
Chapter 8

Nonlinearity, Nonstationarity
and Concatenation

A comparison of six time series two from pseudo random generation, two
from convoluted theoretical psychophysics, and two from EEG records
are compared using a set of four statistics. It is seen that local largest
Lyapunov exponents, the entropic analogue of the Schwarzian derivative,
higher-order kernel matrices, surrogate random tests for confidence limits
on parameters and eigenvalues of the dynamics all yield different infor-
mation about the local instabilities of the processes. All the time series are,
in some way, different from one other.

Only something that appears to be both orderly and disor-
derly, regular and irregular, variant and invariant, constant and
changing, stable and unstable, deserves to be called complex.

(Edelman & Tononi (2001, p. 135).

The investigation of unstable quasi-periodic orbits where there is noise
present and surrogates may be employed has become of increasing inter-
est in the study of biological data. Such data include psychophysiological
time series such as scalp EEGs (Ding, Ditto, Pecora & Spano, 2001). There
has also emerged a diversity of methods for looking at nonlinear nonsta-
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tionary dynamics in time series, which, however, are only tractable for
very long series. For example, Casdagli (1997) reviews the use of recur-
rence plots on series between 5,000 and 60,000 iterations long. The ESf
methods used here were deliberately created to look at very short series
from psychophysical and psychophysiological data sets, where 100 iter-
ations under stability is often a practical limit. The general problems of
employing statistical analyses to discriminate between randomness and
chaotic dynamics in time series, particularly in higher dimensionalities,
something that is not always possible, are reviewed by Berliner (1992) and
commentators and the valuable role of symbolic dynamics was then al-
ready known.

In psychophysiology, the identification of transient nonstationary pat-
terns of activity has been explored theoretically as a basis for perceptual
and memory processes (Gregson, 1993, 1995; van Leeuwen & Raffone,
2001). The idea being pursued is that the dynamics of neural activity have
to be very labile for the brain to be able to learn and to revise rapidly and
continually its processing of perceptual inputs. In time series terms, this la-
bility implies possible nonstationarities and singularities. So, except over
very brief realisations, statistics such as frequency domain spectra or auto-
correlations will mask and not reveal singularities as they involve only a
small part of the energy distribution of the process and become masked in
any averaging over time. In the particular case of the Fourier transforms,
by FFT analyses, if one were to capture the singularities or abrupt jumps,
spikes or bursts, as they are variously called in EEGs, then in the limit one
would need an infinite series of frequency terms in the Fourier expansion.
The alternative of treating spikes or bursts a priori as outliers is not accept-
able in nonlinear dynamics, though outliers can exist as a consequence of
identifiable exogenous perturbation.

Thom (1975) noted that, in biological data, there may be many local
small catastrophes in the evolution of a process but, because they are many
and small, their existence would be smoothed out in modelling. However,
if one can take short enough series and explore the dynamics within such
epochs, as compared with their smoother neighbouring epochs of similar
length, then the nature of the nonstationarities in the dynamics may be



NONLINEARITY, NONSTATIONARITY AND CONCATENATION 191

clarified. The questions of how and why local anomalous dynamics arise
are tied to the identification of fast/slow dynamics. Van Leeuwen and Raf-
fone (2001) come to this problem through considering the activity of the
hippocampus as mediated by nonlinear coupled maps. Coupling of fast
and slow dynamics can be modelled in various ways: the NPD approach
(Gregson, 1998, 1992, 1995) does it with complex variables, and it can also
be done with real signals riding on slow carrier waves. In psychophysiol-
ogy, it is noted that the time scale of sensory processing is much faster that
that of memory consolidation, though both may run in parallel and may
involve neural circuitry via the hippocampus.

Shafer (1994, p.60), discussing the logic of statistical inference writes

We deliberately construct the stochastic story that serves as our
standard for comparison. We often construct several.....we may
(or may not) find a stochastic story in which the performance
of the spectator roughly matches the performance of our fore-
caster At no point are we required to think of the forecaster
herself or of the phenomenon being forecasted as part of a
stochastic story.

The fundamental difference here is that trajectories which are not
stochastic, or are mixed deterministic and second-order stochastic, may
be used instead of stochastic stories; the matching idea is still the same.

For illustration, two EEG samples are compared with four processes,
two of a complicated nonlinear form, and two which are Gaussian i.i.d.
series. Thus there are six series, two from real data and four from theoret-
ical computations. For each series of 960 steps, there are eight subseries of
120 steps. There are four statistical methods used on each subseries, so the
total study is 6 × 8 × 4 in its full crossed design. This does not imply that
it is amenable meaningfully to Anova.

