2

[2.18]

For some strongly chaotic (theoretical variants on Γ) series, ESf is pos-
itive in the examples we have seen and becomes increasingly negative
as processes are more stochastic. It has been applied to series from psy-
chophysics, EEGs, climate and economics. Its main advantage is that is is
computable over much shorter time series than the Lyapunov exponents.

By extension, each of the distributions of ∆kyj can be predicted by a
dynamical model and then compared to data by the Kullback-Leibler for-
mula.
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Bispectral Kernel Analysis

This method is usually employed in the frequency domain, but here a time
domain version is used, together with the surrogate tests.

Bispectral analyses are, in fact, third-order kernels of time series. They
have been extensively used in anaesthesiology in the tracking of the evo-
lution of EEGs during surgery, following Rampil (1998) and Proakis et al
(1992), and are there computed in the frequency domain using FFTs. They
resemble the kernels used in nonlinear analyses described by Marmamelis
and Marmarelis (1978).

If there exists a real discrete zero mean third-order stationary process x,
then its third-order moment matrix is defined over a range of lags 1, ...,m,
1, ..., n by

R(m,n) := E[x(j) · x(j +m) · x(j + n)] [2.19]

This matrix is skew symmetric as m,n can be exchanged in the definition.
The triangular supradiagonal matrix is sufficient for exploratory purposes
and is used in the tables in the form shown; to compute its eigenvalues, it
is reflected into the square form and the leading diagonal cells filled with
the average of the off-diagonal cells as an approximation. Its roots will, in
general, be a mixture of reals and complex conjugates.

b(1,2) b(1,3) b(1,4) b(1,5) b(1,6)
b(2,3) b(2,4) b(2,5) b(2,6)
b(3,4) b(3,5) b(3,6)
b(4,5) b(4,6)
b(5,6)

Compare the usual second-order autocorrelation which is defined as

R(m) := E[x(j) · x(j +m)] [2.20]

over a range of lags 1, ...,m.




