
Chapter 10

Perron-Frobenius at the Edge
of Chaos

From the approach of symbolic dynamics, any psychophysiological time
series may be given a square non-negative matrix representation that is
then treated as the generator of a Markov chain. This has eigenvalues that,
if the matrix is scrambled, that is effectively not degenerate, give a picture
of the complexity of the dynamics. That picture is computed for two time
series: one theoretical and homogeneous, resembling a Shilnikov attractor,
and the other from real physiological data that are very unstable with tran-
sient outliers. A comparison is made with indices of entropy and chaos for
each of 10 data sub-blocks. No index in itself provides a satisfactory repre-
sentation of the total dynamics, but the differences between the indices are
intrinsically informative. Assumptions of linearity are universally invali-
dated. The use of the entropic analogue of the Schwarzian derivative (ESf)
leads naturally into the calculation of Kullback-Leibler information mea-
sures as asymmetric proximity indices between subseries of the data. The
full matrix of these indices has eigenvalues that are informative concern-
ing the non-stationarity of the process. The matrices that we create for a
representation of psychophysiological and psychophysical time series are
Markovian, and are necessarily square and non-negative. They may also
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be sparsely filled, and quasi-cyclic. We know both from the fundamen-
tal mathematics, and from examples constructed (Mitchener and Nowak,
2004) that, if we accept the positivity of the largest Lyapunov exponents as
a sufficient indication of chaos, of one sort, then the processes being repre-
sented in transition probability matrix form may be chaotic. Possibly the
most important extension of these ideas is to non-homogeneous Markov
chains as a structure for non-stationary psychophysics.

As I will want to examine some real and theoretical Markovian ma-
trices and their associated eigenvalues, it is proper to begin by restating
the Perron-Frobenius theorem (Frobenius, 1912, Seneta, 1973) for primi-
tive matrices: Suppose that T is an n × n non-negative primitive matrix.
Then there exists an eigenvalue r such that:

(a) r real, > 0;

(b) with r can be associated strictly positive left and right
eigenvectors;

(c) r > |λ| for any eigenvalue λ 6= r;

(d) the eigenvalues associated with e are unique to constant
multiples;

(e) if 0 ≤ B ≤ T and β is an eigenvalue of B, then |β| ≤ r,
and |β| = r impies B = T .

(f) r r is a root of the characteristic equation of T .

There are other statements that hold from this theorem (Ding and Fay,
2005) which find application in the estimation of geometrical limits in n-
space.

I am also going to need to make reference to the well-known scram-
bling property of Markov matrices, namely
An n× n stochastic matrix p+ {pij} is called a scrambling matrix, if given
any two rows α and β there is at least one column, γ, such that pαγ > 0
and pβγ > 0.

A corollary follows: if Q = {qij} is another stochastic matrix, then for
any Q, QP is scrambling, for fixed scrambling P .
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A Leaky Bistable Matrix

In a study of language shifts and chaotic dynamics, Mitchener and Nowak
(2004) created a scrambled matrix. The matrix, call it LS, has one free pa-
rameter 0 < µ < 1, and is

LS =


0.75 0.2 0.01 0.04 0
0.01 0.75 0.2 0.04 0
0.2 0.01 0.75 0.04 0
0 0 0 µ 1− µ

1− µ 0 0 0 µ


The authors investigated the results of varying µ over the closed range
(.725, .760), in terms of the properties of trajectories generated by the re-
cursive application of LS. They claimed that the dynamics can resemble a
Shilnikov attractor (1966), and are critical around µ = .735. The eigenval-
ues for LS with µ = .725 are

.978, .716± .069i, .645± .165i
and .978 is the spectral radius.

This resemblance is qualitative in terms of the shape of trajectories
but is not strictly established in terms of a mathematical identity. Let us
call this matrix bistable, as it involves two connected submatrices, within
each the process can meander for a while in a cyclic fashion, and leaky be-
cause there exists a non-zero probability of jumping between one subma-
trix and the other in both directions. If it were not leaky, then the structure
would break into two separate autonomous cycles. We examine some of its
generic properties; the questions raised here can also be treated as special
problems in symbolic dynamics, but to do that requires a more advanced
mathematical treatment (Blanchard, Maas and Noguiera, 2000).

Probability partitioning

The probability of making a transition between states j → k is indepen-
dent of the random input pt and strictly proportional to the elements pjk.
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The row sums of pjk in LS are all unity, by definition. So take the unit
interval (> 0, 1) within which the random variable pt lies, and partition it
in line segments s1, s3, s3 proportionately to the defined values of pjk in
S1, S2, S3, and similarly for µ, 1 − µ in S4, S5. Then if and only if pt lies in
segment sjk, given Sj , the resulting transition is j → k. This convention
preserves the Markov structure of LS.

An estimate of the stationary state vector from a generated sample se-
ries is

.078, .402, .273, .134, .111

Table 10.1: Descriptive statistics of a sample LS series
Block LLE mean Kurt ESf D2 H ApEn
1-180 +.051 2.79 -0.353 -1.2541 1.716 .2837 0.535

Key: Block: iterations. LLE: largest Lyapunov exponent. mean: average
coded state. Kurt: kurtosis. ESf: entropic analogue of Schwarzian deriva-
tive (Gregson, 2002). D2: fractal dimensionality. H: Hurst index. ApEn: ap-
proximate entropy (k = 10, δ = .005).

A Tremor Series

A series with a very unstable appearance and irregular transient extreme
deviations is s14r45of.d from the PhysioNet archives. Only the first 4000
steps are used, in 10 blocks of 400. The dynamics are, on visual inspection,
nonlinear and non-stationary. Deviations can be isolated in time or come in
bursts. Every estimate of the largest Lyapunov exponent has been positive
but, in some cases, marginal.