Statistical Methods

This section recapitulates some previously described uses of methods, to
make the immediate contrast of the methods and their derived indices
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more compact, without back reference to the previous chapters.

Lyapunov Exponents

Under some conditions where the diffusion rate of the dynamics of the
time series is nearly zero, the probability distribution of the local largest
Lyapunov exponent is approximately log-normal (Fujisaka, 1983) and, un-
der stricter conditions, the difference between the entropy and the largest
Lyapunov exponent is approximately constant (Kohmoto, 1988, p. 1349,
eqn. 5.9). It is not yet known how well real psychometrical data might
satisfy these analytical conditions. See Appendix 1 to this chapter for a
definition in terms of Jacobians.

Random Surrogate series

The method of random surrogates to compare a data series with a number
of randomised permutations of the series was introduced by Theiler et
al (1992). It is used here in a slightly different manner, though the logic is
comparable. The objective is to match a series in its first two moments, but
to remove any sequential dependencies in the surrogates.

Entropic Analogue of the Schwarzian Derivative

This method was introduced by Gregson (2001) and is a parallel of a
derivative introduced by Schwarz (1868), but is based on local summa-
tions of coarsely scaled series and not on point derivatives of a continuous
function. The idea of treating a dynamical trajectory from an entropy per-
spective is not novel but is well developed (See Sinai, 2000, Chapter 3) and
can be traced back to statistical mechanics in the 19th century.

A series of a real variable y is partitioned into k exhaustive and mu-
tually exclusive subranges in the values y it takes, k = 10 is initially suf-
ficient. As a condition of the normalisation 0 ≤ y ≤ 1 the end subranges
h = 1, k will initially not be empty. Some or all of the remaining k− 2 sub-
ranges may be empty when the dynamics are minimally informative. Call
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the width of one such subrange δ(0) (of y). δ(0) = .1 for the original y but
will almost always be less for ∆m(y), the successive mth absolute differ-
ences of the series. This δ is the partitioning constant of the system. Call
the partitioning constant of the range of the mth differences δ(m). In the
examples used here, δ(1) is referred to simply as δ in the tables of results,
and all δ(m),m > 0 are set constant = δ(1).

The frequencies of observations lying in one segment δh, h = 1, ..., k is
then nh, and converting to probabilities ph we compute the information in
that subrange. The absolute differences of the rescaled y series are taken
putting

∆1(yj) = |yj − yj−1| [8.1]

and further differencing repeats this operation, so that

∆2(yj) = |∆1(yj)−∆1(yj−1)| [8.2]

. This operation can be continued only until all absolute differences are
zero. Going only as far as ∆4 is sufficient. Summing over all subranges
gives the total information in the mth differenced distribution as

I
(m)
{h} = I(m) =

k∑
h=1

phlog2(ph)|m [8.3]

Then by definition the entropic analogue of the Schwarzian derivative,
abbreviated to ESf , has the form

ESf :=
I(3)

I(1)
− 3

2

(
I(2)

I(1)

)2

[8.4]

For some strongly chaotic (theoretical variants on Γ) series, ESf is pos-
itive in the examples we have seen and becomes increasingly negative
as processes are more stochastic. It has been applied to series from psy-
chophysics, EEGs, climate and economics. Its main advantage is that is is
computable over much shorter time series than the Lyapunov exponents.



194 INFORMATIVE PSYCHOMETRIC FILTERS

Bispectral Kernel Analysis

This method is usually employed in the frequency domain but here a time
domain version is used together with the surrogate tests.

Bispectral analyses are, in fact, third-order kernels of time series. They
have been extensively used in anaesthesiology, in the tracking of the evo-
lution of EEGs during surgery, following Rampil (1998) and Proakis et al
(1992), and are there computed in the frequency domain using FFTs. They
resemble the kernels used in nonlinear analyses described by Marmamelis
and Marmarelis (1978).

