
Chapter 4

Inter- and Intra-level
Dynamics of Models

In the period since the early 1980s, the amount of research published on
the nonlinear dynamics of systems, including networks, has so expanded
that it is impossible, even if one had the necessary erudition, to compre-
hend and synthesise effectively its implications for the psychologist. Ad-
mittedly, only a tiny fraction of this work is specifically addressed to prob-
lems which plausibly arise in considering brain and behaviour, but, even
then, one has to selectively sift through results to discern what has impli-
cations for data analysis and theory construction.

Historically, one may trace an evolution and a shift in the style of mod-
elling: from the simplest networks with two layers, through multi-layered
nets, to network dynamics with stable and unstable basins of attraction
(Killeen, 1989, Thelen and Smith, 1994), on to systems with two or more
simultaneous time scales, supporting fast and slow oscillations (Cveti-
canin, 1996) and giving more consideration to what is becoming learnt
about mid-brain information transmission, encoding and storage (Jensen
and Lisman, 1996). On the one hand, the increase in the power of computa-
tion to the massively parallel has partly closed the gap between the effec-
tive degrees of freedom of the functioning brain and the simulation of at
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least one or more of its subsystems; sensation, perception, memory, deci-
sion and choice. On the other hand, the availability of newer non-intrusive
brain scan technologies, PET and MRI to augment the limited insights pro-
vided by EEG, has cast irreversible doubts on simplistic mappings of con-
sciousness to neurological activity (Revensuo and Kamppinen, 1994; Hen-
son, 2005).

The processes which we can observe at the behavioural level are the
consequences of mass action in the central nervous system; pathways with
multiple serial and parallel cross-coupled interaction are recursively acti-
vated and can be not only nonlinear in their dynamics but also not station-
ary in the parameters of any model which captures, at least, the robust fea-
tures of their qualitative dynamics. There are at least three distinguishable
ways in which we may constrain the evolution of a trajectory. Modelling
the single neuron is not what we are after. Modelling systems which can
still function in much the same way when a fraction of their connectivity
graph is deleted is of prime importance.

The use of attractor neural networks (ANNs, see Amit, 1989) as psy-
chophysical metaphors, with capacity to classify, remember and learn, has,
unsurprisingly, shown that simple nonlinear couplings over local arrays in
space and in time can generate a diversity of input-output mappings and
can be sufficient substrates of Gestalt phenomena (Gregson, 1995, Ruh-
nau, 1995). Some phenomena created are static, some are transient, some
are locally predictable, and some are irredeemably stochastic. If we choose
to start with the physicist’s spin-glass theory and then progressively relax
some of its structural assumptions, it is possible to approach a metaphor of
some neurobiological mass action. Even that intrinsically over-simplified
ANN exhibits the switching between stability and transitory eruptive phe-
nomena, which can also emerge from a possibly infinite collection of alter-
native models which at their core involve nonlinear recursive mappings
evolving through time; in short, they exemplify an aggregate of trajecto-
ries, not a single trajectory. This aggregate is sometimes autonomous and
sometimes slaved by inputs from the environment. The distinction links
into what has been called contextual guidance in multivariate neural net-
works (Kay and Phillips, 1996).
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Again, we are faced with a multi-level problem, as in the title of this
chapter, but now the upper or dominant level represents constraint by the
organism’s metabolism and not directly by the environment. Of course, in
turn, the environment can modify the metabolism, via nutrition, but the
time scale of that is vastly slower than the processes in milliseconds which
concern us here.

I would like here to explore one aspect of trajectory generation that
I had briefly mentioned earlier (Gregson, 1988) and never subsequently
elaborated for its computational consequences. The basic idea is very sim-
ple, namely that if the dynamics, necessarily dissipative and irreversible,
are the mode of functioning of a real system and not just a mathematical
recreation, then what they represent can only be achieved, in real space
and time, by consuming energy (and producing waste products, but let us
leave that out of the story for now). For example, the brain needs glucose
and the mechanisms of conversion of glucose to energy to keep going. We
know that, in fact, the brain is a dominant user of energy in the economy
of the total body. There are limits on how fast it can function, which have
preoccupied psychophysicists since the mid-19th century, and it can run
out of energy and become dysfunctional, or atrophy in some of its cells.
There is always death on the eventual horizon.

One is therefore tempted to take a very simple starting point, not even
a network in 3D but a single nested recursive channel, and see what hap-
pens to its quasi-stability, periodicities, and even its frequency spectral
representation, if we embody in the model additional constraints on what
are implicitly the changes which need energy to take place. These are the
changes in the levels of the core system variables; these levels should be
expressible as potential energy values. If one were to go initially in this ar-
gument to nΓ cascades then the possibility of hyperchaos could arise and
muddy the waters even more (Thomsen, Mosekilde and Sterman, 1991).
The necessary algebra is derivable from the multichannel and cascade nΓk

precedents but is perhaps untidy.
However, without any of these entropy-bounding considerations we

observe in a nonlinear system the diversity of dynamics which are repre-
sentable by the regions and boundaries of Julia sets and by the homoclinic
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and heteroclinic orbits in phase space diagrams.
If the dynamics are within an environment whose series of inputs

might push the process across a heteroclinic orbit (Wiggins, 1988, p. 182),
then some additional constraints on the dynamics are needed if the organ-
ism is to survive. In mathematical terms, the introduction of these con-
straints on the components of a multiple channel system would open up
the possibilities, already noted by Rössler (1991), of a hierarchy of types of
chaos (Baier and Klein, 1991) some of which are not analytically tractable
even though they can be readily simulated. They are also almost impos-
sible to identify from outside without parametric knowledge of the con-
straints themselves. To keep things simple, we are not going to consider
the possibility of a real biological system sitting permanently in a hetero-
clinic tangle; from an evolutionary perspective, that seems unrealistic.

Putting new bounds on the rate of evolution of trajectories, and hence
protecting a system from running into explosion, at the expense of forcing
its evolution into only some subregions of its natural dynamics, has con-
sequences which can be counter-intuitive. There is no psychophysically
good a priori reason to restrict any model to analytically tractable struc-
tures, because there is no a priori reason to assert that such processes at
present exist in the real organism (what is analytically tractable changes
slowly and extends over time with the emergence of new mathematical
ideas). For a demonstration that some qualitative phenomena can arise in
a bounded nonlinear system, as opposed to showing necessary and suffi-
cient conditions for them to arise, it is unhelpful to move prematurely to
analytic treatments if our intended focus is on generating a diversity of
externally-observable dynamics without recourse to parameter prolifera-
tion in the model core. Instead of pushing up degrees of freedom to cap-
ture more and more transients and complexities, we can do the opposite
and constrain the freedom of the dynamics locally by imposing bounds on
the derivatives in time in such a way as to introduce yet more nonlinear-
ities, even to create singularities in the evolution of trajectories; but what
sort of singularities is not something our intuitions can reliably anticipate.

