
Chapter 1

Introduction

1.1 Seismic signals

The surface of the Earth is in constant slight movement and the motion at any
point arises from both local effects, e.g., man-made disturbances or wind-induced
rocking of trees, and from vibrations arising from afar, such as microseisms
generated by the effect of distant ocean storms. If we look at the records from
an observatory seismometer in its carefully constructed vault, or from a geophone
whose spike is simply driven into the ground, we find that these largely consist
of such seismic ‘noise’. From time to time the irregular pattern of the records is
interrupted by a disturbance which rises above the background noise with a well
defined wavetrain (figure 1.1). This feature arises from the excitation of seismic
waves, away from the receiver, by some natural or artificial source.

Earthquakes are the most common natural generators of seismic waves, and in
the period range 0.001 Hz to 4 Hz their effect may be detected at considerable
ranges from the source (e.g., with a surface displacement of around 10-8 m at 9000
km for a surface wave magnitude of 4). Indeed for the largest earthquakes we can
observe waves that have circled the globe a number of times.

Most artificial sources such as chemical explosions and surface vibrators or
weight-dropping devices have a much shorter range over which they give detectable
arrivals. This distance is about 2 km for a single surface vibrator and may be
as large as 1000 km for a charge of several tons of TNT. Only large nuclear
explosions rival earthquakes in generating seismic waves which are observable over
a considerable portion of the Earth’s surface.

The nature of the seismic noise spectrum has had a profound influence on the
nature of the instruments which have been emplaced to record earthquake signals
and this in turn has affected the way in which seismic wave theory has developed.
The power spectral density for the velocity of the Earth’s surface as a function
of frequency is shown in figure 1.2, based on a study at the Gräfenburg array
(Harjes, 1981). The range of noise conditions for a reasonable quality station
is indicated by the shaded region and the solid line indicates a typical smoothed
velocity spectrum for the noise. Superimposed on the noise results are typical
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Figure 1.1. Eskdalemuir Seismogram for the Dardenelles earthquake 1912,∆ = 26.5◦,
Galitzin seismograph, vertical component.

amplitude spectra for theP wave,S wave and fundamental mode Rayleigh wave
(R) for a magnitude 7 earthquake. For smaller events the spectral peaks shift to
higher frequencies. The major noise peaks associated with the microseisms at
0.07-0.15 Hz cause considerable difficulties on analogue recording systems, since
it is difficult to achieve adequate dynamic range to cope with the whole range of
signals. For a photographic recording system there is an unavoidable limit to the
smallest signal which can be discerned due to the width of the light beam and large
signals simply disappear off scale. To avoid swamping the records of medium
size events with microseismic noise the commonest procedure is to operate two
separate instruments with characteristics designed to exploit the relatively low noise
conditions on the two sides of the noise peak. This is the procedure followed in the
World Wide Seismograph Network (WWSSN) which installed separate long-period
and short-period instruments at over 100 sites around the world in the 1960s.
The records from the long-period seismometers are dominated by the fundamental
modes of surface waves although some body waves are present. The short-period
records show principally body waves. A similar arrangement has been made for
the digital recording channels of the SRO network which was designed to enhance
the WWSSN system. The response curves for these instruments are illustrated in
figure 1.2b on the same frequency scale as the power spectra in figure 1.2a. We
see that these responses have a very rapid fall off in the neighbourhood of the noise
peak so that even with digital techniques it is hard to recover information in this
region.

For midcontinental stations the microseismic noise levels are much reduced and
it then becomes possible to follow the original approach of Galitzin and use a
single instrument over the frequency band of interest, as for example, in the Kirnos
instrument used in the Soviet Union. The actual sensor for the SRO system is
also a broad-band seismometer but the recording channels conform to the scheme
originally devised for analogue purposes.

With digital recording it is now possible to use such a ‘broad band’ instrument
even in noisier areas and to filter the data after recording if it is necessary to
suppress the microseisms. The displacement response of the Wielandt system used
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Figure 1.2. a) Power spectral density for velocity at the earth’s surface and the range of
noise conditions (shaded). The corresponding spectra forP, S and Rayleigh waves for
a magnitude 7 earthquake are also shown. b) Instrumental response curves for major
seismometer systems.

at the Grafenburg array is indicated in figure 1.2b (GRF); in velocity the response
is flat from 0.05-15.0 Hz. With digital techniques it is possible to simulate the
response of the narrower band WWSSN and SRO systems (Seidl, 1980) but the
full information is still available.

3



Introduction

Figure 1.3. Single shot spread for shallow reflection work showingP refractions and
reflections and prominent Rayleigh waves (R).

