
Chapter 5

A Bivariate Entropic Analogue
of the Schwarzian Derivative

An analogue expression for the Schwarzian derivative of a series had been
previously constructed and used to examine the dynamics of a collec-
tion of time series from psychological and psychophysiological data. The
derivatives of a function in the Schwarzian expression are replaced by in-
formation theory expressions based on absolute successive differences of
a time series sample. This work is briefly recapitulated, and then the ex-
ploratory analysis of the numerical properties of the index is extended to
compare the coupling of two time series in parallel, for series that are var-
iously known to be periodic, random, or nearly chaotic. This requires that
instead of using the entropy Im(x) of the mth differences as the building
block of the expression, the transmitted information Tm(xy) is used. The
manifold of the bivariate form is introduced. Examples of both theoretical
and real data from various sources, including psychophysiology, are ex-
amined. The possibility of detecting emergent dynamics associated with
coupling between series is noted with real examples.

In the sorts of data which are encountered in psychophysiology and
psychophysics, there is little room for postulating simple well-behaved
dynamics, mathematical tractability has to take second place to empirical
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plausibility. It is coming to be realised that there are phenomena which
cannot be disentangled from noise by employing the statistical methods
applicable to long and stationary series, such as Lyapunov spectra, fractal
dimensionality, or Volterra filters (Århem, Blomberg & Liljenström, 2000).
There are other problems of bias in estimating dimensionality from finite
samples (Kitoh, et al, 2000), but, in the present context, where comparison
of samples from different but perhaps related experimental conditions is of
prime interest, second-order bias in any one estimate may not be a serious
problem.

In the physical sciences, very long computational series, of the order of
100,000 iterations, may be used to establish with precision the trajectories
of, for example, the Henon attractor, throwing away the records of the first
1,000 iterations. But here the opposite problem is faced, the interest lies in
the very start of trajectories, before any confidence in the simpler stability
of the process may be held.

When interest shifts from single time series to multiple series evolving
in parallel then there are additional subtleties to be faced (Cao, Mees &
Judd, 1998). The problem of looking for dynamic coupling between short
and nonlinear nonstationary series is a popular topic (Schiff et al, 1996;
Tass et al, 1998). There are a number of tests for nonlinearity in time series
of sufficient length, such as Hinich bicovariance, Tsay’s quadratic test, En-
gle’s LM test, which are available on bootstrapped software (Patterson &
Ashley, 2000). There is, however, a paucity of procedures for exploratory
data screening in the sense of Tukey (1977), which might be employed on
very short time series realisations as an augmentation of graphical meth-
ods such as recurrence plots, or time scale stretching and variable trans-
formations. That is one reason for the creation of the approach used here;
another reason is computational simplicity.

Some investigators hasten to postulate random stochastic processes
where they are improbable (Thompson, 1999) and others see only de-
terministic trajectories onto attractors. Others make some sense of com-
plicated brain dynamics by describing systems that dance between local
attractors and random noise at different levels of dynamic organisation
(Freeman, 1999, Tirsch et al, 2000).
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This treatment of the general problem of process identification in time
series data was originally motivated by a need to explore, in an initially
heuristic fashion, samples of trajectories that might be generated by the Γ
dynamics employed in nonlinear psychophysics (NPD), based on maps of
a complex cubic polynomial (Gregson, 1988,1992,1995),

—————————————

Γ : Yj+1 = −a(Yj − 1)(Yj − ie)(Yj + ie), i =
√
−1

where Y is complex, 0 < Y (Re) < 1, and j = 1, ..., η,
—————————————

Γ can also be written in a succinct matrix form, which elegantly shows
that with e > 0 (as is usual in substitutions which model real psychophys-
ical phenomena) the process generates negative feedback (Heath, 2000, p.
100). When e < Y (Im) peculiar dynamics evolve (Gregson, 2001), and as
e→ 0 the linear terms eventually vanish.

The Schwarzian derivative (Schwarz, 1868) was mentioned (Gregson,
1988, p. 27) in the first detailed examination of the Γ dynamics, but its ac-
tual computation for realizations of NPD finite-length sample trajectories
had not then been pursued. The Schwarzian is defined over continuous
functions with derivatives that are stationary in their parameters and may
be said to measure a property of expansiveness in which the dynamics
fill a local region of their phase space. It is wise not to attempt intuitively
to give this idea a common-sense meaning; its importance lies in finding
indices which characterize the sort of dynamics underlying the genera-
tion of the data, interpreted as time series or as trajectories of an attractor.
This problem is fundamental in neurobiology (Arhem, Blomberg & Liljen-
strom, 1999) and in nonlinear psychophysics (Gregson, 1995), but in the
latter case data are almost always at a coarser resolution of measurement
and more intractable.