If there exists a real discrete zero mean third-order stationary process x,
then its third-order moment matrix is defined over a range of lags 1, ...,m,
1, ..., n by

R(m,n) := E[x(j) · x(j +m) · x(j + n)] [8.5]

This matrix is skew symmetric, as m,n can be exchanged in the definition.
The triangular supradiagonal matrix is sufficient for exploratory purposes
and is used in the tables in the form shown. To compute its eigenvalues, it
is reflected into the square form and the leading diagonal cells filled with
the average of the off-diagonal cells as an approximation. Its roots will, in
general, be a mixture of reals and complex conjugates.

b(1, 2) b(1, 3) b(1, 4) b(1, 5) b(1, 6)
b(2, 3) b(2, 4) b(2, 5) b(2, 6)
b(3, 4) b(3, 5) b(3, 6)
b(4, 5) b(4, 6)
b(5, 6)

Compare the usual second-order autocorrelation which is defined as

R(m) := E[x(j) · x(j +m)] [8.6]

over a range of lags 1, ...,m.
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The Time Series Used

(1) A Quasi-Random Gaussian almost-i.i.d. Series

This series was generated, using an algorithm RAN2, by Press et al (1986),
with only one linear congruential generator. It is relatively coarse in reso-
lution of the numerical values of normal deviates created by subsequent
use of a function GASDEV to transform to Gaussian deviates on the recti-
linear deviates RECT(0,1) first generated by RAN2.

Figure 8.1: (1) Gaussian pseudo-random series

(2) A Second Quasi-random almost-i.i.d. Series

This series was also generated from an algorithm by Press et al (1986), this
was RAN1 employing three linear congruential generators. It is supposed
to have finer resolution of the values generated and to show no sensible se-
quential correlations. It is assumed that the correlations in question would
be first-order of varying lag, as used to create the autocorrelation spectrum
of the series. Its periodicity is far beyond the series length used here. The
function GASDEV was again used to create a series of random Gaussian
deviates.

(3) Convoluted Gamma Concatenated

Convoluted Gamma trajectories have been previously used for illustration
(Gregson, 2000). As they are not phase-locked their short realisations may
be concatenated.
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Figure 8.2: A second Gaussian pseudo-random i.i.d. series

Table 8.1: Statistics of the two Gaussian pseudo-random series
Distribution, trend and autocorrelation parameters

Statistic series (1) series (2)
mean -.035 .030

min -2.771 -2.390
max 4.379 3.168

variance .986 .932
skewness .194 .116

kurtosis .260 -.117
regr: slope 8.4×10−5 -9.0×10−5

AR(1) -.0048 +.0191
AR(2) -.0121 +.0098
AR(3) -.0231 -.0175
AR(4) .0168 -.0256
AR(5) -.0214 -.0604
AR(6) -.0317 -.0062
AR(7) +.0148 -.0018
AR(8) +.0125 -.0171
AR(9) +.0109 -.0165

AR(10) +.0250 -.0186
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Figure 8.3: The Raw ConvΓConc series

The first stage is to convolute, by having the parameter a in ΓV 7 a
variable, with a random bounded rectangular distribution. That is, for a
complex variable Y (Re, Im)

Γ := YJ,j+1 = −aJ(Yj − 1)(Yj − ie)(Yj + ie), i =
√
−1, j = 1, ..., η

[8.7]
where J (= 1, ..., N) is one cycle in the convolution, and

aJ ∼ α ·RECT (0, 1) + β, aj ∼ i.i.d. [8.8]

where α and β are real scalars. They have to be small and bounded to
avoid the process exploding. An additional complication introduced in
this example is that e = c · ∆1(aJ); again, c is bounded. The trajectory
returned for examination is the polar modulus r value, where

Y (Re, Im) 7→ Y (r, θ) [8.9]

of YJ,η over the range 1, ..., N . Here N = 120 and then eight such series
have been concatenated. That is to provide a comparison of the patterns
found in some EEG samples (Gregson and Leahan, 2001). This ConvΓConc
series with η = 10 has a curious shape with local erratic high spikes and
very high frequency basal activity. Unless it is known a priori that the se-
ries is a convolution of two processes, each of [8.7] and [8.8] is in itself
stationary in its parameters, then externally observed it is sample of a non-
linear nonstationary process trajectory. Its largest Lyapunov Exponent L is
positive: LLE = +.0682

The trajectories created from this convolution may be treated as being
on the invariant manifold.
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Figure 8.4: The Trimmed Cascaded Γ Concatenated Series

(4) Cascaded, Concatenated and Trimmed Series

Another way of creating a nonlinear and nonstationary series from a Γ
seed is to use the linkage

aJ+1 = f(YJ,η) [8.10]

and to introduce a second-order random perturbation to each aKJ . Here
J = 1, ..., 150, K = 1, ..., 8. This sort of series is wildly oscillatory at the
start of each KJ cycle, and runs into low amplitude period 2d oscillations,
and eventually onto a point attractor for some parameter settings. It is thus
a trajectory on the attractor manifold, not the invariant manifold. Its ap-
pearance is extremely irregular, but if it is trimmed to dampen the wildest
oscillations can be graphed as shown in Figure 8.4. It is questionable if it
has any real biological analogues, though conjecturally it might be used as
a model of local acute drug action.