In near earthquake studies and in most work with artificial sources the recording
bandwidth is sufficient to include all the major wave phenomena. Here, however,
attention may be concentrated on just one part of the records, e.g., the first arriving
energy. In prospecting work the recording configuration with groups of geophones
may be designed to suppress the slowest surface waves (ground roll - Telford et
al., 1976). When high frequency information is sought in reflection work, single
geophones or very tight clusters may be employed to avoid problems with lateral
variations in near-surface properties. In this case monitor records show very clearly
the onset of compressionalP wave energy and the Rayleigh wave energy giving
rise to the ground-roll (figure 1.3). The directS wave is not seen very clearly
on vertical component geophones, but can just be discerned on figure 1.3. At
larger offsetsS waves reflected by the near-surface layering separate from the
ground-roll, and in figure 1.3 there is also some indication of higher mode surface
waves. Normally the ground-roll andSwaves would be suppressed by some form of
velocity filtering, but they do contain useful information about the shallow structure
which can complement theP wave information.

The advent of broad-band recording blurs the separation of seismic signals into
body waves and surface waves. Both are present on the same records and indeed
we see features that cannot be readily assigned to either class. The development of
seismic wave theory has tended to mirror this separation into body wave and surface
wave studies. We are now, however, able to adopt a more broadly based approach
and extract the full range of wave propagation effects from a unified treatment
which we shall develop in subsequent chapters.
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1.2 Seismogram analysis

The primary sources of information in seismology are the records of seismic events
obtained at the Earth’s surface. This means that we have a comparatively limited
sampling of the entire seismic wavefield in the Earth. We would, however, like not
only to deduce the detailed nature of the source which generated the seismic waves
but also to try to determine the elastic parameter distribution within the Earth.

During the years up to 1940, the analysis of the arrival times of seismic pulses
using ray theoretical methods led to the construction of models for theP wavespeed
distribution within the Earth (Jeffreys & Bullen 1940). The analysis technique,
and the smoothing applied to the observational data led to a continuously varying
wavespeed profile with radius. This was only interrupted by the boundary between
the mantle of the Earth and the fluid core and between the core and inner core.
The construction of such models stimulated the development of methods to handle
wave propagation in realistic media.

At this time the detailed character of the source was ignored and only its location
was of relevance to the travel-time studies. Subsequently the sense of the initialP
motions on a suite of seismograms from stations surrounding the earthquake were
used to assign a simple faulting model to an earthquake (fault-plane solutions - see,
e.g., Sykes, 1967) and propagation characteristics were largely ignored. It was,
however, noted that allowance must be made for earthquakes with epicentres in the
crust rather than in the mantle.

To improve on these very useful simple descriptions of the Earth’s structure and
the nature of earthquake sources, one must make further use of the information
contained in the original seismograms. Over the last decade, methods based on the
calculation of theoretical seismograms have been developed to aid in both source
and structural studies.

In order to model the nature of the wavetrains recorded by a seismometer we
have to take account of the entire process whereby the seismic energy reaches
the recording site. This may be separated into three major elements. Firstly, the
generation of the waves by the source, secondly, the passage of the waves through
the Earth to the vicinity of the receiver and finally the detection and recording
characteristics of the receiver itself.

The character of the propagation effects depends on the nature of the elastic
parameter distribution within the Earth and the scale of the paths of interest and can
display a wide variety of phenomena. Although we shall be principally concerned
with these propagation problems, we shall need to keep in mind the effect of both
source and receiver on the nature of the seismograms.

As we have seen above, the nature of the recording system can have a significant
effect on the nature of the wavetrains observed by any particular seismometer. The
construction of detailed models for seismic sources is rather difficult, particularly
when the rupturing processes in faulting are included, since the reaction of the
medium itself cannot be ignored. These aspects are discussed in detail in Volume II
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of Aki & Richards (1980). We shall be concerned with simple source descriptions,
in particular point sources specified by a moment tensor or a specified fault model,
without attempting to describe the mechanics of faulting.

1.3 Seismic waves

Although it is customary to treat seismic waves as if they satisfy the equations of
linear isotropic elasticity this is an approximation and we should be aware of its
limitations.

The level of stress within the Earth, predominantly due to gravitation, reaches
values of the order of 1011 Pa. The elastic moduli at depth are of this same order,
in fact in the lower mantle the stress is a little less than half the shear modulus and
one-fifth of the bulk modulus. If, therefore, we start from a reference state of a
non-gravitating earth we have strains of order unity, even in the absence of seismic
waves, and we could certainly not use linear theory. We therefore have to adopt an
incremental treatment about the gravitationally prestressed state.

As seismic waves pass through the Earth they lose energy by the geometrical
effect of the enlargement of the wavefront and by the intrinsic absorption of the
Earth. In most circumstances the loss due to scattering and absorption is relatively
small so that we are able to treat this attenuation of the seismic energy as a small
perturbation on the propagation process.

1.3.1 The effect of prestress

In the equilibrium state of the Earth, in the absence of seismic activity, the gradient
of the stress tensorσσσ0 matches the gravitational accelerations derived from a
potentialψ0,

∂σ0ij

∂xi
+ ρ0

∂ψ0

∂xj
= 0. (1.0)

whereρ0 is the equilibrium density and we have used the convention of summation
over repeated suffices. This initial stress field will be predominantly hydrostatic.
For perfect isostatic compensation at some level (by Airy or Pratt mechanisms)
there would be no deviatoric component at greater depths.