There is, of course, a diversity of algorithms for identifying the internal
dynamics of nonlinear processes when only trajectory samples are observ-
able, earlier methods were collectively reprinted by Hao Bai-Lin (1984),
and later methods relying on surrogate generation were collected by Ott,
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Sauer and Yorke (1994). If we approach the problems from the perspec-
tive of stochastic dynamics (Honerkamp, 1994), which is not really being
done here, then there is no novelty in considering information measures. It
should be emphasised that the method used here is not in its application
restricted to data series which arise in psychophysics. It is neutral with
respect to subject matter, but can be employed on series where identifica-
tion of strong periodicity is meaningless and, at the same time, local auto-
correlated bursts of activity may arise but the inter-onset intervals of such
bursts may themselves be quasi-random and hence constitute an aperiodic
series in time. Series with such characteristics may arise, for example, in
the symptomatology of schizophrenia (Ambühl, Dünki and Ciompi, 1962).

It is necessary, wherever possible, to avoid arbitrary and strictly unnec-
essary constraints on the length of data sets generated from psycholog-
ical or social processes, because they are usually short, the consequence
of transient destabilisation of a process which is already nonlinear, and
are far removed from the ideal cases found in theoretical physics. The
use of 2n length samples in frequency domain analyses (Warner, 1998)
can have pernicious consequences of process misidentification when non-
metric and/or ubiquitous non-stationarity properties are in fact present.

The Schwarzian derivative

The Schwarzian derivative of a C3 local diffeomorphism is given by

Sf :=
f

′′′

f ′ −
3
2

(
f

′′

f ′

)2

[5.1]

The Schwarzian of Γ is negative, but only under restrictions on the pa-
rameter e (Gregson, 1988, p.28) and the same remains true, by the compo-
sition formula, for any monotone branch of a saturated map induced by
fΓ(Graczyk & Świa̧tek, 1998) The form [5.1] is obviously for a single series
or trajectory and here it is to be extended to consideration of the linkage
between two series evolving in parallel in time, each of which would still
have its own form of [5.1]. Van Strein (1988) shows that the Schwarzian is
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related to cross-ratios and to Moebius transformations, but no such prop-
erties are claimed here for the entropic analogue about to be defined.

Coarse Entropy Filtering

For exploratory data analysis of trajectories that might be chaotic or might
be almost strictly periodic, Gregson (1999,2000) introduced as a screening
procedure the following steps, where the values of the real scalar data y
trajectory are bounded, or have been rescaled, into the interval 0 < y < 1.
This initial normalisation removes information about the actual numeri-
cal range of the values of the time series, whether or not those numbers
strictly satisfy metric properties (as some psychological category scales
may not) and makes all values positive. The basis is therefore set for a
non-parametric approach. It thus removes information about the first and
second moments of the process; that information can be stored separately
if it is considered meaningful1. This is deliberate, and can have the ad-
vantage that series may be compared from various sources when they are
originally expressed in units which reflect their different physical origins
but are not informative about their relative dynamics.

Here the variable y is real and can be constructed from the complex
variable Y in a Γ recursion, as in the example in Table 5.1 used here, by
writing y = polarY (Re, Im). There are, of course, two choices if a single
variable is to be used from the complex evolution: either only take the real
part of Y , or construct the polar modulus r(Y (Re, Im)). In the particular
context of psychophysics, where it is known that the Y (Re) part resembles
most closely the properties of observable response data, this procedure has
some justification on those grounds.

The range of y values is partitioned into k exhaustive and non-
overlapping ranges, for convenience equal in width, and k = 10 is initially
sufficient. As a condition of the normalisation, the end categories (h = 1, k)

1 It is not necessarily the case that the first and second moments of a non-stationary time
series exist; estimates may not converge in the limit (Gregson, 1983).
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will be initially not empty2 Some or all of the remaining k − 2 ranges may
be empty. Call the width of one such segment δ(0) (of y); δ(0) = .1 for y
but will almost always be much less for ∆my, the successive absolute dif-
ferences of the series. This is the partitioning constant of the system. It can
be critical for the bivariate form BESf as will be seen later. Call the parti-
tioning constant of the range of the mth differences δ(m). In the examples
used here, δ(1) is referred to simply as δ in the tables of results, and all δ(m)

are set constant equal to δ. The original partitioning before differencing is
given by

∀ h δ
(0)
h = k−1

if all segments are set equal in width3 The frequency of observations lying
in one segment δh, h = 1, ..., k is then nh. The frequencies are converted
into probabilities of segment occupancy ph, and used to compute the in-
formation Ih in that segment. This is metric entropy in the sense of Katok
and Hasselblatt (1995, chap. 15).