The trimming is made by three boundary conditions applied in se-
quence,

if Y < 0, then Y = −Y [8.11]
if Y < cl Y = cl + logY [8.12]
if Y > cu Y = cu + logY [8.13]

It is only the shape of this series which is of interest, so the raw series
may be rescaled linearly and the constants cl, cu adjusted afterwards. The
constants cl, cu are set to bracket closely the very small oscillations after
the process converges towards its limit cycle. It has overall LLE = +.0648,
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but the local LLE is not readily computable unless a high-pass filter is used
as well, after which LLE = +.0675

This trajectory lies on the attractor manifold that is deduced from the
process running onto a limit cycle in the intervals between random per-
turbations. Jumping around like that is not necessarily on the attractor
manifold, as the Shil’nikov process also has jumps out of and back into a
spiral trajectory in the phase space, but lies on the invariant manifold.

(5) EEG under a Control Condition

These data were provided by Kerry Leahan at ANU, drawn from a long
series of recordings of EEGs under a diversity of stimulation conditions.
This series was taken from a fifth session, after stabilisation, and there was
no extraneous stimulation used.

(6) EEG under a Relaxation Condition

The series (1) and (2), and (3) and (4), all being theoretical, may be thought
of as null hypotheses for the two real EEG series (5) and (6). The Gaussian
series are what Shafer called a stochastic story. Alternatively, the Gaus-
sian series (1) and (2) may be ignored and the contrast between (3) and
(4) which are nonlinear comparison stories in the same manner and (5)
and (6) explored to see if the Γ series are in any sense models of the EEG
processes, though it is not at all probable that they are.

These EEG relax (6) data were recorded from the same study as the
previous series (5), but here there was music played as a relaxing back-
ground. In the sense of this study we have aperiodic stimulation of a wide
spectral form as a weak forcing function, which is not expected to synchro-
nise readily with any of the dominant frequencies in the resting EEG. In
fact, it is seen to be nearest to a coarser resolution random Gaussian series,
with high dimensionality.
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Figure 8.5: EEG under a control condition, and its recurrence plot
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Figure 8.6: EEG under a relax condition, and its recurrence plot

Comparison of Higher-order Analyses

Comparative analyses are given for the six series as a whole and for ESf as
partitioned into subseries, at the end of the chapter in Appendix 2.

The tabulations of the ESf and triangular matrices of the kernal ESf
values for the two concatenated Gamma examples (3) and (4) reveal con-
sistent differences, even though both are interpreted as chaotic if the LLE
positivity is taken as a sufficient statistic.
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Table 8.2: Summary of LLE and ESf for whole series

series LLE min ESf mean ESf max ESf
(1)Gaussian i.i.d +.1386 -.8435 -.6261 -.3680
(2)Second Gaussian i.i.d. +.1382 -.6608 -.5809 -.4892
(3) CΓC +.0682 -.2822 -.1607 -.0187
(4)CCΓT +.0675 +.3987 +.4330 +.4534
(5) EEG control +.1268 -.5877 -.4983 -.3501
(6) EEG relax +.1086 -.8353 -.6316 -.4543

Even though the LLE values are both positive and not very different nu-
merically, the ESf values for both the series and the higher-order kernel
terms are very different. For the first case, ConvΓConc (3), the ESf values
are small and negative for each of the subseries and in subseries 3 and 6 lie
within the surrogate 95% confidence intervals. These are the two subseries
which have n: 6 and have turning points in the local LLE plots. The actual
numerical values in the triangular matrices are mostly positive and show
some correlation between corresponding cells in the various subseries ma-
trices, which suggests that the process is indeed nearer to chaotic than to
random, but shows the nonstationarity which has been observed in the
EEG data samples (Gregson and Leahan, 2003). The kernels are, however,
very different from those of the EEG series.

The second case, of the trimmed series (4), has a reverse pattern, in that
now theESf values for the subseries are positive and much larger and the
two ranges of values do not overlap. None of these ESf values are within
their random surrogate confidence intervals. The kernel values are mostly
negative, but the n: values are consistently lower. The total series is thus a
set of trajectories in the attractor manifold, varying only slightly from one
subseries to the next. That is, there is a periodic but not sinusoidal forcing
function.

So, here are two cases of nonlinear nonstationary series, but their inter-
nal dynamics are very different.



