
Chapter 2

Coupled Equations for Seismic Waves

The incremental displacementu induced by the passage of a seismic wave is
governed by the equation of motion

ρ(x)∂ttui(x) = ∂jτij(x), (2.1)

in the absence of sources. The behaviour of the material enters via the constitutive
relation connecting the incremental stress and strain. When the approximation of
local isotropic behaviour is appropriate, the displacement satisfies

ρ(x)∂ttui(x) = ∂j [λ(x)∂kuk(x)δij + µ(x)(∂iuj(x) + ∂jui(x))] , (2.2)

which leads to rather complex behaviour for arbitrary spatial variation of the
elastic moduliλ, µ. As discussed in Section 1.3.3 we may accommodate slight
dissipation within the medium by allowing the moduliλ, µ to be complex functions
of frequency within the seismic band.

Even in a uniform medium whereλ andµ are constants the three components
of displacement are coupled but can be represented in terms of two simple classes
of disturbance. These are firstly, compressional (P) waves for which the dilatation
(∂kuk) satisfies

ρ∂tt(∂kuk) = (λ+ 2µ)∂jj(∂kuk), (2.3)

which we see to be a wave equation with associatedP wavespeed

α = [(λ+ 2µ)/ρ]1/2. (2.4)

In the second class, shear waves, the dilatation vanishes so that

ρ∂ttui = µ(∂ijuj + ∂jjui), (2.5)

and we may reduce (2.5) to the form of a wave equation by applying the curl
operator to give

ρ∂tt(curlu) = µ∂jj(curlu), (2.6)

and so we have anSwavespeed

β = [µ/ρ]1/2. (2.7)
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2.1 Depth dependent properties

In a uniform medium theP and S waves can exist separately, and the total
displacement will be a superposition of contributions from these two wave types.

For general spatial variation ofλ(x), µ(x) and ρ(x) we cannot make such a
separation of the wavefield intoP andS waves. If the spatial gradients in elastic
properties are slight, then waves which travel at the localP and S wavespeeds,
defined via (2.5), (2.7), can exist but these are coupled to each other by the gradients
of λ(x), µ(x) andρ(x)

2.1 Depth dependent properties

The complexity of the propagation problem is reduced somewhat if the elastic
properties depend only on depth. For such a horizontally stratified medium we
are able to set up coupled equations involving displacement and traction elements
in which the dependence of the wavefield on depth is emphasised.

We will adopt a cylindrical set of coordinates (r,φ,z) with the vertical axis
perpendicular to the stratification. The displacementu may be represented in terms
of its components

u(r, φ, z, t) = urer + uφeφ + uzez, (2.8)

using the orthogonal unit vectorser, eφ, ez. Since we are now working with a
spatially varying coordinate system, the gradient of the stress tensor, which appears
in the equation of motion (2.1), is not quite as simple as in the cartesian case.
Explicitly we have

∂zτrz + ∂rτrr + r−1∂φτrφ + r−1(τrr − τφφ) = ρ∂ttur − ρfr,

∂zτφz + ∂rτrφ + r−1∂φτφφ + 2r−1τrφ = ρ∂ttuφ − ρfφ,

∂zτzz + ∂rτrz + r−1∂φτφz + r−1τrz = ρ∂ttuz − ρfz, (2.9)

in the presence of a body force per unit massf. The relation between stress and
strain follows the usual functional form, so that for isotropy

τij = λδijekk + 2µeij, (2.10)

in terms of the components of the strain tensoreij. A further consequence of
the curvilinear coordinate system is that these strain elements now allow for the
distortion of the reference grid as well as displacement gradients. The stress
elements are related to the displacements by

τrr = (λ+ 2µ)∂rur + λ(∂zuz + r−1∂φuφ + r−1ur),

τφφ = (λ+ 2µ)r−1(∂φuφ + ur) + λ(∂zuz + ∂rur),

τzz = (λ+ 2µ)∂zuz + λ(∂rur + r−1∂φuφ + r−1ur),

τrz = µ(∂zur + ∂ruz),

τφz = µ(r−1∂φuz + ∂zuφ),

τrφ = µ(∂ruφ − r−1uφ + r−1∂φur). (2.11)
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Coupled Equations for Seismic Waves

In the equations of motion, derivatives with respect toz appear only on the
components of the traction across a horizontal plane

t(r, φ, z, t) = τrzer + τφzeφ + τzzez, (2.12)

and in the stress-strain relations (2.11)z derivatives appear on the displacement
components. The tractiont and displacementu are both continuous across any
planez = constwithin the stratification, under the assumption of welded contact
between any dissimilar materials. We therefore want to rearrange the equations of
motion and stress-strain relations so that derivatives with respect toz appear only
on the left hand side of the equations.

