
Chapter 11

Appendix: Nonlinear
Psychophysical Dynamics

This appendix summarises some algebraic properties used in nonlinear
psychophysics with reference to their contextual literature in pure math-
ematics. It enlarges on some material presented graphically in Chapter 1,
and drawn on particularly in Chapters 3, 7, 8 and 10.

Alternative representations of the dynamics in real time:

(1) Julia sets of the dynamics, with coordinates the starting
points Y (Re, Im)0 of the recursive iterations which yield
the trajectories; attractor basins and self-similarities dis-
played with magnification.

(2) Dynamic partitions of the system’s parameter space; local
regions associated with attractor characteristics. Coordi-
nates are the equation’s fixed parameters, not the internal
variable.

(3) Mappings indicating homoclinic and heteroclinic orbits,
distinguishing real and complex spaces, and Poincaré
space sections.
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(4) Trajectories as parallel time series of Real and Imaginary
parts of the system variable Y , recurrence maps, and al-
ternative series based on transformations into polar coor-
dinates.

(5) Symbolic dynamic encodings of the time series created
by discrete partitioning into Markovian state variables.
These are the basis used here to identify arpeggio-like
subsequences.

(6) Response surfaces of terminal values of the trajectories
over the parameter space. These come in pairs and one
in the Reals corresponds most closely to psychophysical
data from the perspective of an external observer. Surfaces
may be differentiated and the derivatives used to estimate
response latency frequency distributions via Jacobians.

(7) Cross-entropy maps from input parameter values to Real
parts of the output at a fixed number of iterations. Used
to assess information loss in stimulus-response pairings.

(8) Time series of convoluted trajectories, with variable gain
parameters, matching in meaning < 4, 5, 6, 7 >.

A general mathematical results which Milnor (1992) draws on is that any
cubic polynomial map from the complex numbers C to C is conjugate,
under a complex affine change of variable, to a map of the form

z 7→ f(z) = z3 − 3a2z + b [11.1]

and we note that Γ in nonlinear psychophysical dynamics (NPD)(Gregson,
1988, 1992, 1995) which is defined as

Γ : Yj+1 = −a(Yj − 1)(Yj − ie)(Yj + ie), i =
√
−1, j = 1, ..., η

[11.2]
falls into this family.

A more general form which exemplifies the structural questions in-
volved is to rewrite Γ as its generic family

Γ : Yj+1 = f(π, ..., πζ , Yj−k(Re, Im), Yj(Re, Im))
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in which π is any parameter, and the presence of an indeterminate num-
ber of complex eigenvalues has to be allowed a priori. The dynamics vary
critically with the eigenvalue structure (Ilyashenko & Li, 1999). In [11.2]
we have simply ζ = 2 and one complex eigenvalue, in other words, a
complex conjugate pair. The subscript k allows for delay, and in [11.2] is
zero, but has been 1 in some cases considered (Gregson, 1995, 1998). The
terminating parameter η in [11.2] is not a necessary part of the definition;
it is merely an arbitrary limit to the trajectory.

The parameters {π} are usually taken to be scalar constants, but in
Γc convolutions become variables under some definable conditions. The
shape of the plot of Y (Re)/a is similar to a cumulative normal ogive, and
also to

v(x) =


0, x ≤ 0,
sin2 π

2x, 0 ≤ x ≤ 1,
1, x ≥ 1.

(Daubechies, 1992, p.74).

If, instead, the situation were to be modelled in stochastic dynamics,
then the nearest statistical model would be the random walk plus noise hier-
archical form (Atkinson, 1998)

yt = αt + εt εt ∼ N(0, σ2
ε ) [11.3]

εt+1 = αt + ηt ηt ∼ N(0, σ2
η) [11.4]

where y replaces Y (Re) in the NPD structure, and α replaces a in Γ. Both
the nonlinear dynamical convoluted system and the stochastic random
walk system use a single time counting unit, as usually presented, both
for the driving and the response parts, which is t in [11.3,11.4] above and
j in [11.2].

Consider a single channel psychophysical process mediated by a lo-
cally destabilised Γ trajectory (Gregson, 1988). There are three successive
time segments called epochs,

t = 1, ..., n1, n1 + 1, ..., n2, n2 + 1, ..., N
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The stimulus is only made to be present in the middle time segment, of
duration n2 − n1. The gain settings are ag in the first and third epochs,
and af in the middle epoch. To reflect familiar psychological terms, g is for
ground and f is for figure. For the ground condition in epochs 1,3 Γg is
[11.2] with a = ag, and for the stimulus epoch Γf is [11.2] with a = af .