NONLINEARITY, NONSTATIONARITY AND CONCATENATION 203

Another summary description is provided by the relative frequency of
A, W, and B codings for the ESf values for raw subseries in the six tables
8.6 to 8.11 in Appendix 2:

Table 8.3: Summary of A,W,B codings for the ESf values

series A W B
(1) Gaussian 4 0 4
(2) Second Gaussian 5 2 1
(3) CΓC 5 2 1
(4) CCΓT 8 0 0
(5) EEG control 7 1 0
(6) EEG relax 1 4 3

Table 8.4 Eigenvalues for submatrices #1 through #4
in the EEG Control condition (5)

Eigen Submat # 1 Submat # 2 Submat # 3 Submat # 4
[1] -3.5813 -2.7014 -3.9175 -3.7362
[2] +.4180 +.2462 -.5021 +.4131
[3] -.3201 -.1562 +.4633 -.4002
[4] -.1103 -.1120 +.3387 +.2502
[5] +.0781 +.0855 -.2041 -.2299
[6] -.0421 -.0524 -.0681 -.0164
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Table 8.5 Eigenvalues for submatrices #5 through #8
in the EEG Control Condition (5)

Eigen Submat # 5 Submat # 6 Submat # 7 Submat # 8
[1] -3.6163 -4.0878 -2.5363 -3.7416
[2] +.3699 +.3576 +.2645 -.3302
[3] -.2793 -.2719 -.2528 +.2811
[4] +.2077 -.1576 -.1751 -.2409
[5] -.1487 +.1305 +.1194 +.2068
[6] -.1243 -.0424 +.0519 +.0995

———————————————————–

In Tables 8.4 and 8.5, the root locus coordinates of the polynomials of
the symmetric 6×6 b(m,n)ESf submatrices of the EEG Control data are
shown. By the usual mapping, roots in the left-hand half-plane are stable
and in the right-hand half-plane are unstable. Complex conjugate pairs, if
they exist, denote oscillating components. When both stable and unstable
roots are simultaneously present, this is sometimes taken as a necessary
but not sufficient sign that chaotic dynamics may be involved.

The dynamics of these matrices differ, particularly in the size of the
largest root and the sign of the second largest root. The signs of the fourth
and fifth eigenvalues suggest reversals around # 3 and # 6, which could
imply local instability in the region of the turning point in the local LLE.
Gregson (1984, p.108) gives graphical examples.

It can be seen that the irregularities in the local LLE, the surrogate de-
viations within the triangular matrices and the root locus patterns are all
related ways of identifying transient nonstationarities in the evolution of
the dynamics. These local phenomena would be completely masked if an
FFT analysis of the whole series were to be used.
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Discussion

A distinction should be drawn between nonstationarity and stability. Sta-
bility is an assumption in mathematical modelling in various disciplines
(Thom, 1975) and involves both the process being modelled and the model
itself. It is thus an issue as much in philosophy of sciences as in applied
mathematics. Stationarity is a local problem of determining how complex
a model necessarily needs to be to represent the evolution of a dynamics
process. Thus, a process which is nonstationarity in terms of one model
may be stationary in terms of another and then treated as stable over sit-
uations to which it may legitimately be generalised. Whether dissipative
biological processes which eventually must die can be regarded as stable
over more than short epochs is an open question, though Thom took the
stance that stability applied to both physical and biological models.

If we compare the various measures, particularly focussing on the
short epochs where the n: values are higher, there is some weak mutually
compatible relationship between the local LLE, the n: and the patterns
within the recurrence plots for the two EEG series. The actual location in
a long series of such epochs may be apparently randomly distributed, but
the nonlinear dynamics within these short epochs are compatible with a
jump in the phase space of the dynamics.

The results of this and the previous associated study (Gregson & Lea-
han, 2003) enable us to reiterate some cautions:

(i) The use of single indices such as the LLE is not diagnostically suf-
ficient to identify dynamics which are either not stationary or not
stable

(ii) There is a conflict between the need for long time series to fix param-
eter estimates, which require the calculation of delay coefficients, and
the need to describe transient dynamics in local epochs, which nat-
urally emerge within many trajectories, both deterministic and con-
taminated with second-order stochastic perturbation.
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(iii) If a local epoch is in the limit associated with one or more singular-
ities, then the use of spectral analysis, in the frequency domain by
methods such as FFT or in the time domain by autoregression, is in-
validated in that region and hence globally if the epoch is embedded
in an unidentified trajectory.

(iv) Biologically-based processes will exhibit irregular dynamics even
without the action of exogenous stimulation and no series on its own,
without controls to separate out known exogenous sources, will be
fully interpretable.

(v) If the basic iteration frequency of a process in discrete time is not
known, it is not possible safely to avoid aliasing over some epochs.