These series are wildly fluctuating and their irregularity is reflected in
most of the computed indices. It is recognised that complexity changes
in time series as detected by information (entropy) measures (Tores and
Gamereo, 2000). The distribution of the dependent variable (as in the ver-
tical axes in the graphs) is nothing like Gaussian, and would not he read-
ily represented in the frequency domain, as Fourier analyses cannot han-
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Figures 10.1, 10.2, 10.3: Blocks of the Tremor Series

dle local aperiodic spikes. Autocorrelations would be similarly misleading
except as long-term averages. It is possible to treat this sort of series in a
Markov chain filtering. It is possible that the leaky bistable matrices in-
troduced by Mitchener and Nowak (2004) are a candidate model. There
appear to be two levels of tremors, low amplitude high frequency and in-
termittent aperiodic high amplitude, which co-exist. High-pass and low-
pass filtering could be used to partial these out.
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Table 10.2: Descriptive statistics of Parkinsonian Tremor series

Block LLE mean Kurt ESf D2 H ApEn
1-400 +.034 .812 133.41 -.3897 1.835 .1647 1.112

401-800 +.078 .717 19.63 -.5572 1.806 .1928 1.122
801-1200 +.083 .529 6.43 -.5027 1.806 .1937 1.120

1201-1600 +.052 .725 71.66 -.5578 1.780 .2200 1.188
1601-2000 +.009 1.033 156.22 -.5025 1.932 .0684 1.092
2001-2400 +.073 .831 5.93 -.6258 1.788 .2118 1.245
2401-2800 +.096 .640 5.82 -.6642 1.790 .2103 1.250
2801-3200 +.065 .937 23.80 -.6354 1.780 .2201 1.259
3201-3600 +.080 .756 5.17 -.6146 1.836 .1641 1.219
3601-4000 +.023 1.106 122.78 -.4891 1.750 .2498 1.111

– – – – – – – –
cftv .449 .207 1.045 .145 .298 .250 .054
regr 1 -4.94 -1874.52 -1.89 -5.08 0.78 1.44
corr 1 .825 .910 .660 .289 .461 .635

Key: Block: beats in sequence. LLE: largest Lyapunov exponent. mean:
average i.b.i. Kurt: kurtosis. ESf: entropic analogue of Schwarzian
derivative (Gregson, 2002). D2: fractal dimensionality. H: Hurst in-
dex. ApEn: approximate entropy (k = 10, δ = .005). cftv: co-
efficient of variation (σ/|µ|). regr: slope of regression of variable
on LLE. corr: product-moment correlation of LLE with variable.

————————————————-
The ESf and LLE measures can have associated confidence limits or fil-
tered estimates computed as well, giving more insight into the variability
between successive blocks of data. Comparing Tables 10.2 and 10.3 we see
immediately that all the ESf values are outside their random surrogate 95%
c.i. range; none of the blocks are random i.i.d. series.

The reason for computing the LLE values after low or high pass filter-
ing is to explore the possibility that the chaotic component is either in a
slow carrier wave or a fast low-amplitude part; this will only work if the
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fast and slow parts are widely separated in their dynamics. In this series,
both the slow and the fast components are associated with the transient
aperiodic outlier spikes, suggesting that there are three dynamical sub-
systems involved. There are still computational difficulties, as LLE values
from short time series are liable to be biased (Rosenstein, Collins and De
Luca, 1993), the blocks here are much shorter than what physicists like to
call short.

————————————————-
Table 10.3: Further c.i. statistics of Table 10.2

Block LpLLE HpLLE -rsESf rsESf +rsESf
1-400 +.069 +.055 -.167 -.146 -.125

401-800 +.077 +.103 -.280 -.269 -.258
801-1200 +.114 +.113 -.363 -.349 -.336

1201-1600 +.093 +.029 -.242 -.223 -.204
1601-2000 +.036 +.034 -.224 -.208 -.192
2001-2400 +.090 +.101 -.338 -.327 -.315
2401-2800 +.127 +.125 -.397 -.389 -.381
2801-3200 +.069 +.086 -.314 -.302 -.290
3201-3600 +.118 +.093 -.375 -.363 -.351
3601-4000 +.059 +.031 -.161 -.143 -.125

Key: LpLLE: LLE after low pass filter. HpLLE: LLE after high pass filter. -
rsESf: lower 95% c.i. bound for random surrogate ESf. rsESf: mean random
surrogate ESf. +rsESf: upper 95% c.i. bound for random surrogate ESf.

————————————————-

In Table 10.4 the spherical radius is the same as the largest eigenvalue,
Egv 1. Note that the number of complex conjugate pairs in the roots is
not necessarily the same as for the LS matrix, which has quite different
and homogeneous dynamics. These real data are not stationary and hence
are treated in short blocks to expose the breakdown of homogeneity. Note
that the dynamics drift over the total series of 4,000 data points; in some
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epochs the outlying tremors seem to be predominantly in one direction,
in others in the opposite one. In blocks 5 and 6 the effective rank of the
matrix reduces to 4.

Table 10.4: Eigenvalues of Markov matrices of the Tremor Series

Block Egv 1 Egv 2 Egv 3 Egv 4 Egv 5
1 1.000 .291 -.2 .041 + .066i .041 - .066i
2 1.001 .316+.015i .316-.015i .021 .012
3 1.000 .283 -.063 .052+.024i .052-.024i
4 .999 .381 .236 .103 -.005
5 .999 .259 -.056 -.002 < .001
6 1.044 .237 -.048 .028 < .001
7 .999 .314 .118 -.064 -.002
8 .999 .219+.046i .219-.046i .165 -.006
9 .999 .351 .234 .115 .068

10 1.004 .496 -.010 + .051i -.010 - .051i -.006

The values of Egv 1> 1 are computational errors, the largest eigenvalue of
a row stochastic matrix is less than or equal to unity (Karpelevich, 1951).
The stationary state vectors are the solution of the matrix equation

T∞ = M∞T0

The state S5 refers to the largest positive transient tremors, expressed as
deviations from a resting position. The solutions in Tables 10.4 and 10.5
have to be obtained by shifting, in some blocks, the partitions that create
the state occupancies from the raw data sequences, as the tremors are very
irregular in direction and amplitude as well as their inter-tremor intervals.
In all cases, I have moved partitions, where necessary, to span the rescaled
values and to ensure that all states are occupied. The transition probability
matrices are then in all cases scrambled.
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Information measures as non-stationarity indices

The Schwarzian derivative has a long history but its importance in nonlin-
ear dynamics only emerged relatively recently (Gregson, 1988). Combin-
ing this derivative of C3 diffeomorphisms with an entropy measure over
local short time-series is an exploratory innovation which has some useful
properties. We repeat some of the definitions here as a precursor to using
the measure in Kullback-Leibler form.