The additional gradient contributions arising from the cylindrical coordinates
complicate the behaviour for the horizontal elementsur, uφ, τrz, τφz. However, a
simple form may be found if we introduce the new elements (cf., Hudson, 1969b)

uV = r−1[∂r(rur) + ∂φuφ],

τVz = r−1[∂r(rτrz) + ∂φτφz], (2.13)

and

uH = r−1[∂r(ruφ) − ∂φur],

τHz = r−1[∂r(rτφz) − ∂φτrz], (2.14)

with similar definitions forfV , fH. We also introduce the horizontal Laplacian∇21
such that

∇21ψ = r−1∂r(r∂rψ) + r−2∂φφψ. (2.15)

In terms of these quantities we can rearrange the equations to a form where we
have managed to isolate thez derivatives. This leads to six coupled equations
which separate into two sets.

The first set is

∂zuz = −λ(λ+ 2µ)−1uV + (λ+ 2µ)−1τzz,

∂zuV = −∇21uz + µ−1τVz,

∂zτzz = ρ∂ttuz − τVz − ρfz,

∂zτVz = (ρ∂tt − ρν∇21)uV − λ(λ+ 2µ)−1∇21τzz − ρfV , (2.16)

where we have introduced the composite modulus

ρν = (λ+ 2µ) − λ2/(λ+ 2µ) = 4µ(λ+ µ)/(λ+ 2µ). (2.17)

These equations coupleP waves with local wavespeedα to SV shear waves,
involving vertical displacement, with wavespeedβ. The second set comprises shear
disturbances entirely confined to a horizontal plane (SH) with the same wavespeed
β :

∂zuH = µ−1τHz,

∂zτHz = (ρ∂tt − µ∇21)uH − ρfH. (2.18)
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2.1 Depth dependent properties

This decomposition into coupledP-SV and SH systems also occurs for a
transversely isotropic medium with a vertical symmetry axis (Takeuchi & Saito,
1972) and this case is discussed in the appendix to Chapter 3. For a generally
anisotropic medium it is still possible to arrange the elastic equations in a form
where derivatives with respect toz appear only on the left hand side of the equations
(Woodhouse, 1974) but now there is no decoupling.

The sets of coupled equations (2.16) and (2.18) still involve partial derivatives
with respect to the horizontal coordinates and time, and include all effects of
vertical gradients in the elastic parameters. Since the elastic properties do not
depend on horizontal position, we may use transforms over time and the horizontal
coordinates to reduce (2.16) and (2.18) to a set of ordinary differential equations in
the depth variablez. We take a Fourier transform with respect to time and, for the
horizontal coordinates, a Hankel transform of orderm over radial distance from
the origin and a finite Fourier transform over the angular variable:

Fm[ψ] = ψ̂(k,m,ω)

=
1

2π

∫∞
−∞ dteiωt

∫∞
0

dr rJm(kr)

∫π
−π

dφe−imφψ(r, φ, t), (2.19)

for which

Fm[∇21ψ] = −k2Fm[ψ]. (2.20)

For each azimuthal ordermwe introduce a set of variables related to the transforms
of the displacement and stress variables appearing in (2.16), (2.18) by

U = ûz, P = ω−1τ̂zz,

V = −k−1ûV , S = −(ωk)−1τ̂Vz,

W = −k−1ûH, T = −(ωk)−1τ̂Hz.