Given that we have input variables, internal parameters not coupled to
inputs, and the system’s state variables, imposing bounds to stop degener-
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ation onto either explosion or the equifinality of death means that we must
constrain either limits of variability or rates of change and their higher
derivatives. After some heuristic exploration, an extension of a Gamma
(Γ) cascade (Gregson, 1992,1995) within various bounds has been created
to show what choices face the theoretician. The simplest Gamma trajec-
tory, like many other recursions in a complex function, Y , with the reals
on the bounded interval (0,1), will with small parameter changes exem-
plify point, periodic, quasi-periodic and strange attractors, and have quite
different dynamical evolution in its real and imaginary parts. As I am us-
ing NPD cascades as the working example here, the limits can be put on
a, the real input, on the real and imaginary parts of the system’s variable
Y (Re,Im), and on the cascade re-scaling parameter κ. We may also con-
sider imposing limits on the cumulative local sum of Y , as that is a rough
measure of the rate of energy consumption over a short recent time win-
dow. Psychophysiologists are thoroughly aware of the phenomena of dead
intervals in neural transmission following signal transductions from input
to output; neural systems that need ‘to stop and take a breath’ are ubiqui-
tous.

Using NPD operator notation (Gregson, 1988,1992,1995), for two cas-
caded stages subscripted (1) and (2),

C : U 7→ at(1) 7→ Γa,e;Y 7→ κY(1) 7→ at(2) 7→ Γa,e;Y 7→ Y(2)(Re) 7→ xt........
[4.1]

and this is extended indefinitely to M cascade steps as required. It can
be argued, from considerations of the duration of the temporal present in
consciousness (Ruhnau, 1995), that a cascade is the minimal duration dy-
namic structure that can underlie binding in neuropsychology1 but we do
not need this interesting conjecture for the present exploration. It treats
the evolution of internal representation of an original input as recursively
restabilised nonlinear trajectories, as a cascade of Γ components which

1 There is a possible parallel here between a cascade with boundary conditions imposed
and what Lansner (1986) called a running associative net, which is a succession of active
templates initiated, reconstructed, stabilized and finally terminated, fuzzy and context de-
pendent. The ideas are advanced quite independently, however.
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may each lie in a different region of phase space, alternating with a lin-
ear rescaling to convert back from a Y output to a new a input, whilst
preserving some continuity in the system variable but subject to the new
boundary conditions. In [4.1] κ is a multiplier on Y (Re) outputs from the
preceding cascade to counteract the effects of scale compression; the rea-
sons for this, and its effects, are discussed in Gregson (1995)

There is also a parallel here with what is called a Šil’nikov condition
(Šil’nikov, 1965, Friedrich and Uhl, 1992), which has been reported in EEG
activity; there, an attractor is left and reentered recursively within one
trajectory. However that dynamical model requires three dimensions and
structural assumptions that have not been shown to be necessary or real-
isable in the present context.

So, imposing bounds on rate of change dY/dj (j is a time base but not
in fixed msec units) with recursive linear rescaling and re-entry to the tra-
jectory (which is what I have called a cascade step) is expected to show
itself in the creation of new patterns of transitions between types of phase
space dynamics, but the dynamics themselves will be qualitatively analo-
gous and the path to chaos via period doubling, or odd periodicities, may
persist within the dynamically unbounded segments of the evolution. We
conceptualise the effect of the boundary conditions as intermittent, operat-
ing only when the system tries to cross a heteroclinic orbit into instability,
so that their operation partitions the time series of the trajectory’s evolu-
tion into segments each of which may be dynamically coherent and locally
therefore analytically tractable in the sense of Γ algebra. But the series
as a whole could appear random if filtered through, for example, linear
time series modelling. Also the critical values of the parameters a, e, η in Γ
which are associated with shifts in the dynamics will be confounded with
the effects of setting the bounds from the higher level. Expanding [4.1] to
show where the bounds operate, each Γ step is of the form of a cubic re-
cursion of an internal state complex variable Y , within the time interval of
one trial or one cascade step, in discrete time units j, has been written and
generated as

Γ : Y(j+1) = −a · (Yj − 1)(Yj − ie)(Yj + ie) i =
√
−1 [4.2]
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with the recursion given a starting value Y0 and running j = 1, ..., η. The
stimulus input U maps affinely onto a, and e is an internal parameter. Y is
the state variable in continuous existence before and after the Γ trajectory,
which is itself a transient destabilisation of the system. The terminal real
value Yη(Re) corresponds to an observable response, if the process termi-
nates there. The corresponding imaginary part of the trajectory Y (Im) is
always second-order with respect to the real part. Original initial gain a(1)

is the only direct link with the system’s environment.
The restabilisation step used here, from cascade J to J + 1, is

aJ+1 = Y (Re)J × (5.49− 2.01) + 2.01κ [4.3]

where the numerical values are used to keep the recursion within bounds;
they are arbitrary, within limits.

The structure of [4.1, 4.2, 4.3] creates two levels of recursion, within
η steps of a Γ trajectory and within a cascade step J . That is, Γ is nested
within the cascade recursion. Taking this structure one level deeper, a run
of M (J = 1, ...,M ) cascade steps can be one recursion within a higher-
order loop K which, each time it is entered, reinitialises on a(1) by con-
tacting the stimulus environment U again, but keeps the running values
of Y (Re,Im) from the last M of K. Obviously U can change in time quite
independently of the looped cascades of Γ trajectories.

Using an operator notation, we have to get from a stimulus U to a
response Yobs

Yobs = K(M(C))a|U [4.4]

and this evolves in η×M ×K time units. We now need to look at some of
the time series properties of [4.4] when it is constrained by bounds on its
energy consumption.

Though this sort of model was derived from considerations of exter-
nal psychophysics and to a much lesser extent neurophysiology, it can in
mathematical terms be regarded as a special case of the Cellular Neural
Networks (CNNs), which are strictly applied mathematics and usually
simulated by electronic circuits, even though their analogies with brain
processes are optimistically asserted by their creators. By treating these
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analogies tolerantly, the wide range of mathematical results now avail-
able can be drawn on to provide insights into how the nΓ cascades and
nestings also may furnish a basis for learning, memory, and pattern recog-
nition, discrimination and storage. (Brucoli, Carnimeo and Grassi, 1995,
Thiran, Crounse, Chua and Hasler, 1995).