————————————————-
Table 10.5: Stationary state vectors for Table 10.4.

Block p(S1) p(S2) p(S3) p(S4) p(S5)
1 .0485 .0485 .3495 .5340 .0194
2 .0977 .2882 .4662 .1429 .0050
3 .0676 .0675 .3076 .5323 .0251
4 .0201 .1378 .7569 .0827 .0025
5 .0301 .8346 .1228 .0100 .0025
6 .0102 .0050 .0077 .0402 .9369
7 .0226 .0125 .0276 .3985 .5388
8 .0376 .1028 .7268 .1303 .0025
9 .0526 .0852 .1679 .6792 .0150

10 .0178 .7053 .2694 .0051 .0025

————————————————-

Schwarz (1868) defined the derivative

Sf :=
f

′′′

f ′ −
3
2

(
f

′′

f ′

)2

[10.1]

which is of interest in dynamics because its value indicates the extent
to which a process expands to fill a local region of the phase space.

Using successive differencing of a time-series, the total information I
in the distribution of the mth differences over k exhaustive mutually ex-
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clusive partitions is

I(m) := −
K∑
h=1

phlogs(ph)|m [10.2]

Using [10.2], suppose that we substitute within [10,1] I(m) values for fm,
so that, for example, I(3) corresponds to f

′′′
, employing I(m) summed over

the whole range of k subranges in each case. This is to create an entropic
analog of the Schwarzian derivative. Then, by definition, ESf (Gregson,
2002) has the form

ESf :=
I(3)

I(1)
− 3

2

(
I(2)

I(1)

)2

[10.3]

Note that [10.3] is defined at least over triplets within a series; the way in
which the I(m) is computed drops the actual real measurement units of the
data and deliberately loses the first and second moments of the series.

If the data in one subseries are taken as generated by a basic symbolic
process X unperturbed by transients, then the probability distribution of
the absolute differences of orders one, two, three in that block that are com-
puted for ESf estimation can be used as estimates of pi(X|θ), i = 1, .., 10
in the Kullback-Leibler expression

I(Y,X) =
5∑
i=1

pi(Y ) · log
(pi(Y )
Xi|θ

)
[10.4]

and that may be taken as a relative mismatch distance, not a true metric
distance, because of asymmetry, but a dissimilarity.

Every one of the 10 blocks can in turn be used as the predictor X for
the set of 10 Y . The dissimilarity of a set with itself is zero, and the full
matrix of the differences are set out in Tables 10.6,10.7, and 10.8. Each row
is for a fixed predictorX against which all the 10 Y are compared, running
down from X1 to X10.

These matrices indicate where the variability in information content of
the blocks differs without having to commit to a single generating model
as theory. Using each block in turn as predictor under some assumptions
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about error-minimal distributions is an approach reminiscent of Empirical
Bayesian statistics. The eigenvalues of these K-L matrices can, in turn, be
computed, giving some insight into the role of successive differences in
the system’s dynamics. If the matrices for differences of different orders
1,2,3 show similar patterns of values, this suggests that the underlying
time series are self-similar, which is a property of fractal dynamics.

To compare these three matrices in Tables 10.6, 10.7, 10.8, we may pro-
ceed in two ways: just compute the cell-by-cell correlations to see if the
matrices treated as 100-term vectors are similar, or find the eigenvectors of
each matrix.

————————————————-
Table 10.6: Based on absolute first differences, k = 10.

A Kullback-Leibler matrix of asymmetrical dissimilarities

1 2 3 4 5 6 7 8 9 10
.000 3.242 5.093 .209 .134 5.093 6.567 4.838 6.499 .113
.725 .000 5.217 .557 .650 5.228 4.039 7.774 3.995 .876

1.183 2.631 .000 .915 1.300 .004 5.227 3.215 5.377 1.714
.184 3.719 5.292 .000 .052 5.296 7.024 4.931 7.003 .333
.172 3.603 6.757 .079 .000 6.757 7.421 6.182 7.342 .202

1.185 2.676 .004 .925 1.299 .000 5.395 3.341 5.541 1.728
1.658 .648 4.055 1.309 1.687 4.078 .000 4.188 .055 1.809
1.244 6.632 3.605 .819 1.122 3.617 6.220 .000 6.350 1.506
1.562 .586 5.754 1.280 1.528 5.772 .058 5.861 .000 1.533
.124 2.891 6.308 .365 .180 6.309 5.436 5.852 5.289 .000

The eigenvalues of the first differences matrix Table 10.6 are

26.0407, -12.0417, -6.5640 + .3251i, -6.5640 - .3251i -.5446
-.2028, -.1004, -.0136, -.0083, -.0012

in descending order and the last four may be neglected. Note the complex
conjugate pair that arises when the matrix is not skew symmetrical about
the leading diagonal of zeroes.
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Table 10.7: Based on absolute second differences, k = 10.
A Kullback-Leibler matrix of asymmetrical dissimilarities

1 2 3 4 5 6 7 8 9 10
.000 2.999 5.111 .442 .241 5.015 6.212 4.548 6.028 .141
.962 .000 5.288 .549 .730 5.321 4.619 8.164 4.594 1.038