(2.21)

The scaling factors are designed to give a set of variables in each group with equal
dimensionality; the scaling via horizontal wavenumberk arises from the horizontal
differentation in (2.13), (2.14) and the frequency scaling for stress simplifies the
form of subsequent equations. These new displacement and stress quantities are
related by

ωP = ρα2∂zU− kρ(α2 − 2β2)V,

ωS = ρβ2(∂zV + kU),

ωT = ρβ2∂zW, (2.22)

in terms of theP andSwavespeedsα , β .
The body force terms must also be transformed and we apply a comparable

scaling to that for the stress variables

Fz = ρω−1f̂z,

FV = −ρ(ωk)−1f̂V ,

FH = −ρ(ωk)−1f̂H. (2.23)
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Coupled Equations for Seismic Waves

When we apply the Fourier-Hankel transform operator (2.19) to the equation
sets (2.16) and (2.18) we obtain coupled sets of ordinary differential equations
for the new displacement and stress quantitiesU(k,m, z,ω), P(k,m, z,ω) etc.
These transformed equations take a very convenient form if we work in terms of
the horizontal slownessp = k/ω , with units of reciprocal wavespeed, rather than
the horizontal wavenumberk. Thus forP-SVwaves we have

∂

∂z


U

V

P

S

 = ω


0 p(1− 2β2/α2) (ρα2)−1 0

−p 0 0 (ρβ2)−1

−ρ 0 0 p

0 ρ[νp2 − 1] −p(1− 2β2/α2) 0



U

V

P

S

−


0

0

Fz
FV

 ,
where ν = 4β2(1− β2/α2), (2.24)

and forSHwaves

∂

∂z

[
W

T

]
= ω

[
0 (ρβ2)−1

ρ[β2p2 − 1] 0

] [
W

T

]
−

[
0

FH

]
. (2.25)

For an isotropic medium the coefficients appearing in (2.24), (2.25) are
independent of the azimuthal orderm and the azimuthal dependence of
U(k,m, z,ω) etc. will arise solely from the nature of the force systemF. The
elements of the coupling matrices involve only the elastic parameters at the depth
z and not their vertical derivatives. This desirable property was first pointed out by
Alterman, Jarosch & Pekeris (1959) in an analogous development for a sphere, and
this makes (2.24), (2.25) well suited to numerical solution since the errors involved
in interpolating the elastic parameters are minimised.

Each of the sets of coupled equations (2.24) and (2.25) can be written in the form

∂zb(k,m, z,ω) = ωA(p, z)b(k,m, z,ω) + F(k,m, z,ω), (2.26)

in terms of a column vectorb whose entries are the displacement and stress
quantities. ForP-SVwaves

bP(k,m, z,ω) = [U, V, P, S]T , (2.27)

whereT denotes the transpose of the row vector. ForSHwaves

bH(k,m, z,ω) = [W, T ]T . (2.28)

When we wish to look at the general structure of the results we will write a general
stress-displacement vectorb in the form

b(k,m, z,ω) = [ w, t]T , (2.29)

and we will specialise, when appropriate, to theP-SVandSHsystems.
The displacementu and tractiont across any horizontal plane are continuous,

and since only horizontal derivatives enter into the definitions ofuV , uH, τVz, τHz
(2.13), (2.14) these will also be continuous across a horizontal plane. The transform
operatorFm preserves these continuity properties, and thus the stress-displacement
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2.1 Depth dependent properties

vectorb will be continuous across any plane of discontinuity in material properties
as well as all other planesz = const.

In the depth intervals where the elastic properties are continuous we may solve
(2.26) to construct the stress-displacement vectorb, and then we are able to use
the continuity ofb to carry the solution across the level of any jump in the elastic
parameters.

2.1.1 Coupled second order equations and propagation invariants

Although most recent studies of seismic waves in stratified media have made use of
the sets of first order differential equations we have introduced in equations (2.24)
and (2.25), there is an alternative formulation in terms of coupled second order
equations (Keilis-Borok, Neigauz & Shkadinskaya, 1965). This representation
gives further insight into the character of the displacement which will later be useful
when we consider the excitation of seismic waves by a source.

For SH waves, the two first order equations (2.25) are equivalent to the single
equation

∂z(ρβ
2∂zW) − ρω2(β2p2 − 1)W = −ωFH. (2.30)

In the P-SV wave case we have two coupled second order equations which are
conveniently expressed in terms of the displacement vectorw = [U,V]T ,

∂z[AAA∂zw +ωpBBBw] −ωpBBBT∂zw − ρω2(p2CCC− III)w = −ωFFF, (2.31)

whereIII is the identity matrix and the other2× 2matricesAAA, BBB, CCC are given by

AAA = ρ

[
α2 0

0 β2

]
, BBB = ρ

[
0 (2β2 − α2)