Intermittencies

It has long been known that EEG time series can exhibit sudden peak fluc-
tuations, whose inter-peak interval frequency distribution may be stochas-
tic; these, for example, occur in the diagnosis of epilepsy. It has also been
noted in nonlinear dynamics that the evolution of attractors expressed as a
time series can shown long runs of stable periodicity with sudden appar-
ently interpolated episodes of aberrant fluctuations. These interpolations
may themselves have a recurrent easily identifiable form which I have
previously called arpeggios ; examples are noted by Gregson and Harvey
(1992). It has also been known for some time that two statistical time series
can run apparently identically for a subseries of trials and then abruptly
diverge; their differences are not identifiable only from finite sample reali-
sations unless and until they exhibit local divergence. This is not necessar-
ily an example of chaotic dynamics; it can occur with linear models.

Intermittent recurrent subsequences arising within relatively stable se-
ries are thus dynamically ambiguous; the standard methods of identifica-
tion, based on ARIMA, FFT, or adaptive filters will either treat the subse-
quences as noise because they are aperiodic in a quasi-periodic environ-
ment, or set up a compound mechanism in which the intermittencies are
generated autonomously from the background series and then summed
with its spectra by, probably, a weighted linear rule. The distinction be-
tween tracking such a series locally with adaptive filtering for its control
and predicting its long term evolution has to be kept in mind. The ap-
proach here is focussed on the generation of series, not on their identifi-
cation when their underlying dynamics are unknown. The object is to see
what qualitative forms emerge as a consequence of the boundary condi-
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tions, which could be misidentified by standard methods of data analysis.
The following examples are all with bounds imposed outside the Γ re-

cursion, by the outer loops and not in the interval j = 1, ..., η. It follows
that the cascades are not fully protected against explosion if the param-
eters a, e, η, Y0 allow instability within the local trajectory of one cascade
step J . Where parameters are not given, they are the same as in the previ-
ous example.

1: Consider [4.1 to 4.4] with the parameters and constraints

e = .25, η = 10,K = 10,M = 10 ∆1Y = 0.7, 10−5

a(1) = 5.051

max
∑
Y (Re) = 6

κ = 1.0

After K = 2,M = 10 it runs for all M = 10 onto an attractor which
is a = 4.55..., Y (Re) = .73... that is nearly stable and very gradually
increasing, Y (Im) within a loop is dynamically constant, and Y (Re)
for M = 1 decreases with K. Within j = 1, .., η, Y (Re) and hence a
are both period 2.

However, we have only to alter η to 9 instead of 10, and because the Γ
dynamic is past its first bifurcation, the attractor at M = 10 becomes
as soon asK = 2 the point a = 4.55427 and Y (Re) = .731113. Instead
the Y (Im) series is now variable and aperiodic within a loop, and for
M = 1 a = 4.98650 and fixed.

2: For comparison,

e = .35, η = 10,K = 10,M = 10

a(1) = 4.2

induces an alternation at M = 10 of a = 4.46, 4.85 and Y (Re) =
0.815, 0.704 so that a periodicity of the recursion in K is observed,
and Y (Im) is aperiodic.
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Now we can remove the outer loop computationally simply by
putting M = 100,K = 1 and we obtain period 2 alternation in J
of a = 4.851, 4.456 and correspondingly in Y (Re).

3: If the Γ parameters are set deliberately at the edge of a stable basin,
almost on a heteroclinic orbit, then we get intermittency with an odd
value coming up at apparently unpredictable intervals. For example,
in

e = .35, η = 10,K = 1,M = 260

a(1) = 5.34035

κ = 0.95

the a series fluctuates irregularly (aperiodically) between about 5.16
and 4.07, with odd values ' 3.92 observed at J = 16, 48, 65, 76,
86, 113, 119, 128, 141, 149, 158, 167, 191, 197, 212, 234, and 258 and
the Y (Re) series has a corresponding low value at each of these
points. This is a typical edge-of-chaos phenomenon; it requires no
extra component in the model but only a careful choice of parameter
values.

4: Moving well away from chaos in the reals, with

e = .25, η = 10,K = 1,M = 260

a(1) = 3.4

κ = 0.95

we observe a strictly periodic intermittent episode, in a steady a
and Y (Re) background. For nearly all values, after initial stabili-
sation, Y (Re) = .71845, but at J = 41, 42, 43, 44 we have Y (Re) =
.56,.64,.70,.72. This little arpeggio episode repeats itself at 40J inter-
vals.

Clearly, a diversity of qualitative dynamics becomes readily possible as
soon as we admit nesting of recursions hierarchically and the core trajec-
tory is nonlinear. The system in its repertoire of time series now includes
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Figure 4.1: a values for looped cascade
η = 10. Recursion steps 0,....,260

not just the steady state, periodic and path-to-chaos trajectories which are
generated by [4.1], but the intermittencies of both predictable and unpre-
dictable occurrence. The system is always deterministic in its generation,
but may appear random in its outputs.

From the Gregson and Harvey (1992) results and other reported find-
ings about nonlinear trajectories, we know that series with aperiodicity
and local arpeggio sequences of identical recurrent form, but stochastic
inter-event intervals can be generated by a number of well-studied attrac-
tors. The additional result here is the new type of series, with the baseline
fixed and the arpeggio at fixed intervals, which are not the cycle times
η,M,K but can be a multiple of them. This sort of series is a potential
base for a biological clock, created without any special dedicated dynam-
ics for such a clock in the system; it arises just because of the parameter
settings in a narrow window. It is left open precisely how these control
parameters can be brought into play and have their values set. Insofar as
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Figure 4.2: a values for looped cascade
η = 10. Recursion steps 0,...,65

it is a problem of modulating shifts into and out of chaos, where chaos is
on the edge of instability, the problem has received attention with a dif-
ferent approach concerned with the connectivity of the network in which
the nestings are embedded (Doyon, Cessac, Quoy and Samuelides, 1993).
Here we are assuming stable and completely connectively in the simu-
lations; the assumption globally is not apparently necessary. An implica-
tion is that any recursive loop in the Γ family can, with constraints locally
imposed, serve as a biological clock for a whole system of connected re-
cursions. There is no need to have a specific locality for the time keeping
process, and it can itself move about in slow time.
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Figure 4.3: a values for looped cascade
η = 10. Recursion steps 0,....,260

Synchrony and Binding

The approach here has been, so far, to start from nonlinear psychophysics
and extend its structures to exemplify new recursive dynamics. The moti-
vation has been partly to see where biological clocks might come from and
partly to compare results in a wider sense with both cognition and with
physiology. The second comparison turns out to be the relatively easier
because of a detailed critical review by Singer (1993) which summarises
the dynamics of neurological brain networks where they exhibit oscilla-
tions and synchronies. (The points raised by Singer are given in Appendix
1.)