1.565 2.809 .000 1.052 1.282 .032 5.580 3.429 5.717 2.000
.345 3.602 5.942 .000 .059 5.911 7.251 5.465 7.209 .421
.205 4.074 5.862 .058 .000 5.790 7.839 5.436 7.754 .251

1.433 3.349 .032 .999 1.150 .000 6.660 3.858 6.751 1.942
1.992 .720 4.871 1.394 1.758 5.029 .000 5.117 .056 1.913
1.287 7.523 4.372 .883 1.061 4.389 7.208 .000 7.281 1.668
1.775 .688 6.293 1.315 1.578 6.399 .056 6.464 .000 1.549
.146 2.612 6.382 .388 .221 6.300 5.720 6.193 5.513 .000

The eigenvalues of the second differences matrix Table 10.7 are

28.6073, -13.5271, -6.9312 + .3821i, -6.9312 -.3821i, -.6854
-.4377, -.0405 + .0094i, -.0405 - .0094i, -.0418, -.0018

and now there are two conjugate pairs, but the major terms are almost the
same.

The eigenvalues of the third differences matrix Table 10.8 are

28.1470, -13.9872, -6.8754, -3.2629 ± 2.1149i,
-.6139, -.0434 ± .0002i, -.0370, -.0024

and now the two conjugate pairs are less important, but the total pattern
is only slightly changed.

The linear product-moment correlations between Tables 10.6, 10.7 and
10.8 are uninformative, they are r(6, 7) = .9886, r(7, 8) = .9851, and
r(6, 8) = .9695. All they can suggest is that the process is self-similar (but
not exactly so) at three degrees of differencing, taking Table 10.6 as repre-
senting the fastest dynamics. The information in the higher-order differ-
ence distributions is generally a little less than that in the first order, the
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Table 10.8: Based on absolute third differences, k = 10.
A Kullback-Leibler matrix of asymmetrical dissimilarities

1 2 3 4 5 6 7 8 9 10
.000 2.844 4.562 .295 .359 4.365 5.596 4.178 5.215 .078
.951 .000 5.732 .551 .611 5.823 5.514 8.297 5.506 .963

1.527 3.067 .000 1.155 1.371 .088 6.123 3.650 6.196 1.868
.245 3.250 5.891 .000 .042 5.826 7.011 5.557 6.894 .305
.293 3.078 6.879 .043 .000 6.809 8.046 6.578 7.941 .337

1.318 3.941 .082 1.065 1.254 .000 7.861 4.384 7.819 1.722
1.885 .872 5.629 1.443 1.654 5.923 .000 5.815 .079 1.854
1.244 7.616 4.052 .963 1.165 4.104 7.352 .000 7.350 1.593
1.475 .860 6.169 1.241 1.441 6.328 .087 6.269 .000 1.405
.068 2.290 5.464 .313 .364 5.286 5.361 5.199 4.980 .000

————————————————-

distributions are more skewed towards the lower end. As noted above, the
scalar values of the differences, that is their first and second moments, are
removed in this analysis, the entropies are scale-independent.

Discussion

As the tremor series can be partitioned approximately into fast and slow
dynamics, it is proper to ask where the non-stationarity arises? Taking the
evidence of all the relevant tables together, it is seen that the faster dynam-
ics are relatively stable in their evolution, but the slower dynamics fluctu-
ate from block to block. If one thinks of the slower dynamics as a carrier
wave, a stable base for supporting faster dynamics sensitive to exogenous
effects or to internal nonlinearities, that is in this case wrong.

The analysis in Tables 10.6, 10.7 and 10.8 pools over all the 10 blocks, so
it is orthogonal to the previous analyses in Tables 10.2, 10.3, 10.4 and 10.5



250 INFORMATIVE PSYCHOMETRIC FILTERS

done block by block. Only the ESf estimates in these four blockwise tables
is a hidden bridge between the two orthogonal analyses.

Dynamics of Cardiac Psychophysiology

Some patients undergoing bio-feedback therapy for respiratory disorders
do have panic episodes, as they themselves relate. Others do not. The
causality and even the detailed dynamics of panic episodes are the sub-
ject of considerable controversy (Baker, 1992) and these wider questions
are not being entered into here. Rather, our starting point is the fact that
palpitations and a local rapid raise in heart rate are the most frequently
observed characteristic properties of a panic attack, irrespective of the en-
vironmental or intrasubjective situations that appear to trigger the onset.
The measures of heart rate activity cited in the relevant literature are usu-
ally the rate, in beats/minute, and nothing else. More complex analyses of
the sequential dynamics of the heart activity are not usual, partly because
the resources available to researchers, both in terms of recording apparatus
and mathematical software for subsequent analysis, are relatively recent in
their development. The idea that we should investigate the nonlinear dy-
namics of the heart under conditions when there is no panic, as a possible
predictor of panic susceptibility, is virtually untested. At the same time, it
is known that cardiac dynamics are intrinsically difficult to model, partly
due to their lability and complexity, and contradictory explanations have
been advanced for rhythm generation (Dunin-Barkowski, Escobar, Lover-
ing & Orem, 2003).

Gorman and Sloan (2000) review a number of studies in which it is
shown that, under non-panic conditions, patients with panic disorders ap-
pear to have diminished heart rate variability. In turn, diminished vari-
ability is a precursor of myocardial infarction, in short, a good predictor
of death, and self-report of panic attacks and higher anxiety can be associ-
ated both with lower levels of heart rate variability and increased risk of
fatal coronary heart disease (Kawachi, Sparrow & Vokonas, 1994).

This investigation is in two parts: an examination of data from one
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subject to establish the viability of some of the methodology, and a part
in which comparison of some heart beat time series of clinical interest are
made using the methods established in the first part.