Except in the immediate vicinity of a seismic source the strain levels associated
with seismic waves are small. We therefore suppose incremental changes of
displacement (u) and stress (σij) from the equilibrium state behave as for an elastic
medium, and so these quantities satisfy the equation of motion

∂σij

∂xi
+ ρfj = ρ

∂2uj

∂t2
. (1.1)

6



1.3 Seismic waves

The body force termfj includes the effect of self-gravitation and in particular the
perturbation in the gravitational potential consequent on the displacement.

In order to express (1.1) in terms of the displacement alone we need a constitutive
relation between the stress and strain increments away from the reference state. The
usual assumption is that this incremental relation is that for linear elasticity and so
we modelσij by a stress fieldτij generated from the displacementu,

τij = cijkl∂luk, (1.2)

with ∂l = ∂/∂xl. The tensor of incremental adiabatic elastic moduli has the
symmetries

cijkl = cjikl = cijlk = cklij. (1.3)

If however there is a significant level of stress in the reference state the relation
(1.2) would not be appropriate and a more suitable form (Dahlen, 1972) is provided
by

τij = dijkl∂kul − uk∂kσ
0
ij. (1.4)

The second term arises because it is most convenient to adopt a Lagrangian
viewpoint for the deformation of the solid material. The constantsdijkl depend
on the initial stress

dijkl = cijkl +
2
3

(
δijσ

0
kl − δklσ

0
ij + δilσ

0
jk − δjkσ

0
il + δjlσ

0
ik − δikσ

0
jl

)
, (1.5)

and the tensorcijkl possesses the symmetries (1.3). For a hydrostatic initial stress
statedijkl reduces tocijkl. The slight influence of the second term in (1.4), is
frequently neglected. The main gradient of the stress tensorσ0ij is normally that
with depth and, for the hydrostatic component, is about 40 Pa/m in the Earth’s
mantle. In this region the elements ofcijkl are of order 1010 Pa and if we consider
a disturbance with a wavelength 200 km (i.e. a frequency around 0.05 Hz), the
term cijkl∂kul will be about 104 times the correctionuk∂kσ0ij, and this ratio
will increase with increasing frequency. For teleseismic studies the correction is
therefore negligible.

Deviatoric components of the initial stress are likely to be most significant in the
outer portions of the Earth, where spatial variability of the elastic constants is also
important. The initial stress state may therefore have significant spatial variation on
scales comparable to seismic wavelengths, and so the correctionuk∂kσ

0
ij in (1.4)

will be of greater significance than at depth.

1.3.2 Material anisotropy

A constitutive relation such as (1.2) expresses the macroscopic characteristics of
the material within the Earth. On a fine scale we will have a relatively chaotic
assemblage of crystal grains with anisotropic elastic moduli. However, the overall
properties of a cube with the dimensions of a typical seismic wavelength (a few
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kilometres in the mantle) will generally be nearly isotropic. In consequence
the elastic constant tensor may often be approximated in terms of only the bulk
modulusκ and shear modulusµ

cijkl = (κ− 2
3µ)δijδkl + µ(δikδjl + δilδjk). (1.6)

Significant large-scale anisotropy has only been established in a limited number
of circumstances; for example, at the top of the upper mantle under the oceans there
is about five per cent anisotropy inP wavespeed (Raitt, 1969). Such anisotropy is
likely to arise when there is preferential alignment of crystal grains, associated with
some prevailing tectonic stress.

In the period before a major earthquake, significant prestrain can be built up in
the epicentral region, which will be relieved by the earthquake itself. The presence
of such a strain modifies the local constitutive relation as in (1.4), whereσ0ij is to be
taken now as the stress associated with the prestrain (Walton 1974), and this will
give rise to apparent anisotropy for propagation through the region. The presence
of non-hydrostatic stress will have a significant effect on the crack distribution in
the crust. At low ambient stress and low pore pressure within the rocks, systems
of open cracks may be differentially closed. At high ambient stress, systems of
closed cracks may be opened if the pore pressure and non-hydrostatic stress are
large enough, and new cracks may also be formed. Suchdilatancy effects lead to
aligned crack systems over a fair size area, and this will give apparent anisotropy
to seismic wave propagation through the region. Recent evidence suggests such
effects are observable in favourable circumstances (Crampin et al., 1980).

For near-surface rocks, patterns of cracking and jointing can also give rise to
anisotropic variation in wavespeed.

Transverse anisotropy, where the vertical and horizontal wavespeeds differ, can
be simulated by very fine bedding in sedimentary sequences below the scale
of seismic disturbances. Evidence from well logs suggests that this effect can
be important in some prospecting situations for compressional wave propagation
(Levin, 1979).