Summing over all segments gives the total information in the spectrum
as

I{h} = −
k∑

h=1

phlog2(ph) [5.2]

Then the absolute differences of the series are taken, putting

∆1(yj) = |yj − yj−1| [3]

which is a discontinuous analogue of differentiation. Further differencing
is repeating the operation as in [5.3], so

∆2(yj) = |∆1(yj)−∆1(yj−1)| [5.4]

2 This treatment opens the door to symbolic dynamics, which leads in turn to complexity
theory (Adami & Cerf, 2000).
3 If the segments are unequal but monotonically ordered, this is equivalent to a monotonic
transformation of the original y values. It is known that such transformations can affect
the autocorrelation of the data series and it is not known a priori for psychological data if
the original y necessarily satisfies metric properties; temperatures and arbitrary economic
indices, for example, do not.



A BIVARIATE ENTROPIC ANALOGUE OF THE SCHWARZIAN DERIVATIVE 111

and this operation can be continued but only until all absolute differences
are zero. Going only as far as ∆4 is sufficient for empirical purposes. For
each distribution over k segments of ∆m values a new frequency distri-
bution nmh is created, with δ(1) set by inspection so that the two end parti-
tions h = 1, k are not initially empty for ∆1 only, and ∀m,h Imh follows. It
would be possible to introduce two refinements here, which might be crit-
ical. These are, to re-estimate a best δ(m) at each successive differencing,
instead of leaving all δ the same after estimating δ(1), and finding by ex-
ploration at each differencing stage the value of δ(m) which maximises Im.
As shown by an example in Gregson (2000, Table 2), the condition that the
two end partitions h = 1, k|m are non-empty does not necessarily follow
after m = 1, when δ(m) is fixed4. If the process has constant absolute first
differences, which is the situation with a random walk with equal incre-
ments, as in the familiar drunkard’s walk, then Ish, s ≥ 1, = 0. But also,
if the process is strictly periodic, again with constant absolute differences
(which can be obtained if the sampling frequency is simply related to the
process frequency) then Imh vanishes form = 2.r Some series which are en-
coded in arbitrary units y may be monotonically transformed to y∗ = f(y)
so that their absolute first differences become constant5.

A Schwarzian derivative analogue

Suppose that we substitute within [5.1] Im values for f , so that for example
I3 corresponds to f

′′′
, employing Im summed over the whole range of k

segments. From an example (Gregson, 1999, 2000) using three series of
length 280, one of them generated by the convolution of two Γ series (each
of which is in a complex variable, Y ) with the output variable expressed
as y = polarY , compared with a strictly periodic series, and a random

4 This, when it happens, is the consequence of ESf not being the analogue of the C3

diffeomorphism condition which defines the Schwarzian.
5 Such transformations to or from this simplest structure can affect the autocorrelation
spectrum and produce or delete apparent evidence of long-term memory in the process
(Heyde, 2000). Mandelbrot (reviewed by Feder, 1988) had shown that long memory pro-
cess can have a fractal structure.
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series, we may construct the required variable. The values of Im are given
in Table 5.1, ignoring the minus sign in [5.2]. This is to create an entropy
analogue of a Schwarzian derivative. To give this a name, call it ESf . It is
expected that ESf will be negative if a type of dynamic stability is present
in the process.

————————————————-
Table 5.1

Values of Im for k = 10 on three series
——————————————————

Type of Series I1 I2 I3 I4

convoluted Γ 2.3604 1.6055 2.1345 1.4164
Periodic 1.000 0.0133 0.0434 0.0434
Random 2.9747 2.499 2.3062 2.1183

————————————————-

Then by definition ESf takes the values

ESf :=
I3

I1
− 3

2

(
I2

I1

)2

[5.5]

Substituting in [5.5] gives:
ESΓ = .1571, ESPeriodic = .0431, ESRandom = −.4254

Table 5.2 shows some results from applying [5.5] to various Real and
Imaginary trajectories of Gamma to investigate the behaviour of the dy-
namics as a function of the parameter product ae in the near-chaos region,
where after about 50 or more iterations the process explodes. Estimates of
the Hurst exponent 0 < H < 1 and the fractal dimensionality 1 < D < 2
have been given, derived from an algorithm used by West et al (2000) on
what they call random fractal time series. By a standard result, H = 2−D
in the 2d plane. For 0 < H < .5 the process is anti-persistent, for H = .5 it
is effectively random, and for .5 < H < 1 it exhibits persistence. The algo-
rithm sometimes fails on short series; the values where given make sense
but are numerically not necessarily accurate, nor very meaningful on short
unstable realisations such as trajectories onto an attractor, as opposed to
being on the attractor.