If the oscillatory dynamics of two non-contiguous regions come into
synchrony in some frequency range, then they are said to be bound. It is
the so-called binding problem and the suggestion that binding is a nec-
essary and sufficient condition for the emergence of consciousness that
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Figure 4.4: a values for looped cascade
η = 10. Rescaled on a, Recursion steps 0,...,65

makes this property of nonlinear networks important for the psychologist.
The formal mathematics of networks that oscillate exhibit synchrony, can
bind, and may be a putative basis for consciousness were first sketched
out in the 1980s; that work seems to be still unknown to most cognitive
psychologists (Caianiello, 1987,1989, Palm and Aertsen, 1986). The need
to attempt some three-way mutual compatibility between neurophysiol-
ogy, conscious cognition, and mathematical representations of both, has
been remarked on by various writers, but it does no harm to reiterate it
here. The present innovation is to attempt to link a model that starts from
psychophysics (and not from spin-glass nets or related physicalisms) to
conditions for binding, and hence for the emergence of consciousness if
the binding hypothesis holds.

There is, in the neurophysiology, a critical relation between delays in
reciprocally linked groups and the establishment of synchronization. It is
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required to have a rapid succession of short bursts and an upper limit on
the frequency of reverberation. The synchronous discharge creates strong
simultaneous inhibition, and oscillations are a consequence of synchrony.
Synchrony at a millisecond time scale is significant; it requires a tempo-
ral structure that allows the synchronous/asynchronous states distinc-
tion to exist with high temporal resolution and the establishment of syn-
chrony over large distances. Singer (1993, p. 366) observes that both of
these requirements can be met by paced oscillatory discharge patterns in
a bounded frequency range. The properties match the dynamics of what
has been observed in (n × n)Γk cascaded lattices (Gregson, 1995) if they
are also nested in the bounded recursions of [4.1, 4.2, 4.4] set out here. To
explore that situation more deeply we need to create an nΓ extension of
[4.1, 4.2, 4.4].

Bounded Cascades in 6-d partitioned NPD

These notes are not a simulation of a specific experimental configuration,
but an exploration of what can arise in the dynamics of 6Γ Case 2 with
some parameter constraints. It is already known that multiple (one-to-
many) solutions in the input-output mappings can arise, apart from those
due to hysteresis. This example is now put into the nests of bounded re-
cursions; it was previously used in an unpublished model of a problem
in visual perception as a single 6Γ stage with some imbalances. As it is
somewhat intricate in its dynamics it can serve as an introduction to sys-
tems where attractors co-exist. The qualitative features of output near-
equivalences can be shown: In a 6-channel cross-coupled Γ system there
are six gain parameters a1, a2, ...., a6, and potentially six e1, ..., e6 internal
parameters. These latter are reduced by constraints on cross-coupling, to
a1, ..., a6, λ1, .., λ3.

The following table summarises the settings used here; the channels
are in fact treated as being coupled locally in pairs.

This configuration means that channels 1 through 4 are fixed in their in-
put settings, but channels 5 and 6 are variable and could float over a wide
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arbitrary range. For the current demonstration we do not need to invoke
this plasticity; computations with all initial parameters fixed, chosen to be
near to chaotic activity, are sufficient (compare Freeman, 1994). The pur-
pose of this exploration is to look at the effects on outputs {Y1, ..., Y6}(Re)
of the variations in a5. Because of the cross-couplings the values of Y1, Y2

are functions of the total parameter set, and not just of a1, a2, e1, e2.
It can be shown that the behaviour of |Y2 − Y5|(Re) is under some set-

tings of {λ} multimodal. This is sufficient for the present heuristics. See
Appendix 2 for computational details.

Table 4.1: Parameters having degrees of freedom
in the original program modified for this study

Channel a λ a:fix or var
1 a1 λ1 fixed
2 a2 λ1 fixed
3 a3 λ2 fixed
4 a3 + .2 λ2 fixed
5 a5 λ3 variable
6 a5 + .2 λ3 variable

————————————————-

The cross-coupling between the six dimensions is only partial; they are
grouped here into three subsets, by the operation of the λ coefficients as in
[4.5], to define the (complex) e for each Γ as in [4.1].

e1 = (0, λ1/{max(a3, a4, a5, a6)})
e2 = (0, λ1/{max(a3, a4, a5, a6)})
e3 = (0, λ2/{max(a1, a2, a5, a6)})
e4 = (0, λ2/{max(a1, a2, a5, a6)})
e5 = (0, λ3/{max(a1, a2, a3, a4)})
e6 = (0, λ3/{max(a1, a2, a3, a4)}) [4.5]



INTER- AND INTRA-LEVEL DYNAMICS OF MODELS 87

A possible consequence of [4.5] is that the system as a whole can run
into what Rössler (1991) has called hyperchaos. For the present purposes,
the interest is that the system can run onto a series of point attractors; that
is, a vector {a} or individual Y can show transient perturbations indepen-
dently of the concurrent dynamics of the other channels. These transients
are like those identified in the example 3 for the simpler case already de-
scribed. The rate at which the system as a whole, expressed in vectors {a}
or {Y (Re)}, goes to stability depends on the values of the loop constants
in [4.4], which are common for the whole set of six dimensions, and on the
e in [4.5] for the individual dimensions. Terminal values of a ( and Y ) can
be unequal when initial values are equal and vice versa.

We must now address the problem of what happens if we use linear
time series analyses methods in an attempt to identify periodicities, via au-
tocorrelation spectra, in the component detailed Y series with η ×M ×K
terms. As might be expected, until the process has run onto an attractor
or a set of attractors it is not stationary and estimations are confounded.
Its hidden generators are very nonlinear, in [4.1] and [4.2], and are not re-
coverable from outputs Y or the restricted series Yη with M × K terms.
The fact that linear time series methods are dangerous in biological anal-
yses is now well documented (Cutler and Kaplan, 1996). Another prob-
lem arises: the autoregressions are completely invalidated if we include
the extreme realizations within the transients when they arise, and com-
putational degeneracies result. An example is shown in Table 4.2, for re-
cursions Nos. 192-202 with η = 10,M = 5,K = 10, κ = 1.46, {a} =
{3.15, 4.70, 4.10, 4, 80, 4, 20, 4.50}, and {λ} = {1.00, 1.25, 1, 29}. There is
nothing necessarily surprising in such phenomena; complicated multi-
channel processes can double back in their dynamics when their bases are
nonlinear (Dawson, Grebogi, Yorke, Kan and Kocak, 1992).