The first part consists of three epochs, in sequence, each about 5 min-
utes long. All the three epochs were truncated at 386 interbeat intervals,
which time evolution spans approximately five minutes of continuous
recording. As the third epoch was deliberately made to be non-stationary,
with a brief burst of shallow rapid breathing, the treatment of that se-
ries as internally homogeneous is strictly wrong, but is first presented
that way, as in the same way as the first two epochs, as an example of
the type of error that ignoring nonstationarity or nonlinearity can create
(Bunde, Kropp & Schellnhuber, 2002). It is now expected that nonstation-
arity, better described as the consequences of chaotic itinerancy (Kaneko
& Tsuda, 2003), is characteristic of heart activity, where normal dynamic
regulation involves return to some attractor basin or basins after transient
destabilization (Gorman & Sloan,2000). As has been known for some time,
analyses that use linear statistical modelling, either static or with time se-
ries assumptions, can obscure the very properties of the dynamics that are
both clinically interesting and indeed necessary for the individual’s long-
term survival (Barndorff-Nielsen, Jensen and Kendall, 1993; Medvinsky,
Rusakov, Moskalenko, Fedorov, & Panfilov, 2003).

We note that many of the methods for examining nonlinear time series
and their associated dynamics were anticipated in mathematical psychol-
ogy as long ago as 1960, by Licklider. The main additions now to what
was available then centre on chaotic dynamics, the underlying entropy
and time series concepts have their origins in the late 19th century. The
conventional distributional statistics are as follows, intercept and slope re-
fer to a linear regression over time, the variable in most cases is pulse rate
in beats/min. The time series are made up of about 900 interbeat intervals,
and normally each of these is about 700-800 millisecs; each starts with the
depolarisation peak of the cycle. The nonlinear statistics in Table 10.9 are
again LLE, ESf, and ApEn. Low pass and high pass refer to the series after
filtering:
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————————————————-
Table 10.9: descriptive statistics

measures Epoch001 Epoch002 Epoch003
min 687 640 300
max 843 847 1011

mean 761.13 770.55 758.60
s.d. 33.69 33.82 117.92

Skewness .003 -.983 -2.143
Kurtosis -.643 1.632 5.151
intercept 772 751 708

slope -.057 +.101 +.221
LLE .091 .103 .090

Low pass LLE .147 .130 .089
High pass LLE .092 .124 .048

ESf -.7714 -.6722 -.3172
ApEn 1.1035 .9232 .4689

————————————————-
As visual inspection and consideration of what is happening psychophysi-
ologically indicate strong serial autocorrelation of the series (except where
perturbed), the autocorrelation spectra for each epoch are given in Table
10.10, truncated to 10 lags. It is important here to note that ACF analysis
can misidentify a nonlinear process as being i.i.d. (white noise) when in
fact it has serial dependencies and may also be nonstationary (Granger,
Maasoumi and Racine, 2004).

The serial relations are so simple that a linear lag one model could be
fitted if Gaussian residuals were assumed. It is this simplicity that leads to
the next suggestion, that a 5-state Markov with weak off-diagonal transi-
tion probabilities is predicted (compare Hoppensteadt, 2003). This is ex-
plored in Tables 10.11, 10.12, 10.13. The states are each one-fifth of the
range of the i.b.i.s, so in, for example, Table 10.13, (843 − 687)/5 = 31.2,
and the ranges vary for each epoch.
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Table 10.10: Serial autocorrelation coefficients
Note: All the coefficients are positive.

lag r Epoch001 Epoch002 Epoch003
[1] .9337 .9654 .6692
[2] .8264 .9152 .5925
[3] .6858 .8462 .4377
[4] .5259 .7759 .4627
[5] .3743 .7087 .3626
[6] .2383 .6466 .2861
[7] .1306 .5893 .1915
[8] .0542 .5362 .2005
[9] .0113 .4843 .1461

[10] .0030 .4378 .1543

Table 10.11: Epoch001 Transition Probability Matrix
Note: The last column contains the stationary state vector.

EM1 =


.808 .192 .000 .000 .000 .123
.091 .727 .182 .000 .000 .260
.000 .135 .714 .151 .000 .331
.000 .011 .191 .708 .090 .234
.000 .000 .053 .368 .579 .050



Table 10.12: Epoch002 Transition Probability Matrix
Note: The last column contains the stationary state vector.

EM2 =


.840 .160 .000 .000 .000 .077
.053 .787 .160 .000 .000 .217
.000 .099 .763 .137 .000 .338
.000 .000 .145 .794 .061 .313
.000 .000 .000 .348 .652 .055





254 INFORMATIVE PSYCHOMETRIC FILTERS

Table 10.13: Epoch003 Transition Probability Matrix
Note: The last column contains the stationary state vector.

EM3 =


.550 .200 .050 .150 .050 .053
.500 .000 .200 .300 .000 .053
.018 .036 .727 .182 .036 .144
.004 .007 .036 .931 .022 .713
.080 .080 .080 .120 .640 .065


Note, importantly, that there are no absorbing states in the Markovian rep-
resentation, though some states could be weak attractors, which enables
the system to return to some dynamic stability after perturbation, as in
Epoch003.

Goldberger (1990, p. 407) remarks that, ”A common misconception
among dynamicists and clinicians is that the normal heart beats with
clockwise regularity. When beat-to-beat heart rate is carefully measured,
it is apparent that the healthy heartbeat is quite erratic, even under rest-
ing conditions. This variability, however, is subjectively imperceptible and
is difficult to assess by routine clinical examination.” Goldberger contin-
ues, ”we have proposed that normal heart-rate variability is regulated by
a nonlinear feedback network that generates fluctuations across multiple
orders of temporal magnitude, ranging from hours or longer to seconds
or less. Furthermore these fluctuations are self-similar. That is, the chaotic-
appearing variations apparent on longer time scales are similar to the fluc-
tuations on shorter time scales, although the amplitude of the higher fre-
quencies is lower Preliminary data from our laboratory indicate that age-
ing is associated with a reduction in fractal dimensionality.”