Transverse isotropy has also been postulated for the outer part of the upper
mantle above 250 km depth, in an attempt to reconcile the observed dispersion
of Love and Rayleigh waves at moderate periods (Dziewonski & Anderson, 1981).
Here the differences in horizontal and vertical wavespeed are needed principally
for shear waves.

We shall subsequently mostly study propagation in isotropic materials. We will,
however, wish to consider coupling betweenP andSVwaves through the nature of
the seismic wavespeed distribution and the methods which we shall use are directly
extendable to full anisotropy.
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1.3 Seismic waves

1.3.3 Attenuation

We have a very complex rheology for the mineral assemblages in the crust
and mantle. Over geological time scales they can sustain flow, and in the
fold belts of mountain systems we can see considerable deformation without
fracture. However, on the relatively short time scales appropriate to seismic wave
propagation (0.01s-1000s) we cannot expect to see the influence of the long-term
rheology, and the behaviour will be nearly elastic. The small incremental strains
associated with seismic disturbances suggest that departures from our constitutive
relations (1.2) or (1.4) should obey some linear law.

Any such anelastic processes will lead to the dissipation of seismic energy
as a wave propagates through the Earth. Among phenomena which may be of
importance are crystal defects, grain boundary processes and some thermoelastic
effects (see, e.g., Jackson & Anderson, 1970). Anderson & Minster (1979) have
suggested that the dislocation microstructure of mantle materials can account for
long-term steady-state creep and for seismic wave attenuation. In this model the
glide of dislocations within grains leads to attenuation, whilst climb and defect
annihilation processes in the grain boundaries account for the long term rheology.

The anelastic behaviour may be included in our constitutive laws by introducing
the assumption that the stress at a point depends on the time history of strain,
so that the material has a ‘memory’ (Boltzman, 1876). The theory of such
linear viscoelasticity has been reviewed by Hudson (1980) and he shows that the
appropriate modification of the isotropic constitutive law is

τij = λ0δij∂kuk + µ0(∂iuj + ∂jui)

+

∫ t
0

ds

(
Ṙλ(t− s)δij∂kuk(s)

+Ṙµ(t− s)[∂iuj(s) + ∂jui(s)]

)
. (1.7)

Hereλ0 = κ0 − 2
3µ0 andµ0 are the instantaneous elastic moduli which define the

local wavespeeds andRλ,Rµ are the relaxation functions specifying the dependence
on the previous strain states.

We now take the Fourier transform of (1.7) with respect to time, and then the
stress and displacement at frequencyω are related by

τ̄ij(ω) = [λ0 + λ1(ω)]δij∂kūk(ω) + [µ0 + µ1(ω)](∂iūj(ω) + ∂jūi(ω)),(1.8)

whereλ1 andµ1 are the transforms of the relaxation terms

λ1(ω) =

∫∞
0

dtṘλ(t)e
iωt, µ1(ω) =

∫∞
0

dtṘµ(t)e
iωt (1.9)

So that if we are indeed in the regime of linear departures from elastic behaviour,
the stress-strain relation at frequencyω is as in an elastic medium but now with
complex moduli.
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A convenient measure of the rate of energy dissipation is provided by the loss
factorQ−1(ω), which may be defined as

Q−1(ω) = −∆E(ω)/(2πE0(ω)). (1.10)

Here∆E(ω) is the energy loss in a cycle at frequencyω andE0 is the ‘elastic’
energy stored in the oscillation. ThusE0 is the sum of the strain and kinetic energy
calculated with just the instantaneous elastic moduli. The energy dissipationδE is
just associated with the imaginary part of the elastic moduli. For purely dilatational
disturbances

Q−1
κ (ω) = −Im{κ1(ω)}/κ0, (1.11)

and for purely deviatoric effects

Q−1
µ (ω) = −Im{µ1(ω)}/µ0. (1.12)

For the Earth it appears that loss in pure dilatation is much less significant than loss
in shear, and soQ−1

κ � Q−1
µ .

Since the relaxation contributions to (1.7) depend only on the past history of the
strain,Ṙµ(t) vanishes fort < 0, so that the transformµ1(ω) must be analytic in
the upper half plane (Imω ≥ 0). In consequence the real and imaginary parts of
µ1(ω) are the Hilbert transforms of each other (see, e.g., Titchmarsh, 1937) i.e.

Re{µ1(ω)} =
1

π
P

∫∞
−∞ dω ′ Im{µ1(ω

′)}

ω ′ −ω
, (1.13)

where P denotes the Cauchy principal value. We cannot therefore have dissipative
effects without some frequency dependent modification of the elastic moduli. This
property is associated with any causal dissipative mechanism, and the analogous
result to (1.13) in electromagnetic work is known as the Kramers-Krönig relations.