Table 4.3 gives an example where the processes shown no explo-
sive transients, but the six components vary considerably in their quasi-
periodicity. If there were binding, then we would expect two or more
series to be in phase and exhibiting a comparable spectrum of the auto-
correlations. To check this we may set up the (triangular) matrix of cross
correlations of the six vectors of 20 coefficients. It is also necessary, there-
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Table 4.2:
Example of a local instability in one dimension, for Y 6(Re)

192 0.655201 0.654684 0.673780 0.638777 0.518174 0.438628
193 0.822628 0.823239 0.810192 0.829268 0.827969 0.898943
194 0.653720 0.652882 0.665020 0.637210 0.670651 0.556254
195 0.822635 0.823236 0.812151 0.829139 0.878040 1.03977
196 0.653705 0.652890 0.661164 0.637503 0.529913 -0.287737
197 0.822635 0.823236 0.812769 0.829165 0.838031 1.16740
198 0.653705 0.652889 0.659937 0.637444 0.645619 -1.51008
199 0.822635 0.823236 0.812934 0.829160 0.883736 37.2423
200 0.653705 0.652890 0.659608 0.637456 0.511263 -318667.
201 0.513489 0.766225 0.705921 0.830226 0.684813 0.725012
202 0.470594 0.692762 0.686127 0.619342 0.716427 0.739834

————————————————-

fore, to examine the pair-wise cross-correlations of the raw series of 500
realizations. Cross-correlations are known to be informative in connected
neural nets, but there are dangers in inference from externally observable
properties by using what are in effect linear filters; ”In the case of highly
interconnected neural systems, for example when oscillatory behaviour is
present, the response is far from linear. In such cases, therefore, any con-
clusions for the functional connectivity between two neural systems that
are based solely on the presence of correlated activity are questionable.”
(Kalitzin, van Dijk, Spekreijse and van Leeuwen, 1997, pp. 73-74). Again,
Liao and Sethares (1995, p. 14) noted that ”In many applications where
data are generated by a nonlinear mechanism, linear models are unaccept-
able and identification schemes fail This is mostly due to the fact that for
general nonlinear systems there are no universally applicable models.”

In Table 4.4, which is given as examples for the degrees of lag 0 to 4,
(there is a series for each of the lags 1-20 computed), the leading diagonal
cells would be filled with the autocorrelations of the individual MKΓ se-
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ries. To obtain the roots of the total cascaded 6Γ when it is treated as one
undecomposable series externally observed, we create the determinants of
each of the lag matrices as in Table 4.4, with the autocorrelations added in,
and use these determinants as the coefficients of a delay function which
can itself be factorised. The method is given with examples in Gregson
(1983). The factorisation of this process is to be compared with that of one
or more component Γ trajectories.

A second approach is to impose a cut-off on the Y terms and treat those
values above a critical level as the realisations of a point process. The in-
terest is then in the statistics of the frequency distribution of inter-point
intervals or of run lengths between crossing points. These do not neces-
sarily have a periodicity which is a multiple or submultiple of the M,K, η
terms, so that the periodicities of the point process are not a sufficient basis
for system identification; this is relevant when considering EEG analyses
of brain dynamics. We return to this aspect later.

The example deliberately created by the parameter settings for Tables
4.3 and 4.4 is intrinsically unstable and if it were not for the two outer
loops would eventually explode. It is trivially simple to create very stable
examples where the core Γ recursions run quickly in the Y reals onto point
attractors. However, it is necessary to examine the roots of the factorisation
of the polynomial whose coefficients are the sequence of the determinants
of the completed matrices in Table 4.4. In Table 4.5 we give two cases,
simply for illustration: the unstable one just created, and a very stable one
with lower λ and a coefficents2. The roots for the imaginary components
of the Y evolution have been shown as well, to emphasise the point that
the dynamics are not exactly the same for the two parts of the complex
system variable Y and, in general, the imaginary trajectories can be more
turbulent, though second-order in magnitude, and are not postulated to
be externally observable. Possibly, the numerical method has just failed to
find a repeated conjugate root pair for the Y (Im) series in the first example.
It would, however, be a mistake to equate the imaginary component with
stochastic noise.

2 The roots were obtained by using the Mathematica command NSolve.
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Table 4.3: Autocorrelations in a externally stable case
η = 10,M = 5,K = 10, κ = 1
{λ} = {1.00, 1.25, 1.29}

initial a settings: {3.5, 4.7, 4.1, 4.8, 4.2, 4.5} Autocorrelations lags 0 to 20;
read across lines, as text, in order

Y (Re) 1:
1.0000 0.5418 0.0840 -0.0095 -0.0122

-0.0168 -0.0142 -0.0201 -0.0129 -0.0196
-0.0074 0.2377 0.4253 0.2946 0.1289
0.0115 -0.0025 0.0041 -0.0026 0.0010

Y (Re) 2:
1.0000 0.5878 0.2806 0.0036 -0.0161

-0.0181 -0.0173 -0.0282 -0.0107 -0.0265
0.0085 0.0219 0.0124 0.0162 -0.0007
0.0108 0.0010 0.0073 0.0008 0.0036

Y (Re) 3:
1.0000 0.0373 0.5449 -0.1061 0.4652

-0.1397 0.3915 -0.1788 0.3218 -0.2277
0.2482 -0.2585 0.1822 -0.2981 0.1738

-0.3108 0.1623 -0.3190 0.1474 -0.3211
Y (Re) 4:

1.0000 -0.5416 0.7286 -0.5579 0.5897
-0.4539 0.4460 -0.3589 0.3263 -0.3085
0.2313 -0.3035 0.2605 -0.3207 0.2808

-0.3470 0.3008 -0.3629 0.3158 -0.3655
Y (Re) 5:

1.0000 -0.4581 0.6768 -0.4958 0.6225
-0.4907 0.5683 -0.4849 0.5155 -0.4796
0.4738 -0.4741 0.4338 -0.4774 0.4307

-0.4753 0.4284 -0.4740 0.4270 -0.4750
Y (Re) 6:

1.0000 -0.6879 0.7100 -0.6867 0.6885
-0.6677 0.6652 -0.6464 0.6410 -0.6223
0.6519 -0.6275 0.6506 -0.6338 0.6549

-0.6400 0.6608 -0.6470 0.6679 -0.6565
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Table 4.4: Cross correlations 6× 6 of lags 0 to 4 from Table 4.3
based on a run of 250 points

above diagonal, n to k, below diagonal reversed k to n

n to 2 n to 3 n to 4 n to 5 n to 6
lag 0

-.— 0.453 0.670 0.313 0.480 0.258
0.453 -.— 0.615 0.545 0.521 0.529
0.670 0.313 -.— 0.539 0.946 0.791
0.480 0.258 0.615 -.— 0.539 0.670
0.545 0.521 0.529 0.539 -.— 0.922
0.946 0.791 0.539 0.670 0.922 -.—
lag 1