Here we have two sorts of evidence that are compatible with what
Goldberger has remarked: the LLE values in Table 10.9 are all positive,
indicating that edge-of-chaos activity is very probably present in the dy-
namics, and the absence of any absorbing states in the Markov matrices.
The ESf and ApEn values do covary, this is perhaps the first empirical
evidence of this arising as the series are long enough to support the com-
putation of both indices.
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Higher Order Statistics, bESf

The series are long enough to permit some exploratory analyses using the
higher-order bispectral bESf matrices, that were introduced by Gregson
and Leahan (2003). To emphasise, the bold-face entries are within the ran-
dom surrogate 95% c.i. ranges. Each triangular matrix of the b(m,n) series
of triples, m < n, is written as

b(1,2) b(1,3) b(1,4) b(1,5) b(1,6)
b(2,3) b(2,4) b(2,5) b(2,6)
b(3,4) b(3,5) b(3,6)
b(4,5) b(4,6)
b(5,6)

Table 10.14: bESf values for Epoch001

EPb1 =


-.4017 −.5075 −.3283 −.5455 −.4801
−.5263 −.4999 −.4311 -.4192
−.3482 −.3372 −.4440
−.5771 −.3287
−.4520


There is little sign of random variations here, in what is essentially a
higher-order high-pass filtering, on the higher-frequency fluctuations of
the inter-beat-interval. It is expected that Epoch002 will be much the same,
but Epoch003 disturbed. Computing in the same fashion:

Table 10.15: bESf values for Epoch002

EPb2 =


−.3010 −.4986 -.4277 −.5426 -.4179
−.3064 −.3381 −.4643 −.3507
−.5201 −.4423 -.4297
−.4456 -.4056
-.4205


This EPb2 series has more noise than EPb1 in it.
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Table 10.16: bESf values for Epoch003

EPb3 =


−.3042 −.4512 −.4088 −.3165 −.5310
−.4105 −.3483 −.4247 -.3785
-.4338 −.2446 −.4811
-.4056 −.3587
−.3967


The noise has now moved from its location in the previous two matrices.
As remarked in our previous work on series of this nature (Gregson, 2003),
the bESf matrices are the off-diagonal parts of square skew-symmetric ma-
trices, so their eigenvalues are computable and all real. They provide an-
other way of examining shifts in the dynamics with stimulus disruption;
here, dominant stimuli to the cardiac system are breathing rhythms.

Table 10.17: Eigenvalues for bESf for all three Epochs

Eigenvalue Epoch001 Epoch002 Epoch003
[1] -2.6538 -2.5340 -2.3636
[2] -0.2590 -0.1971 -0.2269
[3] 0.2442 0.1735 0.2032
[4] 0.1481 0.1059 0.1366
[5] -0.1450 -0.0431 -0.0621
[6] -0.0147 -0.0264 -0.0451

It is clear that the dynamics of all three epochs are not identical and the
small differences between the first and third epochs, on the one hand, and
the second, are expressed in the lesser [2,3,4] eigenvalues in Table 10.17.

Subdividing the Third Epoch.

Before computing, it is illuminating to examine the graphs of each of the
three series, but after they have been high-pass filtered. Figures 10.1, 10.2,
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Figures 10.4, 10.5, 10.6: The three cardiac i.b.i. series
Raw data after high-pass filtering

10.3 show the results, the vertical axis scales of the graphs differ to accom-
modate the different ranges of variability.

We now break the third epoch into the first 160 inter-beat-intervals,
then the next 120, then the remaining 106, and compute for each sepa-
rately; that is, three subseries in sequence. The anomalous subseries, from
the high-pass filtered graphs, is the middle one (Epoch032), and the first
and third can be considered as controls and should resemble Epochs 001
and 002.

Computationally we may run into difficulties with the shorter series,
that may be insufficient to produce stable estimates of LLE or ApEn. For
the ESf estimates in Table 10 δy = .01. These should all be compared with



258 INFORMATIVE PSYCHOMETRIC FILTERS

Epoch003 in Table 10.9.

Table 10.18: descriptive statistics of Epoch003 partitioned

measures Epoch031 Epoch032 Epoch033
min 300 304 718
max 910 1011 917

mean 738.56 715.63 810.31
s.d. 99.48 161.23 39.88

Skewness -2.904 1.118 0.162
Kurtosis 8.931 0.587 0.182
intercept 771 576 846

slope -.417 2.334 -0.698
LLE .095 .066 .116

Low pass LLE .039 .038 .118
High pass LLE .061 .011 .031

ESf -.4567 -.2566 -.3114
ApEn .4765 .4064 .4689

The variations in ESf are greater than in ApEn, so it is in this context a more
sensitive measure of the destabilization induced in the middle subseries
Epoch032 by a temporary burst of a shallow fast breathing rhythm.

Self-Similarity at Different Scales

If the time series have fractal properties, and it is suggested by various
authors that they would have, then, if we create a coarser series from the
given data by halving the frequency of data points, we should get sub-
stantially the same statistical parameters from the analyses in the previous
tables. That method is, in fact, called multiscale entropy analysis (Costa,
Goldberger and Peng, 2002). As Epoch001 seems to be the most stable, it is
this series only that we should employ to check this aspect of the dynam-
ics.
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Defining

∀m; xm(j) = (x(i) + x(i− 1))/2, j = mod2(i)

so that the half frequency series length n/2 is 193 double i.b.i.s long
the quarter frequency series is 96 long, and the eighth frequency series
is 48 long, then ESf(1/2) = -.3111, ESf(1/4) = -.3194, and ESf(1/8) = -.1621.

Multiple analyses on sample series

Comparing the behaviour of different indices computed on successive
subsamples of time series is comparing the actions of different filters. A
filter may or may not preserve metric information, linear statistics such
as autocorrelations or moments do, and the various entropy-based indices
do not, but are based in information theory. A filter may reject some in-
formation and may also transform it or create spurious information if its
inbuilt assumptions are not compatible with the data structure. If the basic
processes being studied are not stationary, then a filter that only represents
some of the information present may vary in what it captures.