(vi) Higher-order statistics can generate apparently paradoxical results if
used with surrogate methods but with no other first-order statistics.
They are still valuable for investigating local departures from stabil-
ity, in either the frequency or time domains.
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Notes

I am again indebted to Kerry Leahan for use of some of her EEG data, and
to Michael Smithson for the use of his Mathematica Eigenvalue functions.
The remaining computations were done either with SANTIS software or
with Fort77 Linux programs written by me.

Appendix 1: Lyapunov Exponents

We quote from Argoul and Arneodo (1986): ”To define the Lyapunov num-
bers, let

Jn = [J(xn)J(xn−1), ..., J(x1)] [8.A1]

where J(x) is the Jacobian matrix of the map, J(x) = ∂F/∂x, and let

j1(n) ≥ j2(n) ≥ .... ≥ jd(n) [8.A2]

be the magnitude of th eigenvalues of Jn. The Lyapunov numbers are de-
fined as:

λi =
lim

n→∞
[ji(n)]1/n, i = 1, ..., d [8.A3]

The Lyapunov exponents are simply the logarithms of the Lyapunov num-
bers: `i = log(λi). We have the convention:

`i ≥ `2 ≥ ... ≥ `d [8.A4]

when the system exhibits ’sensitive dependence on initial conditions’ at
least L = `1 is positive.”

Appendix 2: Higher-order Subseries

The six tables BESf tables following, 8.6 to 8.11, are each made up of indices
from eight subseries of 120 steps long. For the first 7 subseries in each, to
save space, we show the following:

Little arrows on the left to show the direction of movement of the local
LLE, from graphs in the SANTIS package.
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A letter, A, W or B, showing if the ESf for that subseries is above,
within, or below the range of its random surrogate confidence interval.

The ESf for that subseries, with its 95% confidence intervals, based on
50 random surrogates.

The triangular matrix of the bispectral coefficients, with any that are
within their respective confidence intervals shown as italicised. None of
those individual c.i. are shown.

The number of cells which are italicised, shown as n:

Table 8.6: (1) Gaussian N(0,1) non-i.i.d. series

LLE ESf -c.i. +c.i. b(1,2) b(1,3) b(1,4) b(1,5) b(1,6)
1 δ = .030 -.6026 -.5128 -.3631 -.4502 -.4772

-.8435 -.679 -.629 -.6349 -.5887 -.5535 -.5560
A -.3475 -.5696 -.6482

↘ -.5697 -.5027
-.5115 n: 2

2 -.5130 -.5919 -.4521 -.5258 -.4522
-.7450 -.656 -.608 -.6062 -.5009 -.5561 -.5649

A -.4528 -.4906 -.6254
↘ -..5554 -.5570

-.6577 n: 4
3 -.6121 -.5287 -.6392 -.9262 -.7458

-.5604 -.719 -.663 -.6347 -.6113 -.4014 -.6080
B -.6276 -.9652 -.5009

↗ -.4018 -.8290
-.6273 n: 4

4 -.3578 -.3573 -.4139 -.3681 -.2889
-.5435 -.657 -.611 -.4338 -.6418 -.3920 -.4608

B -.3578 -.4591 -.5408
↗ -.5302 -.7140

-.6977 n: 5
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Table 8.6 continued: (1) Gaussian N(0,1) non-i.i.d. series

LLE ESf -c.i. +c.i. b(1,2) b(1,3) b(1,4) b(1,5) b(1,6)
5 -.4925 -.5693 -.4133 -.4649 -.3254

-.7625 -.746 -.676 -.6309 -.6619 -.6425 -.4575
A -.6094 -.5704 -.6559

↘ -.5932 -.5924
-.6332 n: 2

6 -.6405 -.7108 -.5276 -.3011 -.4424
-.3680 -.495 -.464 -.4802 -.5430 -.5934 -.4473

B -.6469 -.4605 -.5055
↘ -.5276 -.4172

-.4471 n: 4
7 -.5230 -.5316 -.4002 -.5051 -.4927

-.5320 -.638 -.592 -.5143 -.5465 -.3943 -.6504
B -.4880 -.7660 -.4685

↗ -.7025 -.6369
-.6658 n: 2

Table 8.7: (2) 2nd Gaussian N(0,1) non-i.i.d. series

LLE ESf -c.i. +c.i. b(1,2) b(1,3) b(1,4) b(1,5 b(1,6)
1 δ = .030 -.5484 -.5818 -.8449 -.3375 -.4769