β2 0

]
, CCC =

[
β2 0

0 α2

]
. (2.32)

From (2.22) we may recognise the traction contibution to (2.32) as

ωt = AAA∂zw +ωpBBBw. (2.33)

Both (2.30) and (2.31) have the form

∂z(ωt) + KKKw = −ωFFF, (2.34)

in terms of an operatorKKK, and are self adjoint. We may make use of this property to
establish propagation invariants for theP-SVandSHwave systems. For frequency
ω and slownessp, consider two distinct displacement fieldsw1, w2, which satisfy
different boundary conditions, then the structure of the operatorKKK is such that

∂z[w
T
1t2 − tT1w2] = wT

2FFF1 − wT
1FFF2, (2.35)

as may be verified by direct evaluation. In the absence of sources the quantity

<w1,w2> = wT
1t2 − tT1w2, (2.36)
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Coupled Equations for Seismic Waves

is therefore independent of depth and thus a propagation invariant.<w1,w2> is a
weighted Wronskian for the coupled equations: explicitly, forP-SVwaves

<w1,w2> = U1P2 + V1S2 − P1U2 − S1V2, (2.37)

and forSHwaves we have a comparable form

<w1,w2> = W1T2 − T1W2. (2.38)

These invariants may also be established from the coupled first order equations.
For P-SV waves the coefficient matrixA appearing in (2.26) has the symmetry
properties:

(a) for a dissipative medium whenα, β are complex

NA + ATN = 0, (2.39)

(b) for a perfectly elastic medium

NA + AT∗N = 0, (2.40)

where a star indicates a complex conjugate, andN is a block off-diagonal matrix

N =

[
0 I

−I 0

]
. (2.41)

If we construct the quantitybT1Nb1 , then, in the absence of sources, from (2.26)
we find

∂z(bT1Nb1) = ωbT1 [A
TN + NA]b2 = 0; (2.42)

by (2.39), and performing the matrix multiplication,

bT1Nb1 = <w1,w2> = U1P2 + V1S2 − P1U2 + S1V2. (2.43)

For SHwaves we have similar behaviour,

(a) in the presence of dissipation

nA + ATn = 0, (2.44)

(b) for a perfectly elastic medium

nA + AT∗n = 0, (2.45)

where

n =

[
0 1

−1 0

]
. (2.46)

Once againbT1nb2 = <w1,w2>.
For a perfectly elastic medium, we may make use of the two symmetries (2.40),

(2.45) to establish a further propagation invariantbT∗1 Nb2. This invariant property
is a consequence of the conservation of energy in a lossless medium. Whenb1
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2.1 Depth dependent properties

andb2 are the same this invariant is simply a multiple of the energy flux crossing
planesz = const. It is, however, rather more difficult to give any simple physical
interpretation of<w1,w2> in the presence of dissipation.

We have hitherto considered the circumstance in which both stress-displacement
vectors have the same frequency and slowness. We shall later wish to have available
the results for different frequencies and slownesses, and so taking note of the
structure of (2.34) we use the combination

[wT
1 (ω1, p1)ω2t2(ω2, p2) −ω1t

T
1 (ω1, p1)w1(ω2, p2)]. (2.47)

For P-SVwaves

∂z[U1ω2P2 + V1ω2S2 −ω1P1U2 −ω1S1V2]

= ρ(ω21 −ω22)[U1U2 + V1V2] + 4ρ(1− β2/α2)β2[ω22p
2
2 −ω21p

2
1]V1V2

+(ω2p2 −ω1p1){[U1ω2S2 +U2ω1S1]

−(1− 2β2/α2)[V1ω2P2 + V2ω1P1]}, (2.48)

and forSHwaves

∂z[W1ω2T2 −ω1T1W2]

= ρ(ω21 −ω22)W1W2 + ρβ2(ω22p
2
2 −ω21p

2
1)W1W2. (2.49)

The propagation invariants play an important role in the description of the
seismic wavefield, even in the presence of sources, and we will frequently need
to use the quantity<w1,w2>.

2.1.2 Recovery of spatial displacement from b vector

The displacementu within the stratification can be recovered from the transformed
quantitiesU, V ,W which appear as elements of the stress-displacement vectorsb
by inverting the Fourier-Hankel transform (2.19).