-.— 0.353 0.616 0.258 0.431 0.197
0.314 -.— 0.470 0.448 0.387 0.344
0.412 0.234 -.— 0.016 -0.038 -0.173
0.251 0.084 0.159 -.— -0.030 -0.199
0.198 0.089 0.064 0.092 -.— -0.412

-0.102 -0.232 -0.104 -0.219 -0.421 -.—
lag 2

-.— 0.263 0.556 0.174 0.395 0.178
0.188 -.— 0.278 0.162 0.248 0.230
0.323 0.175 -.— 0.106 0.431 0.313
0.204 0.052 -0.070 -.— 0.284 0.391
0.059 -0.066 -0.029 0.231 -.— 0.472
0.431 0.332 0.149 0.264 0.494 -.—
lag 3

-.— 0.158 0.480 0.121 0.329 0.113
0.110 -.— 0.072 0.055 0.044 -0.004
0.257 0.212 -.— -0.232 -0.196 -0.328
0.160 0.068 -0.044 -.— -0.189 -0.377

-0.019 0.001 0.033 -0.053 -.— -0.466
-0.190 -0.258 -0.262 -0.299 -0.433 -.—
lag 4

-.— 0.074 0.404 0.042 0.280 0.089
0.098 -.— 0.046 -0.073 0.034 -0.002
0.241 0.200 -.— 0.139 0.390 0.310
0.148 0.052 -0.053 -.— 0.327 0.402
0.042 -0.058 -0.035 0.262 -.— 0.455
0.386 0.325 0.206 0.304 0.475 -.—
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The numerical values of the coefficients have been rounded off and
should not be given precise meanings; what is important is the pattern of
the roots estimated. In both examples, we have one real and two conju-
gate pairs from the few lags used in Table 4.4. The correlations in Table 4.4
decrease monotonically in many cells having the same location, as we run
down the set of five 6×6 matrices. This implies, if we accept a causal inter-
pretation, that there is weak binding between the channels in their quasi-
periodic dynamical evolution. The drifting apart of trajectories in terms
of their lag correlations might be related to the Lyapunov coefficients of
the process. In both examples, we expect at least one complex conjugate
pair of roots from the original Γ cores (compare [4.1]), and the rescaling of
[4.3,4.4] creates another weak periodicity, of slower frequency determined
by M , which is the periodicity forcing the 6Γ core back into its attractor
basins. The raw time series to generate Table 4.3, for example, is computa-
tionally just a string of numbers with no given information about M,K, η.
In this respect, it is like an ignorant external observer with only an output
record.

We can retrieve the evidence of internal oscillations, but not necessar-
ily an indication of precisely how they are generated. Here we have two
temporally alternating mechanisms: one linear in the reals ([4.3]) and the
other complex nonlinear ([4.2]). The two cases show complex conjugate
pairs in both the stable and unstable half-fields together, a pattern which
is sometimes associated with the presence of chaotic dynamics, although
the example of Tables 4.3 and 4.4 appears basically homogeneous. To ob-
tain a fuller picture of the system as it floats through its parameter space
(there are at least nine parameters which can in principle affect the root
pattern, though it is always the same system in its structure) requires the
exploration of response surfaces and sections through them.

Comparison Control Conditions for the Dynamics

There are two simpler configurations which should be compared with the
deliberately intricate examples summarised in Table 4.5. One is where all
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Table 4.5: Determinants and roots for two cases,
one unstable and the other stable

The unstable case as in Tables 4.3 and 4.4

{λ}: {1.00, 1.25, 1.29}, initial {a}:{3.5, 4.7, 4.1, 4.8, 4.2, 4.5}

Y (Re), lags: 0 1 2 3 4
determinants: -309.7 -3.067 -.00625 .583× 10−5 −.279× 10−5

factored to give:

Y (Re) roots: real: -1.1652 conjugate: −.446± .980i .529± .312i
Y (Im) roots: real: -0.9987 conjugate: −.478± .690i −.477± .692i

A relatively stable case for comparison

{λ}: {0.90, 1.00, 1.10}, initial {a}:{3.2, 4.3, 4.1, 4.0, 3.5, 3.8}

Y (Re), lags: 0 1 2 3 4
determinants: -.00181 -.00317 .0406 .00175 .00228

factored to give:

Y (Re) roots: real: -.0557 conjugate: −.892± .394i .419± .904i
Y (Im) roots: real: -1.0238 conjugate: −.264± .845i .458± .486i

————————————————–

the channels are identical with uniform cross-coupling, and the other is
where there is no cross-coupling, the Case 1 of Gregson (1992,1995), so
that e values are set in [4.1] independently for each channel.

The dynamics associated with the 6Γ Case 1 example are apparently
quite different from those for the corresponding cross-coupled Case 2 ex-
ample, which has otherwise the same parameters. The single conjugate
paired root exists as in [4.2], but the remaining roots are all real and of



94 INFORMATIVE PSYCHOMETRIC FILTERS

mixed sign, indicating mixed stability. The implication is that there are
structural changes in the internal dynamics of an nΓ system which can be
externally identifiable.

This is not the only distinction that emerges readily between the two
structures in nΓ, Case 1 with parallel channels having fixed e, and Case
2 with cross-coupling via the {λ} which in effect alter their operative e
values with collateral inputs.

It is computationally trivial to show that setting arbitrary cut-offs lev-
els on Y (Re) for each channel will create quite different inter-crossing in-
terval frequency distributions for the two Cases and that the point pro-
cess series differ markedly from one channel to another within one case.
Further, distributions that are regular but not multiple of M,K, η can be
observed. Some data from one example are given in Table 4.8:

Serial Hypercycling

So far the cascading had been within each Γ process and the six processes
are in parallel evolution, their trajectories are cross-coupled through [5]
only. An alternative structure is where each trajectory cascades onto an-
other dimension’s Γ and the closed loop at level K is recursively through
an ordered subset of the available dimensions. For example, the cas-
cade beginning in [4.6] is serially and recursively through dimensions
1,2,3,4,5,6,1,2,3,...

C : U 7→ at(1) 7→ Γa1,λ1;Y 7→ κY(1) 7→ at(2) 7→ Γa2,λ2;Y 7→ Y(2)(Re)

7→ .....xt........ [4.6]

and we may call this path a hypercycle. But there are NHC possible such
hypercycles, where

NHC =
6∑

h=1

h!

(
6
h

)
[4.7]

and these are not externally distinguishable, except in their recursive peri-
odicity, which is h(η+ z) in time units if we arbitrarily take the restabilisa-
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tion process in [4.3] to have z j units, when the six component Γ recursions
each run onto a stable attractor.

But if one or more does not, because it has gone into chaotic dynamics,
then the hypercycles of order h are not necessarily commutative. It is only
if they are not commutative and we have full information about starting
values {a} that identification might be possible from the latencies and the
terminal values.