From our definition (1.12) ofQ−1
µ we can rewrite the relation (1.13) in a way

which shows the dependence of Re{µ1(ω)} on the behaviour of the loss factor with
frequency,

Re{µ1(ω)} = −
2µ0

π
P

∫∞
0

dω ′ω
′Q−1
µ (ω ′)

ω
′2 −ω2

. (1.14)

When we wish to use observational information for the loss factorQ−1
µ (ω) we are

faced with the difficulty that this only covers a limited range of frequencies, but the
detailed form of Re{µ1(ω)} depends on the extrapolation ofQ−1

µ (ω) to both high
and low frequencies.

The distribution ofQ−1
µ with depth in the earth is still imperfectly known,

because of the difficulties in isolating all the factors which effect the amplitude of a
recorded seismic wave. However, most models show a moderate loss factor in the
crust (Q−1

µ ∼ 0.004) with an increase in the uppermost mantle (Q−1
µ ∼ 0.01) and

then a decrease to crustal values, or lower, in the mantle below 1000 km. Over the
frequency band 0.001-10 Hz the intrinsic loss factorQ−1

µ appears to be essentially
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1.3 Seismic waves

constant, but in order for there to be a physically realisable loss mechanism,Q−1
µ

must depend on frequency outside this band. A number of different forms have
been suggested (Azimi et al., 1968; Liu, Anderson & Kanamori, 1976; Jeffreys,
1958) but providedQ−1

µ is not too large (Q−1
µ < 0.01) these lead to the approximate

relation

Re{µ1(ω)} = 2µ0 ln(ωa)Q−1
µ /π, (1.15)

in terms of some time constanta. A similar development may be made for the
complex bulk modulusκ0 + κ1(ω) in terms of the loss factorQ−1

κ .
For a locally uniform region, at a frequencyω, substitution of the stress-strain

relation (1.8) into the equations of motion shows that, as in a perfectly elastic
medium, two sets of plane waves exist. TheSwaves have a complex wavespeedβ̄
given by

β̄2(ω) = [µ0 + µ1(ω)]/ρ (1.16)

influenced only by shear relaxation processes. In terms of the wavespeedβ0 =

(µ0/ρ)
1/2 calculated for the instantaneous modulus, (1.16) may be rewritten as

β̄2(ω) = β20

(
1+ Re{µ1(ω)}/µ0 − isgn(ω)Q−1

µ (ω)
)
, (1.17)

where we have used the definition ofQ−1
µ in equation (1.12). Even ifQ−1

µ is
frequency independent in the seismic band, our previous discussion shows thatβ̄

will have weak frequency dispersion through Re{µ1(ω)}.
For a small loss factor (Q−1

µ � 1) the ratio of complex velocities at two different
frequenciesω1 andω2 will from (1.15) be approximately

β̄(ω1)

β̄(ω2)
= 1+

Q−1
µ

π
ln

(
ω1

ω2

)
− isgn(ω)12Q

−1
µ . (1.18)

We can thus overcome the problem of the unknown constanta by agreeing to fix a
reference frequency (most commonly 1 Hz) and then

β̄(ω) ≈ β1
[
1+ π−1Q−1

µ ln(ω/2π) − isgn(ω)12Q
−1
µ

]
, (1.19)

whereβ1 is the velocity at 1 Hz. The presence of the frequency dependent terms in
(1.17, 1.19) arises from the requirement that all dissipative processes will be causal.
In consequence there will be no seismic energy arriving with wavespeed faster than
that in the reference elastic medium (β0). For an initially sharp pulse, propagation
through the lossy medium leads to an assymetric pulse shape with a fairly sharp
onset, illustrated in figure 1.4a.

WhenQµ(ω) has some significant frequency dependence, we will still obtain
a similar structure to (1.19) although the nature of the frequency dependence
Reβ̄(ω)} will vary. Smith & Dahlen (1981) have shown that, as suggested
originally by Jeffreys (1958), a weak frequency variation in loss factor,Q−1

µ ∝
ω−γ with γ ≈ 0.1, will fit the observed period (435.2 days) and damping of the
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Figure 1.4. a) Pulse after passage through a medium with causalQ−1
µ and associated

velocity dispersion;tr arrival time in reference medium. b) Pulse broadening due to scat-
tering.

Chandler wobble, as well as the results in the seismic band. The value ofγ is
dependent on the reference loss model and is primarily influenced by the properties
of the lower mantle. Lundquist & Cormier (1980) have suggested that the loss
factor in the upper mantle may vary significantly for frequencies between 1 and 10
Hz, and relate this to relaxation time scales for absorption processes. For shallow
propagation at high frequencies (10-60 Hz) O’Brien & Lucas (1971) have shown
that the constantQ−1 model gives a good explanation of observed amplitude loss
in prospecting situations.