Converting to polar coordinates, with starting values Y0(Re,Im), set

x = Y (Re), w = (Y0(Im).10c)−1, y = w(Y (Im).102c) [11.5]

then
r = (x2 + y2)1/2, tanθ = y/x [11.6]

are the renormed polar coordinates required.
For example, in studying the dynamics of rhythmic motion, Treffner

and Turvey (1996) use

dφ/dt = ∆ω − a sin(φ)− 2b sin(2φ) +
√
Qζt [11.7]

to predict equilibria and fluctuations in symmetry breaking during hand
coordination tasks.

In general, the family of maps

x 7→ x+ µ+ ε cos2πx = f(x, µ, ε), x ∈ R1, ε ≥ 0 [11.8]

where points in R1 that differ by an integer so that [11.8] can be regarded
as a map defined on the circle S1 = R1/Z is a generator of Arnol’d tongues
due to the presence of terms in O(ε3). So far, there exists no formal proof
that [11.2] with periodicity in a resembles a case of [11.8], but see Chavoya-
Aceves et al (1985)1

Milnor (1992, p.11) illustrates this point by comparing what he calls
”pointed-swallow” configurations in Arnol’d tongues with arch configu-
rations in cubic maps.

1 Arnol’d tongues can be generated also by the sine-map of the circle, which is

Yn+1 = Yn + a + b sin2πYn(mod1),

effectively the same form as [11.8].
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Let a = f(α| sin(κπt)|), 2.5 < a < 5.0, t ≡ j within the stimulus epoch.
Here κ determines the periodicity and α determines the amplitude, which
has to be constrained to keep the dynamics within the attractor basin of Γ.

——————————————————-
Table 11.1: Local behaviour of output after a sinusoidal peak input

rt for various e after 50 interations of Γ
e→ .2 .25 .3 .35
a ↓

4.3920 2.5663 0.9946 0.7954 4.9295
4.6789 3.9077 2.5827 1.4365 6.5242
4.8790 1.6367 2.4472 5.6596 13.9506
4.9842 0.7577 4.2730 9.4996 23.4724
4.9904 0.9428 4.8962 18.8983 55.2053
4.8973 1.9336 8.3213 23.8296 66.6827
4.7086 2.2313 2.0982 52.4784 203.6165
4.4319 3.4945 0.9261 10.1625 54.1295

——————————————————-
Some of the results here have been foreshadowed by Ott, Grebogi and

Yorke (1990). They write: ”The behaviour of the response system depends
on the behaviour of the drive system, but the drive system is not influ-
enced by the response system. We have split the drive system into two
parts. The first part represents the variables that are not involved in driv-
ing the response system, and the second part represents the variables that
are actually involved in driving the response system.” In cascaded Γ nota-
tion this is exactly the same thing as putting ak+1 = f(Yη|k(Re)) (Gregson,
1995, gives detailed examples).

Guided by psychophysical considerations, the situation chosen for ex-
ploration involves setting up a convolution of one Γ trajectory onto a cas-
cade of a second series of Γ trajectories, where the first Γ1 is quasiperiodic
or chaotic in the reals, and using

a2 = α+ βY1 (Re) [11.9]

where α and β are real positive scalars to make the range of Y2(Re) lie
within stable limits,, as a2 is input to Γ2 with its η2 not less than 4. This
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convolution, ΓC = Γ2(Γ1) in operator notation, with settings of e chosen
to give autonomous dynamics beyond the first bifurcation for each Γ, is
of potential interest and psychophysically possible. Such convoluted and
cascaded series are also compatible in principle with what is known about
pathways between the hippocampus and the frontal cortex (Halgren &
Chauvel, 1996).

For illustration consider two examples, for complex and for polar tra-
jectories. Suppose that a1 = 4.1251, e = .447226, α = 2.13 and β = 2.55,
then Y1(Re) runs into quasiperiod 8 with roughly to the first decimal place
the sequence .9•, .3•, .8•, .5•, .9•, .2•, ..., (the symbol • in each step indi-
cates omitted digits in the recursion of Γ). The a2 series then starts with
4.30•, 3.25•, 3.78•, 3.49•, 3.73•, 3.68•, .. and the generated Y2(Re) series
with η2 = 5 runs onto quasiperiod 8 with .9•, .7•, .8•, .6•, .9•, .7•, .9•, .6• ...
But in the first phase of the convolution the largest Lyapunov exponent is
negative, for the Y1(Re) series, it moves from positive to negative for the
polar r1 series, it is positive and slowly stabilises for Y2(Re) and is positive
and unstable for polar r2.