The extension to 2D and 3D Lattices

Obviously psychologists are interested, at the very least, in having ac-
counts of 2D processes in vision and 3D processes in solid brain struc-
tures; the simplest nΓ examples here do not extend without more compli-
cations to the higher dimensionality networks. Previously (Gregson, 1995),
we have explored a lot of properties of the 2D arrays in (n × n)Γ simula-
tions, (but nothing on (n× n× n)Γ).

Qualitative characteristics of the dynamics identified there are often
paralleled in CNN theory and simulations. Many of these have been
demonstrated in recent years in, for example, the journals IEEE Trans-
actions on Circuits and Systems and International Journal of Bifurcation and
Chaos, though it must be reiterated that usually there is no convincing ar-
gument presented that the particular CNNs used are a close analogue of
what is needed to explore psychophysics, perception and cognition. To the
extent that CNNs are, at the metatheoretical level, a family of processes
some generalisations might, however, be useful. It is known that cellu-
lar 2D and 3D networks can exhibit pattern formation because they have
a spatial frequency instability in the neighbourhood of their equilibrium
configuration. Modes of organisation exist in connected sets and, during
evolution, a transient state can appear so that unstable modes expand at
the expense of stable modes in the dynamics. Oddly, the patterns created
in 2D can resemble stripes or spots, checkerboards, or even the surface
of the human cortex, but the transition from one pattern to another may
be abrupt (Thiran, Crounse, Chua and Hasler, 1995, Crounse, Chua, Thi-
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Table 4.6: Cross correlations 6× 6 of lags 0 to 4 for Case 1
to compare with Table 4.4; based on a run of 250 points

No cross-coupling, all e = .25

above diagonal, n to k, below diagonal reversed k to n

n to 2 n to 3 n to 4 n to 5 n to 6
lag 0

-.— 0.156 0.854 0.120 0.794 0.562
0.156 -.— 0.278 0.990 0.302 0.408
0.854 0.120 -.— 0.229 0.994 0.889
0.794 0.562 0.278 -.— 0.253 0.362
0.990 0.302 0.408 0.229 -.— 0.932
0.994 0.889 0.253 0.362 0.932 -.—
lag 1

-.— 0.152 0.645 0.135 0.586 0.379
0.133 -.— 0.197 -0.803 0.195 0.109
0.589 0.126 -.— 0.195 0.548 0.455
0.531 0.344 0.202 -.— 0.190 0.107

-0.802 0.199 0.114 0.191 -.— 0.453
0.540 0.434 0.193 0.112 0.437 -.—
lag 2

-.— 0.021 0.467 -0.008 0.404 0.194
-0.023 -.— -0.044 0.848 -0.038 0.049
0.449 -0.021 -.— -0.043 0.274 0.135
0.392 0.192 -0.011 -.— -0.040 0.045
0.852 -0.009 0.053 -0.046 -.— 0.127
0.280 0.145 -0.040 0.029 0.133 -.—
lag 3

-.— 0.039 0.328 0.028 0.266 0.074
0.065 -.— 0.059 -0.859 0.047 -0.061
0.342 0.067 -.— 0.024 0.121 -0.004
0.294 0.150 0.022 -.— 0.052 -0.051

-0.856 0.013 -0.066 0.063 -.— -0.017
0.133 0.049 0.017 -0.058 0.024 -.—
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Table 4.6 (continued): Cross correlations 6× 6 of lags 0 to 4 for Case 1
to compare with Table 4.4; based on a run of 250 points

No cross-coupling, all e = .25

above diagonal, n to k, below diagonal reversed k to n

n to 2 n to 3 n to 4 n to 5 n to 6
lag 4

-.— -0.030 0.278 -0.058 0.221 0.043
-0.026 -.— -0.047 0.841 -0.041 0.052
0.341 -0.015 -.— -0.068 0.172 0.056
0.304 0.173 -0.035 -.— -0.038 0.048
0.844 -0.028 0.046 -0.043 -.— 0.063
0.193 0.123 -0.060 0.021 0.111 -.—

Table 4.7: Determinants and roots for 6Γ Case 1

The example in Table 4.6; no λ cross-coupling, e = .25

{λ}: {1.00, 1.25, 1.29}, initial {a}:{3.5, 4.7, 4.1, 4.8, 4.2, 4.5}

Y (Re), lags: 0 1 2 3 4
determinants: 4.701 -.0067 2.858 .00258 −1.672

factored to give:

Y (Re) roots: real: 2.2817 .6692 -.2978 conjugate: −.327± .989i
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Table 4.8: Periodicities of Point Processes
In both cases the {a} are {3.1, 4.7, 4.1, 4.2, 4.5} , run length = 350.
For 6Γ Case 1 with e = .25,

Γ1 Γ2 Γ3 Γ4 Γ5 Γ6

13 8 10 9 12 3
34 90 12 31 31
10 49 28 80
40 41

For 6Γ Case 2 with {λ} as in Table 4.5,

Γ1 Γ2 Γ3 Γ4 Γ5 Γ6

2 5 2 9 9 9
18 9 14 10 17 18
19 15 18 20 20
28 20 26 28

————————————————–

ran and Setti, 1996). If the coupled elements in the net are bistable (they
have two attractors, like Γ trajectories in Y (Re,Im)) we may get a sort of
clustering, and a chaotic distribution of oscillation amplitudes exists in the
lattice (Nekorkin, Makarov, Kazantsev and Velarde, 1997). Again, stripes
and spots and checkerboards are possible, and phase-locked clusters ap-
pear. This phase-locking is a sort of binding.

The analogies with brain action have been noted, in that spatio-
temporal structures emerge from cooperation of a large number of appar-
ently disorganised smaller units often themselves operating in a chaotic
mode. Not only do we have the emergence of chaos at one level and sta-
bility at another, but this coexistence is related to the creation of memory.
Ogorzałek, Galias, Da̧browski and Da̧browski (1996, p. 1870) call this spa-



INTER- AND INTRA-LEVEL DYNAMICS OF MODELS 99

Figure 4.5: an (n× n) Cascaded Lattice Process
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tial memory effect, and observe that ”Strongly coupled arrays display an
interesting phenomena of maintaining information about the position of
initialization”. Such nets exists in time, not as a frozen representation, and
can maintain standing wave patterns which are a symbolic encoding of
particular inputs.

Conclusions

The situation with six parallel inputs described is one which is completely
deterministic but nonlinear. There are no stochastic components and no
residual Gaussian error distributions. But if the outputs are treated as time
series, particularly if the series built on the determinants of the 6×6 cross-
correlation matrices of lags 0 through 4 is examined, its factoring is only
partially informative and can be seriously misleading; it does not give a
correct picture of the system’s intrinsic dynamics and cannot validly ex-
trapolate in time to predict the future evolution and therefore the stability
of the system.