A BIVARIATE ENTROPIC ANALOGUE OF THE SCHWARZIAN DERIVATIVE 113

——————————————————
Table 5.2: D,H,ESf, and Gamma trajectories

η = 50 in all cases examined

Re/Im a e D H ESf ae period
Re 2.70 .4212 1.7506 .2494 -.2353 1.137 2
Im 2.70 .4212 1.6979 .3021 .3076 4
Re 3.00 .3830 1.3464 .6536 .0637 1.149 2,1;3
Im 3.00 .3830 1.1971 .8083 .1397 3
Re 3.25 .3100 1.4403 .5597 .0637 1.007 6,1;7
Im 3.25 .3100 1.3213 .6787 -.8016 7
Re 3.55 .2840 [< 1]* [> 1]* .0637 1.008 3,3;6
Im 3.55 .2840 1.1391 .8609 .1648 6
Re 3.85 .24177 1.7375 .2625 .2677 .931 3,1,1,1;6
Im 3.85 .24177 1.7325 .2675 -.8016 6
Re 4.00 .2300 1.8908 .1092 .1648 .920 2
Im 4.00 .2300 1.8526 .1474 .1672 2
Re 4.25 .2160 1.9270 .0730 .0637 .918 2,1;3
Im 4.25 .2160 1.9718 .0282 .1397 9
Re 4.45 .1500 1.6982 .3018 .0206 .668 1
Im 4.45 .1500 1.7383 .2617 .0456 4
Re 4.73 .1300 1.9719 .0281 .1648 .615 2
Im 4.73 .1300 1.9704 .0296 .3703 2

——- ——- ——- ——- ——- ——-

* these estimations are erroneous and almost certainly meaningless; the
algorithm has failed with this time series.
The notation for periodicity indicates repetitions of identical numerical
values within a cycle, where they occur. The final number is the period-
icity.

——————————————————
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The ESf values must be understood as each having a confidence in-
terval associated with them, they are not constants. Finding what that con-
fidence interval is might be a suitable problem for MCMC analyses. The
positive value of ESf for convoluted Γ is not necessarily the same as a
negative value for unconvoluted Γ. Thus, convolution can change the sta-
bility indexed by the Schwarzian analogue. In comparing different data
sets, both the between and within-sample variabilities of ESf should be
considered.

Extending to the bivariate case

The formula of [5.5] is now extended to consideration of two series in par-
allel, where one may be the same as or different from the other, and one
may be lagged on the other. Without loss of generality, this also covers the
case where one leads on the other. This problem is fundamental in psy-
chophysiology, where nonlinear coupling between the dynamics of two or
more attractors is found in biological systems (Schiff et al, 1996; Breaks-
pear, 2000).

In information theory, by definition, for two series x : g = 1, .., k and
y : h = 1, .., k, the transmitted information T (xy) involves I(x, y) on the
n× n contingency matrix derived from [5.2] by writing

I(xy) = I{g, h} = −
k∑
g=1

k∑
h=1

pg,hlog2(pg,h) [5.6]

which gives
T (xy) = I(x) + I(y)− I(x, y) [5.7]

so [5.5] becomes

BESf :=
T 3

T 1
− 3

2

(
T 2

T 1

)2

[5.8]

There are two computational steps which must be decided before cal-
culation of ESf and BESf ; the magnitude of δ, the partitioning constant
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has to be set to maximise the I1 for the series with the greatest variability
of first differences, and the choice of lags. The original normalisation has
already operated on I0. In these simple examples, both have been done by
inspection and trial and error. If the series examined are strongly periodic,
as in sinusoidal forms, then the lags may be set to detect the dominant
frequency of the cross-coupled series. The problem of phase synchrony
between neural sites has also previously been attacked by using entropy
measures (Tass et al, 1998).

As any series which is not on a point attractor varies as it is lagged
on time in terms of ESf , lagging one of a pair of series against the other
yields a range of ESf values for one against a fixed ESf for the other,
as is illustrated for two realizations of a random series lagged on itself, of
length 200, in Table 5.3. The series was created using a Fortran 77 program
from the Numerical Recipes library (Press, Flannery, Teukolsky & Vetter-
ling, 1986). It is seen that, for random series,BESf can have very unstable
outlying values, which are associated with high T (xy), and can fluctuate
in its sign, as a function of the partitioning constant δ (of x and y), which is
an arbitrary parameter of the derivative. Tables 5.3 and 5.4 are constructed
to illustrate this point. It is, therefore, suggested that a minimum variance
solution of BESf over a set of lags should be sought. It is seen in Table 5.4
that all the signs of BESf are consistently negative and thus also compat-
ible with the signs of component ESf terms.

The range of values under ESf(1) in Tables 5.3 through 5.8 arise from
taking successive rectangular moving window samples of the process and
may be averaged, if the process is taken as stationary, to get a mean esti-
mate.