As an illustration of the variability that can be found under conditions
that might reasonably be thought to be stable and even tranquil, Table
10.19 shows one series collected under meditation conditions. The values
are here expressed as interbeat intervals (i.b.i) in 100ths of a second. This
series could be taken as one sort of base rate situation. The various mea-
sures are not usually all computed on the same data set and show some
mutual disagreements. All entropy-based measures I have seen have in-
built tuning parameters to be set in their computation and their settings
can critically affect the performance of the measures, that is filters, as pro-
cess identifiers (Richman and Moorman, 2000).

The relative utility of the various measures is not simply decided, as
they reflect different properties of the nonlinear dynamics. We can say,
using the LLE as the basic criterion, that all the series are chaotic, to a small
degree, and that the largest Lyapunov does vary a bit over time in what
may be psychophysiologically interpreted as a stable process, as has been
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reported in our previous work (Gregson and Leahan, 2003). ESf does have
a stronger relation to LLE than ApEn, which is not surprising because ESf
uses more series information to construct its values.

Figures 10.7, 10.8, 10.9: The raw data of Meditation blocks 1, 4 and 10
Showing non-stationarity. Vertical scales vary.

Each of the ESf values has been checked against the 95% confidence
interval found from a set of 50 random surrogate series, and shown to be
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outside and above the associated random interval.

The higher-order bESf matrices for two selected blocks are shown in
Tables 10.20 and 10.21. As previously, the bold-face entries are within the
random surrogate 95% c.i. The mixture of chaotic and random components
of the higher-order dynamics again appears. There is a possible resem-
blance between Tables 10.8 and 10.13, interestingly as one is drawn from
Australia and the other from the USA, they are independent analyses.

Table 10.19: Descriptive statistics of Meditation series
This series of ECG data is taken from the PhysioNet archives.

Block LLE mean Kurt ESf D2 H ApEn
1-400 +.1123 68.88 -0.572 -.4341 1.813 .1866 1.020

401-800 +.1062 71.53 -0.999 -.4678 1.853 .1472 0.950
801-1200 +.1198 73.51 -1.287 -.4594 1.819 .1805 0.829

1201-1600 +.0986 73.48 -1.135 -.4529 1.801 .1987 0.953
1601-2000 +.1285 73.70 -0.973 -.4837 1.767 .2333 0.949
2001-2400 +.1513 74.63 -1.092 -.4935 1.832 .1684 1.029
2401-2800 +.1224 74.12 -1.047 -.4238 1.807 .1931 0.954
2801-3200 +.1496 75.02 -1.188 -.4359 1.810 .1934 0.872
3201-3600 +.1284 73.38 -0.622 -.4857 1.859 .1411 1.053
3601-4000 +.1254 75.85 -0.403 -.4185 1.769 .2314 1.111

– – – – – – – –
cftv .129 .025 .300 .056 .016 .155 .082
regr 1 63.53 -2.02 -0.34 -0.02 0.06 0.15
corr 1 .544 -.116 -.214 -.010 .034 .030

Key: Block: beats in sequence. LLE: largest Lyapunov exponent. mean: av-
erage i.b.i. Kurt: kurtosis. ESf: entropic analogue of Schwarzian derivative.
D2: fractal dimensionality. H: Hurst index. ApEn: approximate entropy
(k = 10, δ = .02). cftv: coefficient of variation (σ/|µ|). regr: slope of regres-
sion of variable on LLE. corr: product-moment correlation of LLE with
variable.
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Whereas the series of i.b.i. durations under meditation was a time in-
terval series, or a point process, the next example is a fixed time interval
variable value series, of mv of cardiac activity at 100 Hz under conditions
of apnea. The intervals between peak values in the graphs, which are not
exactly constant, are the same in meaning as the variable i.b.i.s in the med-
itation example. That is, the scale here is enhanced and Table 10.19 is based
on slow dynamics while Table 10.22 reflects the higher frequency compo-
nents within each beat cycle, at 100 times the previous scale. It does not
follow that, because the i.b.i. series in Table 10.19 shows signs of chaotic
dynamics, the same would necessarily be expected of the mv series in
Table 10.22. The analysis follows exactly the same steps. It is seen that,
though the LLE values are still all positive, they are much lower than in
Table 10.19 and, given the relatively short series, may be treated as virtu-
ally zero. In apnea, the heart action is compromised, which is a dampening
of the dynamics. It is not possible directly to compare ESf or ApEn values
in Tables 10.19 and 10.22, because the two time series are quite different
in their meaning, but one may note the variability of ESF within each se-
ries. In Table 10.22 the coefficient of variation increases from .056 to .124,
whereas for ApEn it decreases from .082 to .056.

Table 10.20: bESf values for Block 4: with LLE lowest

EPbMd4 =


-.4373 -.4315 −.2604 −.3918 −.3996
−.6105 −.5100 −.2872 -.3420
−.2901 −.4853 −.1745
-.3526 −.2726
−.2026


Table 10.21: bESf values for Block 6: with LLE highest

EPbMd6 =


−.7213 −.4520 −.5510 −.3137 -.4894
−.3603 −.6031 −.4299 −.2864
-.4881 −.4290 −.5306
-.4580 −.4484
−.4372
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The original data did not specify if medication was being used when
these records were obtained, so it is not possible to partial out any causal-
ity, digitalis is often used to control arrhythmias, and these series are quite
regular and have a recurrent defined periodic spectrum, with no evidence
of tachycardia.

Here, the ApEn values are very stable, but the ESf shows fluctuations,
it uses higher-order derivatives and these appear to play a role that is not
detected by ApEn. The difference in the LLE values between Tables 10.19
and 10.22, suggesting that the slow i.b.i. series are chaotic, but the high
frequency mv series within the i.b.i.s are not chaotic, is not novel, but has
been considered for brain dynamics at different levels (Wright and Liley,
1996; Gregson, 1997).