For P waves the situation is a little more complicated since the anelastic effects
in pure dilatation and shear are both involved. The complex wavespeedᾱ is given
by

ᾱ2(ω) = [κ0 + 4
3µ0 + κ1(ω) + 4

3µ1(ω)]/ρ,

= α0{1+A(ω) − isgn(ω)Q−1
A (ω)}, (1.20)

where

α0 = [(κ0 + 4
3µ0)/ρ]

1/2 (1.21)

and we have introduced the loss factor for theP waves

Q−1
A = −Im{κ1 + 4

3µ1}/(κ0 + 4
3µ0). (1.22)

If loss in dilatation is very small compared with that in shear (i.e.Q−1
κ � Q−1

µ )

Q−1
A ≈ 4

3(β
2
0/α

2
0)Q

−1
µ , (1.23)

as suggested by Anderson, Ben-Menahem & Archambeau (1965). The real
dispersive correction to the wave speedA(ω) will have a rather complex form
in general but under the conditions leading to (1.23), we will have a similar form to
(1.15)

A(ω) = 2(κ0 + 4
3µ0)Q

−1
A ln(ωa)/π. (1.24)
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1.3 Seismic waves

We may therefore once again get a form for the complex wavespeed in terms of the
wave speed at 1 Hz (α1),

ᾱ(ω) = α1

[
1+ π−1Q−1

A ln(ω/2π) − isgn(ω)12Q
−1
A

]
. (1.25)

In the frequency domain, calculations with these complex velocities turn out to
be little more complicated than in the perfectly elastic case.

In addition to the dissipation of elastic energy by anelastic processes, the
apparent amplitude of a seismic wave can be diminished by scattering which
redistributes the elastic energy. As we have noted above, our choice of
elastic moduli defines a reference medium whose properties smooth over local
irregularities in the properties of the material. The fluctuations of the true material
about the reference will lead to scattering of the seismic energy out of the primary
wave which will be cumulative along the propagation path, and the apparent
velocity of transmission of the scattered energy will vary from that in the reference.
Since locally the material may be faster or slower than the assigned wavespeed, the
effect of scattering is to give a pulse shape which is broadened and diminished in
amplitude relative to that in the reference medium, with an emergent onset before
the reference travel time (figure 1.4b). At a frequencyω we may once again
describe the effect of the scattering by a loss factorsQ

−1(ω) and the changing
character of the scattering process leads to a strong frequency dependence. As the
wavelength diminishes, the effect of local irregularities becomes more pronounced
and sosQ−1 tends to increase until the wavelength is of the same order as the size
of the scattering region.

This scattering mechanism becomes important in areas of heterogeneity and
its influence seems largely to be confined to the lithosphere. There are
also considerable regional variations, with earthquake zones showing the most
significant effects (Aki, 1981).

For each wave type the overall rate of seismic attenuationQ−1, which is the
quantity which would be derived from observations, will be the sum of the loss
factors from intrinsic anelasticity and scattering. Thus forSwaves

Q−1
β (ω) = Q−1

µ (ω) + sQ
−1
β (ω). (1.26)

For P waves,

Q−1
α (ω) = Q−1

A (ω) + sQ
−1
α (ω); (1.27)

since the scattering component here is arising from a totally distinct mechanism
to the dissipation there is no reason to suppose thatsQ

−1
α , sQ−1

β are related in a
similar way to (1.23).

Recent observational results (Aki, 1981) suggest that the contributionsQ−1
µ

andsQ−1
β are separable via their different frequency behaviour (figure 1.5). The

intrinsic absorptionQ−1
µ is quite small and nearly frequency independent over the

seismic band and then superimposed on this with characteristics which vary from
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Figure 1.5. Frequency separation of intrinsic loss factorQ−1
µ from scattering contribution

sQ
−1
β .

region to region is the more rapidly varying scattering loss. Other studies also
indicate such an increase in the loss factorsQ−1 as the frequency rises towards a
few Hz. The results of figure 1.5 could be fitted with some postulated dependence
ofQ−1 on frequency. However, the wavespeed dispersion estimated by (1.14) from
such relations would be very misleading. It is only for the anelastic portionQ−1

µ ,
Q−1
A that we have dispersive wavespeed terms. The scattering contributionsQ

−1
β ,

sQ
−1
α does not have the same restriction to a local ‘memory’ effect and there is no

consequent dispersion.

1.4 Heterogeneity

As yet we have no means, besides the pure numerical, to consider seismic wave
propagation in a completely general medium with arbitrary variations in even
isotropic elastic properties. Even numerical methods are limited by storage and
time requirements to a restricted range of propagation. At high frequencies we
may make a ray theoretical development and this approach is described in some
detail in the book by̌Cerveńy, Molotkov & Pšeňćık (1978). For intermediate and
low frequencies ray theory results are hardly adequate.
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We will therefore adopt, for most of this work, a stratified model of the elastic
parameter distribution within the Earth in which the only dependence is on depth
(or radius). For this model we can use a range of methods to calculate the
propagational characteristics of the seismic waves. But we must bear in mind that
this, like our assumption of isotropy, is only an approximation of limited validity.