The next case, in Tables 5.5 and 5.6, uses some EEG data from a study
by Dr. Kerry Leahan at The Australian National University. These are the
first examples of real data in this chapter. They show signs of near-chaos
and some dominant frequencies. They had been separately analysed using
frequency spectra and by estimating the largest Lyapunov exponent. The
two series are drawn from different sessions and are not, therefore, syn-
chronous or phase-locked. In a situation with a cranial montage of EEG
recordings synchrony would be available. Table 5.6 is the preferred solu-
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Table 5.3
Values of ESf and BESf on a lagged random series

partitioning constant = .04
lag ESf(1) ESf(2) BESf(1,2)
0 -.60339 -.60339 .1371
1 -.61201 -.60339 -.1067
2 -.60982 -.60339 .0021
3 -.61193 -.60339 -.8043
4 -.60849 -.60339 .7013
5 -.61339 -.60339 -.3997
6 -.61565 -.60339 .2106
7 -.62309 -.60339 .0531
8 -.63860 -.60339 -.6176
9 -.63388 -.60339 -.0730
10 -.62859 -.60339 -30.0559

Table 5.4
Values of ESf and BESf on a lagged random series

partitioning constant = .038
lag ESf(1) ESf(2) BESf(1,2)
0 -.63087 -.63087 -1.6144
1 -.63989 -.63087 -1.2194
2 -.63779 -.63087 -.7811
3 -.64043 -.63087 -5.5540
4 -.63441 -.63087 -3.9493
5 -.63874 -.63087 -1.9970
6 -.64264 -.63087 -1.4932
7 -.65229 -.63087 -.4745
8 -.67449 -.63087 -.0096
9 -.67168 -.63087 -.1700
10 -.66082 -.63087 -1.0143
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tion.
Another pair of EEG series is presented in Table 5.12, that has been

drawn from a real library www.physionet.org example, which is a syn-
chronous pair but about which no physiological details concerning loca-
tion and experimental conditions are known. As those details are missing,
it is relegated to the Appendix merely for illustration of the instability that
BESf can have.

The ESf values are of comparable magnitude to those given in Table
5.5, the D and H values were computed as in Table 5.2 for Γ series.

————————————————-
Table 5.5

Values of ESf and BESf on two EEG
series under relaxation conditions

partitioning constant = .07
lag ESf(1) ESf(2) BESf(1,2)
0 -.66070 -.54500 .0388
1 -.65467 -.54500 .0512
2 -.65213 -.54500 -.7596
3 -.64850 -.54500 -.1207
4 -.65046 -.54500 -.7527
5 -.64447 -.54500 .2655
6 -.64480 -.54500 -.0816
7 -.66602 -.54500 -.6390
8 -.68870 -.54500 -1.3849
9 -.70055 -.54500 -.6579
10 -.73027 -.54500 .4720

————————————————-

The third example, in Tables 5.7 and 5.8, is created by using two strictly
periodic series

x1,j = a1 · sin(b1 · j) + a2 · cos(b2 · j) [5.9]

x2,j = a2 · cos(b2 · j) [5.10]
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Table 5.6
Values of ESf and BESf on two EEG

series under relaxation conditions
partitioning constant = .10

lag ESf(1) ESf(2) BESf(1,2)
0 -.73528 -.48770 -.1226
1 -.72137 -.48770 -.3159
2 -.70651 -.48770 -.3454
3 -.70323 -.48770 -.1376
4 -.70651 -.48770 -.4096
5 -.69632 -.48770 -.0565
6 -.69594 -.48770 -.0500
7 -.71949 -.48770 -.0725
8 -.74613 -.48770 -.3844
9 -.76490 -.48770 -.1546
10 -.79342 -.48770 -.4595

where a1 = 1.0, a2 = .5, and b1 = .7855, b2 = .4. The periodicity creates
marked variation in BESf as a function of the lags used. In effect we are
here sampling from a series using a moving rectangular window of fixed
length. It will be noted that some of the ESf values are now positive, as
was derived in a case from Table 5.1. Table 5.7 is the preferred solution,
but this is not the result of an exhaustive search, merely illustrative. It ap-
pears that cross-linkage between sinusoidal series, which are the easiest
form of strictly periodic series to create (unless we consider Walsh func-
tions), generates wild outliers in BESf . With the possible exception of
some experiments in psychoacoustics using sinusoidal forcing functions,
this example is really not very plausible for real data. The distribution of
BESf obtainable by Monte Carlo methods would need lag series many
times longer that the illustrative tables presented here.
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Table 5.7
Values of ESf and BESf on two
sinusoidal series, [5.9] and [5.10]

partitioning constant = .079
lag ESf(1) ESf(2) BESf(1,2)
0 -.39387 .13742 -5.7812
1 -.36826 .13742 -.4466
2 -.34948 .13742 -4.0372
3 -.28921 .13742 -1.1511
4 -.25154 .13742 -1.1320
5 -.17656 .13742 -6.0086
6 -.14426 .13742 -.5530
7 -.06312 .13742 -1.9803
8 -.00925 .13742 -1.5330
9 .04213 .13742 -.3300
10 .08161 .13742 -4.8755