A second case where the dynamics are very near to explosion and
have become aperiodic can be created by setting a1 = 4.132503, e =
.447226, η1 = 360, then α = 2.13, β = 2.55, and η2 = 4, which creates
an interesting series in Y2(Re). The Y1(Re) series is quasiperiodic 8, with
.9•, .3•, .8•, .5•, .9•, .2•, .8•, .6•, .. and to characterise the Y2(Re) or r2 series
a variant of symbolic dynamics is useful (Kantz and Schreiber, 1997).

From examination of the generated Y2(Re) series for t = 1, ..., 359 a
convenient partitioning of Y to create an X variable is made (the set of
values {X} become the states of a Markov process, as are used in the box-
counting methods for mapping attractors; see Kreuzer, 1987).

and a series is then of the formX1m1X2m2X3m3....Xkmk..wheremk =
0, ...,∞ is the number of successive Ø values of X in the inter X interval
XkXk+1,X ∈ {A,B,C,D,E, F}. For example a continuous segment of the
series is found to read as

.......E3C3F1 C1C3E1A1C3F1D1C3D1B1C3F1 C1C3E1A1C3F1→
C1C3E2C3F1 C1C3E1A1C3F1D1C3... [11.10]
The → indicates unbroken continuity. The subsequence set in boldface
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——————————————————-
Table 11.2: Partitioning of input to create a symbolic variable

if 0 < Y < .61 X ≡Ø
if .61 < Y < .62 X ≡ A
if .62 < Y < .63 X ≡ B
if .63 < Y < .64 X ≡ C
if .64 < Y < .65 X ≡ D
if .65 < Y < .66 X ≡ E

and if Y > .66 X ≡ F
——————————————————-

may be regarded as an arpeggio-like event Φ. There are two time series
here which may provide evidence of near-chaos or chaotic dynamics; the
inter-Φ-interval frequency distribution and its series, its first two terms be-
ing 16 and 14 Xm steps, and the series of m values, at a finer resolution in
time, which is running as

.....3,1,1,3,1,1,3,1,1,3,1,1,3,1,1,3,1,1,3,1,3,2,3,1,1,3,1,1,3,1,1.. [11.11]
which is almost period 3.

The symbolic dynamics just constructed rest on only the Y2(Re) series;
if instead the associated polar modulus r2 series is used, not quite the
same patterns merge. The comparison analysis is performed on the same
segment of the trajectory of Γ2. Comparing with [11.10], but for polar r2,
reading the iterations from the same time point onwards,

...EC2C2FF1C1A2E1A1C3FFFFC2FFF1FC2FEF1FC2F→
F1C1CC2E1AFCD2F1C1C2.. [11.12] from which it is not possible to
identify any recurrent Φ within the same time window. The new sequence
of m values, corresponding to [11],is now

....2,2,0,1,1,0,2,1,1,3,0,0,0,0,2,0,0,0,1,0,2,0,0,1,0,2,0,1,1,1,0,2,0,0,0,2,..
[11.13]
Making a change in e from 0.447226 to 0.47227 is a sufficient example, still
just within stability retaining a2 unchanged.

For Y (Re) over the same range of iterations as before we now have
(compare [11.10]):

...E3C3E1A1C3F1C1C3E3C3 F1B1C3E1A1C3→
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F1B1C3FB1C3 F1B1C.. [11.14]
and again there is the emergence of an arpeggio Φ but not the same one as
in [11.10]. The m series corresponding to [11.11] is like

...3,3,1,1,3,1,1,3,3,3,1,1,3,1,1,3,1,1,3,1,1,3,1,1,... [11.15]
which is apparently quasiperiodic 3, rather like [11.10]. Repeating the exer-
cise for the corresponding symbolic dynamics of polar modulus r2 yields
(compare [11.12])

......EE1FC3E1A1CF1FF1CFCE2E2FCC1 FF1B1C2FEFA1→
C2 FF1B1C3F1BFCF1 FF1BFCF1.. [11.16]
and the weak emergence of a Φ is seen. The correspondingm series is now

....0,1,0,3,1,1,0,1,0,0,0,0,2,2,0,0,1,0,1,1,2,0,0,0,1,2,0,1,1,0,1,0,0,0,1,0,1...
[11.17]
which appears to be locally aperiodic.