The considerable variability in the near-surface portion of the Earth means that,
at best, a horizontally stratified model has local meaning. It may be appropriate
for undisturbed sediments but certainly not in the regions disturbed by the intrusion
of diapiric salt domes which are of considerable commercial importance because
of their oil potential. Stratified models have been used with considerable success
in examining the details of the seismic properties in the oceanic crust (see, e.g.,
Helmberger, 1977; Kennett, 1977; Spudich & Orcutt, 1980). But for the continents
the lateral heterogeneity seems to be rather higher and stratified models are mostly
used to describe the broad features of the crustal properties.

The most significant lateral variations in properties which are excluded from the
stratified model are the transition zone from continent to ocean and the effect of
a subduction zone. The latter is of particular importance since it is the region in
which intermediate and deep focus earthquakes occur. When, therefore, we try
to simulate the propagation from such events by using a source embedded in a
stratified model, we must take care in the specification of the source. For higher
frequency propagation (around 1 Hz) the effect of the downgoing slab can be quite
important at teleseismic distance.

On a local scale, heterogeneity in the material properties gives rise to scattering
of seismic energy. If the fluctuations in elastic parameters are quite small the
main effect will be an attenuation of a seismic pulse and can be described by the
loss factorssQ−1

α , sQ−1
β . Larger fluctuations in properties give rise to significant

features on seismic records, in addition to those predicted from the averaged model.
Thus, following the mainP andS arrivals from local earthquakes is the coda, an
elongated train of waves with exponential decay of amplitude which appears to
arise from back-scattering from velocity variations in the crust and upper mantle
(Aki & Chouet, 1975). A horizontally stratified structure with a strong crustal
waveguide will also give rise to a similar style of coda, associated with multiple
reverberations in the waveguide.

In addition to significant irregularities in the seismic properties of the outer
regions of the Earth, there are a number of indications of heterogeneity in a region
about 200 km thick above the core-mantle boundary. The presence of scattering
from these regions is most apparent in those cases where scattered energy arrives
in a quiet portion of the records as precursors to a large phase. Such occurrences
are usually associated with stationary, but non-minimum-time, ray paths. Arrivals
which have been interpreted asP wave scattering in the near-surface region occur
before thePP phase for epicentral distances of about 100◦ (King, Haddon &
Husebye, 1975). Energy arriving beforePKIKP between 120◦ and 142◦ has
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also been attributed to scattering fromPKP near, or at, the core-mantle boundary
(Haddon & Cleary, 1974; Husebye, King & Haddon, 1976). It is possible that the
increases in loss factors near the core-mantle boundary in recentQ−1 models can
be attributed to scattering loss rather than enhanced intrinsic absorption.

1.5 Stratified models

In the previous sections we have discussed the characteristics of seismic wave
propagation within the Earth and the extent to which we are able to match this
behaviour with a relatively simple description of the constitutive relation and the
spatial variation of material properties.

As a simple, but reasonably realistic, model for studying the effect of the Earth’s
structure on seismic wave propagation we shall consider stratified media composed
of isotropic, nearly elastic, material. The weak attenuation will be included in the
frequency domain by working with complex wavespeeds.

To simplify the configuration, whilst retaining the physical features of interest,
we shall start by studying a horizontally stratified half space. On a local scale this
is often a good approximation, but as waves penetrate deeper into the Earth the
effects of sphericity become more important.

There is no exact transformation which takes the seismic properties in a stratified
sphere into those in an equivalent half space forP-SV waves (Chapman, 1973)
although this can be achieved forSH waves (Biswas & Knopoff, 1970). However,
by a suitable ‘earth-flattening’ transformation we can map the wavespeed profile
with radiusR in a sphere into a new wavespeed distribution with depthz in a
half space so that transit times from source to receiver are preserved. Thus in the
flattened model we take

z = re ln(re/R), (1.28)

and the wavespeeds after flatteningαf, βf are

αf(z) = α(R)(re/R), βf(z) = β(R)(re/R), (1.29)

where re is the radius of the Earth. This wavespeed mapping needs to be
supplemented by an approximate density transformation, e.g.,

ρf(z) = ρ(R)(R/re), (1.30)

which leads to the same reflection coefficients at normal incidence in the spherical
and flattened models.

In the outer regions of the Earth the distortion introduced by flattening is not
too severe and the ‘flattened earth’ can provide useful quantitative results. The
increased velocity gradients in the flattened model compensate for the crowding
effect of sphericity as the radius diminishes.

For studies of the deep interior from core-mantle boundary towards the centre
it is desirable to work directly with a spherical model, even though comparison
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studies have shown the flattening approximation to give quite good results (Choy
et al. 1980). The spherical model is of course essential for very long-period
phenomena which involve a substantial fraction of the Earth. For the spherical
case we are able to carry over the calculation methods developed for the half space
to give a unified treatment of the whole range of propagation problems.

1.6 Preview

Although our goal is to understand the way in which the features on observed
seismograms are related to the properties of the source and seismic structure of
the Earth, we need to establish a variety of mathematical and physical tools which
will help us in this task. These will be developed over the next few chapters.