Table 5.8
Values of ESf and BESf on two
sinusoidal series, [5.9] and [5.10]

partitioning constant = .08
lag ESf(1) ESf(2) BESf(1,2)
0 -.28765 .13260 -.9329
1 -.26615 .13260 -303.5240
2 -.24998 .13260 -146.9375
3 -.19211 .13260 -1.0289
4 -.15645 .13260 -.8354
5 -.08514 .13260 -10.5506
6 -.05563 .13260 -7.4854
7 .02019 .13260 -.1838
8 .06890 .13260 -.0000
9 .11239 .13260 -.3086
10 .14464 .13260 -1.1079
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The manifold of the lagged BESf

If there exist two series in temporal synchrony, and each may be lagged
upon itself and upon the other, then four BESf can be computed; this
set we will call the manifold of the BESf up to lag `. It may be seen
that this manifold is a non-parametric form of the set made by computing
the autocorrelation spectra and cross-correlation spectra of two series each
with metric properties.

For illustration, Table 5.9 shown the manifold of the examples in Tables
5.7 and 5.8. One column is therefore repeated from Table 5.7.

————————————————-
Table 5.9

The manifold of BESf for ` = 0, .., 10 on two
sinusoidal series, [5.9] and [5.10]

partitioning constant = .079
lag BESf(1,1) BESf(2,2) BESf(1,2) BESf(2,1)
0 .1374 -1.8582 -5.7812 -.7466
1 -.0240 -3.7648 -.4466 -53.4660
2 -.1504 -.3957 -4.0372 -43.3347
3 -.1952 -2159.8242 -1.1511 -.9275
4 -.1948 -6540.9619 -1.1320 -.8152
5 -.0291 -.3353 -6.0086 -4.0959
6 -.0468 -3.3587 -.5530 -3.8287
7 -.1021 -.6232 -1.9803 -.6990
8 -.0195 -.4921 -1.5330 -.7392
9 -.3657 -1.4399 -.3300 -16.6598
10 -.0637 -.1693 -4.8755 -85.2626

————————————————-

In these tables, the lag zeroBESf values are, in effect,ESf values. It is
seen that the manifold incorporates the effects of both leads and lags, from
BESf(x, y) and BESf(y, x) compared, and that simpler sinusoids can
produce BESf(x, x) which are degenerate. For data exploration it may
be preferable to compute log(BESf) values, it is the sequential pattern
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over `, which is informative.
The next real example is one which produced a surprise; it shows that

this method, though crude, can have some heuristic value, in that it leads
us to ask different questions about how the data are generated.

Recordings of spike trains per second in the visual cortex of an anaes-
thetised cat were recorded by two independent tungsten-in-glass micro-
electrodes with tips about 0.5mm apart. Each stimulus induces a brief time
series in the two neurons being recorded; call each such train an epoch. The
onset times of the two parallel series in an epoch are synchronised; there
are no lag effects shown in Table 5.10. There are other parallel response
series under a control condition which are not examined here.

Table 5.10 gives the values of ESf and BESf for the first 33 epochs.
Though the original data analysis in terms of correlations (not done by me)
suggested that the cells were not coupled, the pattern in Table 5.10 sug-
gests that they are in terms of some weak dynamics. Such weak synchro-
nization during conscious perception has been reported by Srinivasan,
Russell, Edelman and Tonini (1999). This can be checked by using sur-
rogate series methods (Theiler et al, 1992), but there are reported statistical
difficulties with such methods. In dynamical terms, this suggests an hier-
archical nesting of recursive maps. Dynamics in brain activity, arising as
a consequence of stimulation as complicated as this have been reported
by Freeman (1999). He suggests that input from receptors increases the
strength of interactions between neurons, so that a loss of degrees of free-
dom is entailed.

Discussion

There are many ways in which the parallel dynamics of two evolving pro-
cesses can be coupled, even in the simplest cases which presuppose sta-
tionarity both in the component processes themselves and in the cross-
linkage. For example, the resultant series may be a weighted average, a
vector sum, a convolution, or, as here, a transmission of information.
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Table 5.10: Cat visual cortex V1 epochs

Epoch N ESf(1) ESf(2) BESf(1, 2)
1 60 -.4632 -.5421 -1.2157
2 115 -.7450 -.6601 -2.4115
3 60 -.9041 -1.1539 -3.5910
4 60 -.6069 -.8327 -2.0553
5 40 -1.2018 -.9096 -1.4873
6 40 -.2575 -.2011 -.4459
7 40 -.6027 -.5572 -1.8936
8 30 -.6307 -.7876 -1.0410
9 35 -.3268 -.3320 -2.4721