While this point may seem elementary, given the algebraic construc-
tion of the system, and the necessary loss in information contingent upon
using time series correlational methods, it is reminiscent of attempts to
analyse brain mass action by decomposing the EEG in the time or fre-
quency domains. In the case of the brain potential records, we only have
the outputs and not the process specification expressed in cascaded non-
linear dynamics, even though the evidence from hippocampal studies sug-
gests that it would be helpful to have that as well, as has been known for
some time (Nadel and O’Keefe, 1974, Nadel, 1989).

The mathematics here were developed for modelling psychophysical
channels, and not single neurons; the distinction is important, and yet
there are some parallels in the dynamics. Koch (1997, p. 209) observes that
synapses continually adapt to their inputs in a way that is different from
computers that enforce a separation between memory and computation.
However, the modern view that neurons have plasticity, feedback, nonlin-
earities in transmission, and are critically dependent upon the timing of
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local sequences, is reminiscent of the properties of the cascades reviewed
here. Koch (p. 210) says ”we sorely require theoretical tools that deal with
signal and information processing in cascades of such hybrid analogue-
digital computational elements. (there exist). Loops within loops across
many temporal and spatial scales. And one has the distinct feeling that we
have not yet revealed every layer of the onion.”

It transpires that the nΓ systems we have studied in depth, for their
particular relevance to psychophysics, become a special case of the CNNs
with chaotic and bistable elements when they are extended into higher di-
mensionalities. This inevitably points up the complexities of their poten-
tial dynamics, but also helps by suggesting why they can simulate human
sensory functioning, and how such functioning is inextricably linked to
the higher order functions of memory and cognition.

Appendix 1

Places in Singer’s (1993) review on the neurophysiology of oscillating neu-
ronal nets where there are close parallels between the temporal dynamics
of the model [4.1, 4.2, 4.4] and what is observed in brain activity are sum-
marised here. Page references are to Singer.

A shift in interest to temporal relations in neuronal processes has be-
gun; because neuronal processes are highly dynamic, temporal codes mat-
ter (p. 350).

Oscillatory components in the gamma frequency range (30-60 Hz) are
also contained in field potential responses evoked by sensory stimuli (p.
351) which relate to the P 300 and to activity in the thalamic nuclei. The
amplitude of the high frequency oscillations in usually small. There have
been proposals for a functional significance of the low frequency oscilla-
tions in sleep and memory.

There are two sorts of oscillations, pacemakers and the emergent prop-
erties of networks. The perceptual functions of the neocortex are based on
distributed processes, in parallel and different sites. Because a sensory in-
put, usually visual, elicits a large number of spatially distributed neurons,
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the binding problem arises; eventually we get one sensory image. The as-
sembly code is relational; ”the significance of an individual response de-
pends entirely on the context set by the other members of the assembly”
(p. 354). ”Temporal coding offers new solutions to segmentation problems
that have been notoriously difficult to resolve with amplitude and position
codes alone” (p. 355). Cross-correlation studies have actually been based
on the analysis of spontaneous activity, which is appropriate for disclosing
anatomical connectivity but not for stimulus-induced dynamic coupling.

”Episodes with constant frequency last only 100-300 msecs and can re-
cur several times throughout the response to a continuously moving stim-
ulus.” (p. 256). Neither time nor phase are related to stimulus input coor-
dinates (Engel et al, 1991); it is not possible to tell from the responses of
individual groups whether they were activated by one coherent stimulus
of by two different stimuli. The only clue is provided by the evaluation of
synchronicity of the responses of the activated groups. Synchronization by
a common subcortical input will not explain binding because it is insuffi-
ciently flexible and insufficiently stimulus constellation dependent.

There is a counter argument (p. 360), that ”the possibility needs to be
considered that synchrony and oscillations are epiphenomena of a sys-
tem’s properties that have evolved for a completely different purpose”.
Oscillation and synchrony are not necessarily coupled dynamically. Zero-
phase lag synchronization can be achieved despite considerable conduc-
tion delays and variation of conduction times if the synchronizing con-
nections of the coupled cell groups have a tendency to oscillate (p. 361).
The number of assemblies that can coexist in the same cortical region is
increased if the oscillation frequencies are variable. because spurious cor-
relations due to aliasing effects will be rare and only of short duration (p.
362).

If Hebbian synaptic modification rules held unqualified, in the long
run, the gain of most synaptic connections would be increased leading to
unselective and meaningless association of neurons (p. 365). This is the su-
perimposition problem; it can be avoided if the connected neurons have an
oscillatory time structure, which is why the n-methyl-d-aspartate (NMDA)
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mechanisms are of interest 3(Jensen, Idiart and Lisman, 1996)

Appendix 2

The program used with modifications here was originally more compli-
cated, to allow exploration in a wider parameter space. Only one set of a
values has been used at a time in the six channel examples here.

Using Fortran 77 programs d6.f for the single mapping (and dl64.f for
the bounded cascades), the appended output is generated; there are up
to 40 settings of the a5 values in each block for fixed {λ}, the settings 1
through 40 are increments of a5 in arbitrary steps, the line reading “lambda
1 through 3” shows the λ settings for the block following.

On each line there are four numbers such as
”1 2.150 2.700 2.500”,
these are the setting reference number (which is purely a check ref-

erence and has no computational significance) and the values of a1, a2

and a5. Note that throughout this simulation a1, a2 are fixed. The vari-
able a5 implies a6 moves with it (see table above). Using the relation
eh = λ/(max(aj)), j 6= h, h, j = 1, ..., 6 which is defined by Case 2, the
equivalent eh are listed only in the cases where

C = |Y2 − Y5|(Re) < .01

and as 0 ≤ Y (Re) ≤ 1 this is a 1% tolerance bound. The point of listing
e1, ...e6 is to reiterate the pairing of channels 1,2:3,4:5,6; but the indepen-
dence of e from a. The outputs {Y }(Re) are only listed where the constraint
C is met, to save space in this print-out.

The important effect of the λ settings is to alter where the local match-
ing condition C arises. There is one setting for a5 ' 2.65 to 2.70 for a
matching, but with high λ a secondary output (Y ) matching arises with
a2 = 2.7, a5 = 3.55. The precise locality of these solutions to the matching

3 Globus (1995, p. 65) also notes that, for biological realism, the intrinsic modifiability
of the transmission properties of NMDA connections has to be considered, in contrast to
many parallel distributed processing models in artificial intelligence.
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condition will move around as a function of the set of 6Γ parameters. It
may be noted that the inequality |a1 − a2| is not matched across the {λ}
range by the inequality |Y1 − Y2|(Re).