We start in Chapter 2 by representing the seismic displacement within a
stratified medium as a superposition of cylindrical wave elements modulated by
angular terms depedent on source excitation. For each of these wave elements,
characterised by frequencyω, horizontal waveslownessp, and angular orderm,
we are able to follow the development of the associated displacements and tractions
with depthz by means of sets of coupled first order differential equations inz. For
an isotropic medium these equations separate into two sets:

i) P-SV, coupling compressional and shear wave propagation in a vertical plane,
ii) SH, shear waves with motion confined to a horizontal plane.

Such coupled equations are well suited to the solution of initial value problems, and
in this context we introduce the propagator matrix which acts as a transfer matrix
between the stress and displacement elements at two levels in the stratification.

In Chapter 3 we will discuss the construction of stress-displacement fields. For
a uniform medium we show how the seismic displacements can be expressed in
terms of upward and downward travelling waves and use this result to derive the
corresponding propagator. When the seismic wavespeeds vary smoothly with depth
an approximate stress-displacement field can be found for which the asymptotic
behaviour is like upgoing or downgoing waves.

Chapter 4 is devoted to the excitation of seismic waves by seismic sources. A
physical source is represented by an equivalent force system within our model of
a stratified medium. For finite size sources, the low frequency radiation may be
modelled by a seismic moment tensor, which gives the relative weighting of force
doublet contributions. For large source regions an extended multipole expansion
is needed if an equivalent point source is used. For a point source the seismic
wave excitation enters into the stress-displacement vector picture as a discontinuity
across the source plane.

The reflection and transmission of seismic waves in stratified regions are
introduced in Chapter 5. For coupledP-SV wave propagation we introduce
reflection and transmission matrices, whose entries are the reflection and
transmission coefficients between the different wave types. These matrices enable
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us to develop systematic techniques for handling conversion between wave types
and can also be related to the propagator matrix for a region.

In Chapter 6 we show that the overall reflection response of a zone of
the stratification can be built up by an addition rule, from the reflection and
transmission properties of its subregions. This addition rule enables us to produce
effective computational methods to construct reflection coefficients for a stack of
uniform layers or for piecewise smooth media, based on the stress-displacement
field representations introduced in Chapter 3.

Chapter 7 brings together the discussion of the excitation and reflection of
seismic waves to construct the full response of a stratified medium to excitation
by a source. A number of different representations exist for the full response which
exhibit different facets of the propagation process. By working with the reflection
properties of the stratification we are able to make a clear physical interpretation
of the contributions to the response. Once we have constructed the surface
displacements in the transform domain we may generate theoretical seismograms
by direct integration over the cylindrical wave representation; different algorithms
will be used depending on whether the integration over frequency or slowness is
performed first.

Complete theoretical seismograms including all body waves and surface effects
are expensive to calculate. They are most useful when the time separation
between the different seismic phases are small. Once the different types of seismic
wave contributions are well separated in time it becomes worthwhile to develop
approximate techniques designed to model the particular portions of the seismic
record which are of interest.

In Chapter 8 we consider the nature of seismic records as a function of distance
from the source and frequency content, so that we can use these results as a guide to
the appropriate approximations developed in Chapters 9–11. We consider reflection
seismograms as recorded in typical prospecting work and the refraction technique
used for lower resolution work to greater depths. We then turn our attention to the
records obtained at seismographic stations and look at the evolution of the seismic
field with epicentral distance.

With the aid of the reflection matrix approach it is fairly easy to construct
systematic approximations to the response which give a good representation of
certain parts of the seismic wave field. In Chapter 9 we show how to make use of
partial expansions of reflector operators to examine the effect of the free surface
and the near-surface zone with low wavespeeds. These approximations in the
frequency-slowness are then combined with suitable integration schemes to show
how the ‘reflectivity’ and ‘full-wave’ techniques are related to the full response.
We also show how simple approximate calculations may be made for teleseismicP
andSwaveforms.

In Chapter 10 we carry the expansion of the frequency-slowness response
much farther and represent the displacement field as a sum of generalized
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ray contributions with a specific form of frequency and slowness dependence.
This functional dependence can be exploited to produce the time and space
response for each generalized ray in uniform layer models (Cagniard’s method),
and asymptotically for piecewise smooth models using a method introduced by
Chapman.

The last chapter is devoted to a discussion of seismic surface waves and the
other contributions to the seismic response arising from pole singularities in the
representation of seismic displacements via reflection matrices. These poles arise
at a combination of frequency and slowness such that a single stress-displacement
vector can satisfy both the free surface condition and the radiation condition at
the base of the stratification. Once the modal dispersion curves as a function of
frequency and slowness have been found we can calculate theoretical seismograms
by superposition of modal contributions. With many mode branches we get, in
addition to a surface wave train with low group velocity, faster pulses with a body
wave character.
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