-.6608 -.630 -.590 -.3206 -.5050 -.3655 -.6764
B -.6793 -.5234 -.6761

↗ -.8438 -.8147
-.5573 n: 1

2 -.7419 -.5380 -.5342 -1.1846 -.8552
-.5159 -.648 -.597 -.7613 -.5022 -.4328 -.5408

A -.6612 -.8101 -.4101
↗ -.8674 n: 2
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Table 8.7 (continued): (2) 2nd Gaussian N(0,1) non-i.i.d. series

LLE ESf -c.i. +c.i. b(1,2) b(1,3) b(1,4) b(1,5 b(1,6)
3 -.7005 -.5655 -.4672 -.6301 -.6285

-.5484 -.715 -.660 -.5083 -.2516 -.5792 -.5372
A -.6211 -.5697 -.8095

↗ -.5250 -.6171
-.8182 n: 4

4 -.4925 -.5908 -.5354 -.4622 -.4953
-.5436 -.698 -.638 -.4600 -.5634 -.5827 -.5483

A -.5271 -.4430 -.5159
↗ -.5595 -.5280

-.4441 n: 2
5 -.7185 -.4952 -.6317 -.5259 -.6388

-.4892 -.619 -.517 -.5274 -.4150 -.4004 -.4181
A -.6037 -.6573 -.4966

↘ -.5641 n: 2
6 -.5065 -.5261 -.4333 -.4769 -.6535

-.6065 -.637 -.595 -.3438 -.5685 -.5576 -. 5728
W -.4877 -.4501 -.9503

↘↗ -.4851 n: 5
7 -.6038 -.5678 -.6016 -.6186 -.5296

-.6363 -.749 -.683 -.4347 -.4752 -.7061 -.4910
A -.5375 -.6446 -.4018

↗ -.6544 -.5205
-.7269 n: 3
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Table 8.8: (3) Convoluted Gamma Concatenated

LLE ESf -c.i. +c.i. b(1,2) b(1,3) b(1,4) b(1,5) b(1,6)
1 δ = .030 .1146 .0798 .1469 .3044 .4208

-.1750 -.290 -.197 .1290 .1290 .1629 .3343
A -.3647 .1090 .2219

↘ .1488 .3944
.2345 n: 4

2 .2347 -.0032 -.2641 -.2284 -.0012
-.0833 -.258 -.519 .3343 .1887 .1469 -.2608

A .2815 .1428 .0280
↘ -.1965 .0827

-.2272 n: 2
3 .2286 .4022 .1494 -.2551 .3059

-.1798 -.223 -.153 .2946 .1877 .2345 -.1958
W .2219 .2345 -.9050

↗ .1934 .1859
.2020 n: 6

4 .1699 .0848 -.6466 .0710 .2656
-.2313 -.323 -.258 .0725 .1348 .1629 .2345

A .0890 .1743 .2424
↗ .1179 .1887

-.0561 n: 4
5 .1886 -.3163 -.2255 .2567 .2407

-.2822 -.249 -.186 .4008 .1038 .0589 .0897
B .2946 -.1927 .0725

↗ -.1510 .0219
.2236 n: 4

6 .1877 .1877 .1939 2145 .4202
-.2213 -.244 -.147 .2126 .2086 .2610 .0758

W .1484 .1502 -.1737
→ .2610 .1887

.1857 n: 6
7 -.0632 .1313 .2946 -.6338 .4008

-.0187 -.211 -.130 .1551 .0950 .1352 .1799
A -.0457 .4008 .2610

↘ -.1634 .2946
.2946 n: 7
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Table 8.9: (4) Cascaded Gamma Concatenated and Trimmed

LLE ESf -c.i. +c.i. b(1,2) b(1,3) b(1,4 b(1,5) b(1,6)
1 δ = .030 -.4027 -.3761 -.3938 -.3044 -.8265

.3987 -.640 -.559 -.2261 -1.4135 -.1437 -.6006
A -.4572 -.3684 -.1970

-.5902 -.9939
-.1221 n: 3

2 -.5812 -.1090 -.5671 -.3170 -.2965
.4534 -.585 -.508 -.2546 -1.8040 -.4000 -.5308

A -.4509 -.2298 -.2517
-.3825 -.6831
.1450 n: 3

3 -.6211 -.1273 -.5438 -.2149 -.3579
.4480 -.588 -.510 -.0637 -1.9672 -.3138 -.5803

A -.3579 -.2198 -.2416
-.3446 -.5918
.1396 n: 0

4 -.6202 -.1391 -.5657 -.3336 -.2965
.4501 -.583 -.504 -.2907 -1.7512 -.3747 -.5277