It is immediately obvious that the autocorrelation structure of the re-
sponse Y2(Re) series can be different for the two cases, and the autocor-
relation structure will be related to the largest Lyapunov exponent. For
illustration, recomputing the last example given, in [11.14-11.17], with
a = 4.132503, e = .447227, which is period 8 approximately during the
driving stage, gives (for comparison with [11.14]) for Y2(Re),

......EFC1 CF2DF2A1 CF2EFC1 CF2DFA CF2EFB1 CF2DFA→
CF2EFB1 CF2DFB CF2EFB1CF... [11.18]
and in this string we can identify two Φ which may later coalesce. The
corresponding m series (compare [11.17]) is thus

0,0,1,0,2,0,2,0,2,0,0,1,0,2,0,0,1,0,1,0,0,1,0,2,0,0,1,0,2,0,0,1,0,2,0,0,1,0,2,.
[11.19]
which is period 5 after it stabilizes. The new polar r2 series is quasiperiodic
8 and quite uninteresting.

The definition of mutual information I(X,Y ) takes a general form,
with ∀i xi ∈ X, ∀j yj ∈ Y , and bivariate summation implicit

I(X,Y ) =
T∑
i=1

T∑
j=1

pXY (xiyj)log2
(

pXY (xiyj)
pX(xi)pY (yj)

)
[11.20]

The form of [11.20] extends to cover the case where one series is lagged
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onto itself, or delayed onto another realization of the same series, by writ-
ing (Abarbanel, 1996, p.28), where the lagged delay is θ recursive steps of
the map,

I(θ) =
T∑
n=1

(p(yn, yn+θ)log2
(

p(yn)
p(yn)p(yn+θ)

)
[11.21]

and we may then proceed to find the θ which maximises I(θ) for a
given realization of the process. For example, if [11.14] is repartitioned
at values Y (Re) = .54,.57,.62,.63,.64,.66 to give seven states over the con-
tinuum 0,1 then it is seen, as the system is stationary in its parame-
ters, that it is near equilibrium with a stationary state probability vector
.362,.139,.140,.008,.137,.002,.108. It is this vector which is stochastically ex-
ternally observable behaviour; the actual values depend on where the ar-
bitrary partitions on Y are set and how many are chosen. The basic infor-
mation definition H = −

∑7
i=1 pilog2(pi) can be computed for the vector.

A slightly different exploration of the Y2(Re) series, for various η2, is
used in Table 11.3. It is suspected that the information of the Y2(Re) fre-
quency distribution is a function of η2, from some precedents. For Table

—————————————————
Table 11.3: Information capacity of the Y2,η(Re) distributions

For various iterations, of the original and the first and second differenced series.
η2 H[Y (Re)] H∆1[Y (Re)] H∆2[Y (Re)]
2 2.502 1.419 1.376
4 2.505 1.470 1.418
5 2.508 1.423 1.422
6 2.500 1.367 1.307
7 2.529 1.447 1.457
8 2.500 1.369 1.307

10 2.500 1.351 1.309
11 2.501 1.351 1.309
15 2.501 1.326 1.312
—————————————————
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11.3 the Y2(Re) range has been partitioned into 10 equal steps of 0.1; if the
distribution were rectangular then H would be 3.322 (= log210). Actually,
it is not ever that, and for Y1(Re) H = 2.500, so, except for an apparent
irregularity at η2 = 7, the information is not much altered by the con-
volution, though the actual distribution of Y values is altered. The first
Lyapunov exponent can also reverse sign, and is not the same for the first
and second differences (∆1, ∆2) of the Y2 series.

A relevant comment of Boon and Prigogine (1998, p.4) who write:

Le phénomène musical possède une certaine cohérence, in-
termédiare entre l’aléatoire et le périodique: il y a des
corrélations, mais pas de structure strictement déterministe La
musique possède une symétrie brisée: elle se déroule selon un
ordre temporel

Notes

(1) The standard notation C, R, Z refers respectively to Complex, Real
and Integer domains. The notation of NPD algebra is made to be fully
consistent with the previous text references given.

(2) The idea of arpeggios Φ in the symbolic dynamics used here appar-
ently parallels what are also called isolating segments in chaotic phase
sequences (Wójcik, 1998).