10 35 -.3232 -.3959 -1.5423
11 35 -.4132 -.5221 -4.6697
12 60 -1.4888 -.9453 -1.3293
13 30 -.2093 -.2617 -.8109
14 50 -.9420 -.8911 -.2552
15 40 -.5771 -.6522 -7.0735
16 30 -.5497 -4820 -1.0638
17 45 -.9888 -.8400 -1.4512
18 40 -.2526 -.2060 +.1104
19 40 -.2816 -.3953 -2.6637
20 60 -.4522 -.5129 -.2042
21 60 -1.0393 -.9636 -1.8879
22 40 -.9117 -.6467 -1.5392
23 35 -.5436 -.5366 -1.3955
24 50 -.2620 -.2982 +.0266
25 30 -.4151 -.3652 -.7299
26 30 -.6285 -.6636 -8.9292
27 55 -.7805 -.6349 -.4545
28 50 -.3448 -.3656 -.6507
29 50 -.6630 -.8119 -1.2003
30 40 -.6088 -.6158 -1.1806
31 20 -.4625 -.5934 -2.8674
32 30 -.6346 -.6642 2.1529
33 40 -.2985 -.3468 +.9147

In this table N is the effective time series length within the epoch as anal-
ysed.
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The index BESf is, from our tentative exploration of its properties,
not particularly easy to interpret. It would seem wise always to preserve
the two ESf indices as well, as has been done in the Tables, and to com-
pute the manifold if little is known a priori about the dynamics involved.
If large reference samples are created against which any empirical reali-
sation may be compared, then the type of the dynamics involved can po-
tentially be identified. In this sense, ESf resembles (but is not reducible
to) the Hurst exponent of a time series (Feder, 1988). However, the original
meaning of the Schwarzian as a measure of expansiveness is probably lost,
a better intuitive interpretation is one of information impoverishment in a
restricted sense.

There are two reasons why computation of ESf and BESf may be
useful: to identify the dynamic signature of the process, just as the Lya-
punov exponents are used in chaotic dynamics, or to match against a given
reference sample in order to test for stationarity in the outputs of a process,
even if the underlying dynamics of that process are not fully understood.
It is critically important that the phase lock is known, if two series are syn-
chronous, and that the increment (j in [5.9], [5.10] for example) is the same,
or a known multiple in one series of the other, in real time units for two or
more series compared.

The comments raised here do resemble observations of Tass et al
(1998), in particular, the need to try to circumvent the ”hardly solvable
dilemma ’noise versus chaos’ irrespective of the origin of the observed
signals” (op cit. p.3293). It is now known that phase synchronisation of
chaotic attractors can arise or be induced (Chua, 1999) and a sort of phase
locking may be observed. The amplitudes of synchronised systems can re-
main chaotic and affect the phase dynamics in a way that also arises as a
consequence of the presence of external noise. Local phase slips may be
observed, which means over a long series the question of synchronicity
is irresolvable. Tass et al (1998) make the important point that synchroni-
sation is not the same thing as cross-correlation, so instead of using the
algebra of linear time series statistics, they proposed two measures, one of
which, like ESf and BESf , is based on entropy.

The physiological data we have seen so far and been able to anal-
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yse, from the cat study and now from some data provided by the
www.physionet.org site, whose exact cortical source is not given, both
indicate that BESf might show long periodicities. Those long periodici-
ties seem to emerge uncorrelated with the observed structure of the ESf
sequences. There is some evidence that binding between closely adja-
cent neural locations is mediated by 40Hz activity (Llinas & Ribary, 1993;
Singer & Gray, 1995) in which case, sampling at 300Hz for ESf series would
show 40hz as a slower quasi-periodicity in BESf. This fundamentally im-
portant matter needs more data for its resolution.

One advantage we would claim for our approach here is that relatively
short series can be explored. This is important when the non-stationarity
of psychological data is so often apparent and the need to compare short
epochs associated with specific known or suspected stimulus intervention
arises. Schiff et al (1996) note the necessity of identifying the direction of
causality in bivariate linkages and also confirm that systems with nonlin-
ear cross-correlation will show mutual nonlinear prediction when stan-
dard analyses with linear cross-correlation fail. This matter has also re-
ceived comment from Vinje and Gallant (2000). To revert to the nonlinear
psychophysics which first motivated this study, the series we observe are
interpreted as trajectories and the coupling between them is dissipative.
The theory of such coupling involves what is called ‘stochastic synchroni-
sation’, which is a topological concept assuming a mapping up to a diffeo-
morphism between nonlinear attractors, but its identification so far neces-
sitates using delay coordinates (a standard method in the identification of
chaotic dynamics), which demands longer series than in the examples we
realistically can obtain in psychophysics.

Note

The programs used here for ESf and BESf were written by the au-
thor using Fort77 in a Linux environment. I am indebted to Kerry Lea-
han for the use of some of her EEG data, to Dr Mike Calford for data
from psychobiological research, to the Senior Vice President of the Temple-
ton Group for providing me with an economic time series and to Michael
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Smithson for pointing out the partial resemblance to the Hurst index. This
weak resemblance is illustrated in the example from economic data in the
appended table.