Tables 10.23 and 10.24, unlike Tables 10.20 and 10.21, are generated by
the high frequency dynamics that produce the p,q,r,s fluctuations in mv in
each cycle near the peak. The values within the triangular bESf matrices
are lower for this (fast) series, than for the (slow) meditation i.b.i.s. There is
little evidence of any random components here, so the process is nonlinear
but not chaotic at a lower (slow) level, taking all the evidence in Table 10.24
together.

Panic Pre-dynamics

The findings of Gorman & Sloan (2000) on the importance of heart rate
variability have already been mentioned and it is important to note that
such variability itself is complex and has sources that are usually con-
founded without appropriate statistical analyses (Chon, Zhong, Wang, Ju
and Jan, 2006.

But the question remains, what measures of variability in time series
are most relevant? Tucker, Adamson & Mirander (1997) use power spec-
tral analysis. That presumes linearity and dynamic stationarity, and thus
filters out aspects of the dynamics that are known to be present in normal
cardiac activity, that is, in fact, edge-of-chaos (Winfree, 1987). So far as can
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Figures 10.10, 10.11, 10.12: The raw data of Apnea mv blocks 1, 5 and 7
Illustrating cyclic variation. Vertical scales vary
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Table 10.22: Descriptive statistics of Apnea mv series
This series of ECG data is taken from the PhysioNet archives.

Block LLE mean Kurt ESf D2 H ApEn
1-400 +.0246 .0009 13.81 -.4771 1.863 .1373 .383

401-800 +.0328 .0043 18.90 -.3427 1.741 .2594 .326
801-1200 +.0481 -.0021 19.25 -.4562 1.854 .1458 .344

1201-1600 +.0163 .0013 19.02 -.3357 1.900 .1003 .323
1601-2000 +.0625 -.0043 13.45 -.4150 1.860 .1404 .363
2001-2400 +.0516 .0032 17.69 -.4270 1.841 .1594 .371
2401-2800 +.0645 .0002 13.49 -.4413 1.876 .1244 .370
2801-3200 +.0387 -.0047 14.85 -.3303 1.863 .1370 .359
3201-3600 +.0439 .0041 15.24 -.4348 1.824 .1762 .379
3601-4000 +.0262 -.0077 16.19 -.4430 1.835 .1648 .370

– – – – – – – –
cftv .375 8.070 .138 .124 .022 .262 .056
regr 1 -.006 -58.355 -1.021 .135 -.131 .436
corr 1 .0245 .4001 -.3071 .0513 .0498 .3349

Key: As Table 19. For ESf k = 10, δ = .0025

Table 10.23 bESf values for Block (3) with ESf high

EPbApn3 =


−.3243 −.3653 −.1395 −.2625 −.1647
-.3043 −.3076 −.2130 −.4101
−.4350 −.2807 −.3520
−.1827 −.3461
−.1582
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Table 10.24: bESf values for Block (8): with ESf lowest

EPbApn8 =


−.3027 −.4218 −.2350 −.5100 −.3702
−.3523 −.2472 −.5195 −.3288
−.4834 -.4099 −.4909
−.2613 −.5160
−.1878



be deduced from literature reviews, variability is in most studies simply
equated with Gaussian variance about a mean heart rate.

Though the focus of this intended study is on heart rate variability dur-
ing periods when patients are not having panic, there are still other con-
ceptual difficulties to be noted. Margraf and Ehlers (1992, p. 154) remark
that it is inadequate to ”dichotomize the subjects’ complex responses sim-
ply into panic or not panic”. They note that it is not the case that during a
panic attack a subject’s heart rate always increases. ”In addition to being
prone to biases, relying on the artificial dichotomous variable ’panic/not
panic’ entails a considerable loss of information compared to the measure-
ment of continuous variables.” The same argument can be applied to the
time series analysis of cardiac activity, if the latter is only encoded as ”ele-
vated/normal” in the local mean rate.

Margraf and Ehlers conclude (1992, p. 224) that, ”a pure medical ill-
ness approach to panic has been shown insufficient, possible biological
vulnerabilities have been revealed only for subgroups, and the necessity of
a psychophysiological perspective has been underlined the integration of
different levels of analysis is a basic problem of all modern neuroscience.
Rather than biological or cognitive reductionism a true psychobiological
perspective is needed.”

Notes

The statistical calculations were made partly by using SANTIS software
from the Physiology Department of the University of Aachen and by the
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author’s own programs in Linux Fort77, and in Mathematica. Dr Pincus
kindly provided code of his Approximate Entropy program which was
rewritten into Linux. The time series in the second part were drawn from
the PhysioNet Archives.

Appendix

For µ = .735 the eigenvalues of LS are, in complex form:

1.0, .715 + .1009i, .715− .1009i, .645 + .1645i, .645− .1645i

The dimensionality of the embedding space of the Shilnikov attractor
is three. A perspective picture of its trajectory is given by Mitchener
& Nowak (2004, p. 704). The formal mathematics of the Shilnikov phe-
nomenon are given by Wiggins (1990, pp. 573, 602). It arises in the dy-
namics near an orbit homoclinic to a fixed point of saddle-focus type in a
third-order ordinary differential equation. The equation can be of the form

ẋ = ρx− ωy + P (x, y, z),
ẏ = ωx+ ρy +Q(x, y, z),
ż = λz +R(x, y, z).

where P,Q,R are complex. The eigenvalues are given by ρ± iω.
A deeper mathematical treatment is given by Wiggins (1988, p. 227

et seq), wherein it is noted that the attractor possesses a 2-dimensional
stable manifold and a 1-dimensional unstable manifold. The time of flight
between the two attractors is a function of λ.

The dynamics in the local regions of saddle-nodes, of which this can
be an example, are treated qualitatively by Shilnikov, Shilnikov, Turaev
& Chua (1998). A further treatment of the role of eigenvalues in the sub-
system identification of metastable Markov systems has recently been re-
viewed by Huisinga, Meyn and Schütte (2004).