A -.4256 -.2349 -.2517
-.3210 -.6937
.1633 n: 3

5 -.5255 -.4786 -.8767 -.5047 -.6265
.4498 -.652 -.565 -.2024 -.8833 -.1720 -.5232

A -.2573 -.3323 -.3086
-.4566 -.5438
-.2477 n: 4

6 -.2758 -.5734 -.7267 -.3603 -.1862
.4104 -.565 -.476 .1578 -.4721 -.8300 -.0337

A -.3232 -.4955 -.0627
-.1545 -.5212
-.3582 n: 2

7 -.4193 -.3874 -.1980 -.0614 -.2643
.4376 -.522 -.455 -.5529 -.4723 -.3920 -.3513

A -.5434 -.1959 -.4299
-.3185 -.5752
-.8179 n: 3
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Table 8.10: (5) EEG control condition

LLE ESf -c.i. +c.i. b(1,2) b(1,3) b(1,4) b(1,5) b(1,6)
1 δ = .030 -.4809 -.5130 -.5031 -.4853 -.7026

-.4659 -.697 -.643 -.5510 -.8330 -.6315 -.4919
A -.4650 -.4649 -.6892

↘ -.6193 -.7701
-.7097 n: 4

2 -.5165 -.5564 -.4032 -.3904 -.3257
-.5206 -.754 -.689 -.3961 -.5104 -.5172 -.4319

A -.5520 -.4702 -.4337
↘ -.5084 -.3999

-.3137 n:3
3 -.5707 -.6562 -.6981 -.5213 -.9822

-.5778 -.764 -.698 -.4779 -1.0653 -.5449 -.5177
A -.6899 -.5441 -.5724

↘ -.7427 -.6582
-.4835 n:3

4 -.5835 -.6462 -.4875 -.6077 -.8413
-.3501 -.702 -.644 -.6571 -.8966 -.7204 -.6307

A -.4560 -.5690 -.6307
↘ -.3311 -.6935

-.5230 n:4
5 -.5943 -.5220 -.5648 -.8248 -.4566

-.5877 -.793 -.702 -.4643 -.4269 -.6950 -.6740
A -.4019 -.7060 -.5778

↘ -.5699 -.7359
-.7585 n: 1

6 -.6417 -.6922 -.6352 -.7396 -.6122
-.4183 -.818 -.708 -.7996 -.6518 -.7162 -.6837

A -.4546 -.7579 -.5415
↗↘ -.7587 -.5623

-.9324 n: 6
7 -.4430 -.3537 -.4849 -.3311 -.4242

-.4946 -.495 -.462 -.2403 -.4382 -.4840 -.4505
W -.4491 -.4124 -.6066

↘↗ -.3012 -.4970
-.4048 n: 3
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Table 8.11: (6) EEG relax condition

LLE ESf -c.i. +c.i. b(1,2) b(1,3) b(1,4) b(1,5) (1,6)
1 δ = .030 -.8179 -.7041 -.6143 -.5440 -.5498

-.6806 -.844 -.607 -.5612 -.8827 -.5493 -.7232
W -.5275 -.6470 -.7076

↘ -.4901 -.6115
-.7683 n: 2

2 -.3435 -.3428 -.4339 -.5086 -.4778
-.4543 -1.537 -.330 -.3727 -.5198 -.5154 -.4037

W -.4401 -.3836 -.3835
↘ 4163 -.5784

-.3688 n: 7
3 -.5784 -.6952 -.5581 -.5609 -.4763

-.6561 -.589 -.326 -.7246 -.5549 -.7149 -.8600
B -.5709 -.6755 -.6035

↗ -.7626 -.6545
-.6025 n: 4

4 -.4592 -.6102 -.4473 -.4629 -.5429
-.7055 -.473 -.198 -.5734 -.5066 -.6442 -.6557

B -.5957 -.4114 -.4587
↗ -.7779 -.6349

-.6855 n: 2
5 -.5009 -.5867 -.5140 -.5715 -.4637

-.5820 -2.829 -1.240 -.5875 -.5798 -.3824 -.4935
A -.5887 -.7528 -.5498

↗ -.5025 -.6087
-.4585 n: 2

6 -.8670 -.6597 -.7274 -1.1921 -.9999
-.6152 -.824 -.261 -.7080 -.7187 -.6743 -.6710

W -.6651 -.5874 -.6209
↘ -.6289 -.7136

-.7115 n: 5
7 -.2904 -.5526 -.4101 -.6620 -.4050

-.8353 -.667 -.205 -.3986 -.6061 -.5194 -.4119
B -.3448 -.3510 -.5992

↗ -.4721 -.7479
-.5389 n: 1