Appendix: Bernstein economic data and Physionet
data

Table 5.11 shows an analysis of a series of monthly values of an economic
index which was devised by a New York investment consultancy, Bern-
stein, in the form of integer values that range from -7 to +10, reflecting
the under- or over-valuation of stock. It was used for illustration by the
Templeton Global Growth Fund in its 1999 annual report, as a histogram
graph.

TheESf , fractal dimensionD, and Hurst indexH for each subseries of
90 days are at the foot of the table, below the autocorrelation spectra. The
autocorrelation coefficients are carried through to 13 lags because the data
are monthly and some annual cycling might be in evidence around lag 12.
It is not, however. These subseries are too short for ideal computation of
the various indices, but the whole series is very non-stationary and non-
linear.

The interest lies in the increasing instability of the dynamics as late
1999 is approached. UsingESf it is seen that the increasing unpredictabil-
ity is continuous from 1970 onwards, whereas usingH the anti-persistence
increases only in the last epoch. Note that the series becomes relatively
unstable in the last column; this is what economists call ’volatility’, which
appears here to be a mix of high variance and antipersistence. In terms
of giving advice to investors, it means that fund managers are, unsurpris-
ingly, less confident in making predictions when volatility is high.

Each of ESf , D and H are filters. Each preserves and destroys infor-
mation in an almost unique way. To get more insight into the evolving
dynamics it can be expedient to use all three, and even more indices. One
index suggests that there might be an abrupt change in the dynamics, a
jump into volatility, another suggests that the rot had insidiously begun
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quite some time previously. As used here, all three filters smudge out the
dynamics within data blocks, so that to search for a hypothetical sharp
locus of a dynamical change at one month other filters would be needed.
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Table 5.11 The Bernstein-Templeton Economic Series
The four successive periods are 90, 90, 90 and 89 months long respectively.

Period; Feb 1970→ Aug 1977→ Feb 1985→ Aug 1992→
——- ——- ——- ——- ——-
mean -.389 -.044 -.633 .000

s.d. 1.590 1.763 1.792 2.152
min -4 -7 -7 -5
max +4 +4 +3 +10

——- ——- ——- ——- ——-
ar1 -.0481 .0057 .0763 .5024
ar2 .0180 -.1262 -.1570 .1481
ar3 -.0223 -.0008 .0596 .0194
ar4 -.1248 -.1293 .0013 .0850
ar5 .0170 .0424 .0584 .1384
ar6 .0627 .0421 .0280 .0388
ar7 -.1342 -.0116 -.0326 -.1238
ar8 .0357 -.2510 -.0015 -.1893
ar9 -.0141 -.1511 -.0800 .0461
ar10 -.0675 -.0745 .0697 .0704
ar11 -.1175 .1140 .2486 .0874
ar12 -.0735 -.0080 .0760 .0558
ar13 -.1401 -.0834 .0063 .0049

——- ——- ——- ——- ——-
I1 2.1474 2.0751 1.7980 2.1197
I2 1.9214 1.9260 1.8279 1.9474
I3 1.9421 1.9840 1.7050 1.3642

——- ——- ——- ——- ——-
ESf -.2965 -.3361 -.6019 -.6225
D 1.3996 1.4354 1.4235 1.1015
H .6004 .5646 .5765 .8985
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Table 5.12: D,ESf,BESf in a Physionet EEG series
3 msecs time intervals, recordings in µvolts

segment D(2) ESf(1) ESf(2) BESf(1,2) BESf(1,2,1)
1-100 1.9121 -.4607 -.4225 -1.3548 +.4376

101-200 1.7592 -.4577 -.3633 -1.1785 -.5894
210-300 1.7469 -.2760 -.3588 -.2902 +.1218
301-400 - -.4715 -.5906 -.4803 -2.2851
401-500 - -.6452 -.5974 -2.9476 -1.5224
501-600 - -.7287 -.5790 -.3100 -.1625
601-700 - -.4462 -.5339 -.4956 -.6827
701-800 - -.4621 -.4997 -2.3512 -.1527
801-900 - -.6054 -.4259 +.9309 -4.1840

901-1000 - -.4133 -.3916 -.0529 -.0490
1001-1100 1.7882 -.3611 -.3402 -2.3839 -.3468
1101-1200 1.8602 -.5401 -.5729 -.4712 -1.9269
1201-1300 1.7737 -.5171 -.4922 -1.2113 -.2312
1301-1400 - -.3791 -.4328 -.1580 -.1962
1401-1500 - -.2443 -.2619 +.0242 -.1154
1501-1600 - -.8589 -.4347 -.5036 -1.7437
1601-1700 - -.4356 -.4266 -.1498 +.0114
1701-1800 - -.3860 -.5122 +.0733 -.5679

——- ——- ——- ——- ——-

D(2) is the estimated fractal dimensionality of the second series. It has only
been computed where it showed possible instability.
BESf(1,2,1) means the cross-Schwarzian with the second series lagged by
one step.