The simplest case is that for vertical displacement since here a direct
transformation was made, thus in terms of the quantitiesU(k,m, z,ω)

uz(r, φ, z, t) =
1

2π

∫∞
−∞ dωe−iωt

∫∞
0

dk k
∑
m

U(m, z)Jm(kr)eimφ. (2.50)

This representation of the displacementuz may be regarded as a superposition of
cylindrical waves whose order dictates the nature of their azimuthal modulation. At
each frequency and angular order the radial contribution is obtained by superposing
all horizontal wavenumbersk from 0 to infinity. This corresponds to including all
propagating waves at the levelz within the stratification, from vertically travelling
to purely horizontal, for all wave types as well as the whole spectrum of evanescent
waves out to infinite wavenumber: a Sommerfeld-Weyl integral. At any particular
distancer the relative contributions of the wavenumbers are imposed by the radial
phase functionsJm(kr).
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Coupled Equations for Seismic Waves

For the horizontal components we must recall that the transform operation was
applied to the composite quantitiesuV ,uH. When we recoverur,uφ the horizontal
derivatives in (2.13), (2.14) are reflected by derivatives of the Bessel functions
and angular terms in the component expressions. The coupling of the horizontal
displacements inuV , uH means that the displacementsur anduφ involve both
V(k,m, z,ω) andW(k,m, z,ω):

ur(r, φ, z, t) =
1

2π

∫∞
−∞ dωe−iωt

∫∞
0

dkk

×
∑
m

[
V(m, z)

∂Jm(kr)

∂(kr)
+W(m, z)

im
kr
Jm(kr)

]
eimφ, (2.51)

uφ(r, φ, z, t) =
1

2π

∫∞
−∞ dωe−iωt

∫∞
0

dkk

×
∑
m

[
V(m, z)

im
kr
Jm(kr) −W(m, z)

∂Jm(kr)

∂(kr)

]
eimφ. (2.52)

The summation over angular orderm will in principle cover the entire range from
minus infinity to infinity, but the actual range of non-zero transform elements will
depend on the nature of the source exciting the disturbance.

The expressions (2.50)-(2.52) depend on the quantity

Ymk (r, φ) = Jm(kr)eimφ, (2.53)

and its horizontal gradient∇1Ymk , where∇1 is the operator

∇1 = er∂r + eφr−1∂φ. (2.54)

This dependence may be emphasised by rewriting the expressions for the three
components of displacement as a vector surface-harmonic expansion (Takeuchi &
Saito, 1972)

u(r, φ, z, t) =
1

2π

∫∞
−∞ dωe−iωt

∫∞
0

dk k
∑
m

[URmk + VSmk +WTmk ], (2.55)

where the vector harmonics are

Rmk = ezYmk , Smk = k−1∇1Ymk , Tmk = −ez ∧ Smk . (2.56)

These vector harmonics are orthogonal to each other so that, for example,∫∞
0

dr r
∫π
−π

dφRmk ...[S
µ
κ ]

∗ = 0 (2.57)

where the star denotes a complex conjugate. For an individual harmonic we have
the orthonormality property∫∞

0
dr r

∫π
−π

dφRmk ... [R
µ
κ ]

∗ = (kκ)−1/2 2πδmµδ(k− κ) (2.58)
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2.1 Depth dependent properties

with similar results forSmk , Tmk . These properties enable us to simplify
the calculation of source excitation coefficients. The corresponding harmonic
expansion for the tractiont hasωP, ωS, ωT in place ofU, V , W in (2.55). The
harmonicTmk lies wholly within a horizontal plane and, as we have already seen,
for an isotropic medium this part of the displacement and traction separates from
the rest to give theSHportion of the seismic field.

In the course of this book we will concentrate on three-dimensional problems.
It is, however, interesting to note that if we consider a two-dimensional situation,
where all stresses and displacements are independent of the cartesian coordinatey

and take a Fourier transform over time and horizontal positionx

ψ̄(k,ω) =
1

2π

∫∞
−∞ dteiωt

∫∞
−∞ dxe−ikxψ(x, t), (2.59)

then the sets of equations (2.24), (2.25) are recovered if we work in cartesian
components and set

U = iūz, P = iτ̄zz,
V = ūx, S = τ̄xz,

W = ūy, T = τ̄yz.

(2.60)

This treatment gives a plane wave decomposition rather than the cylindrical wave
decomposition implied by (2.50)-(2.55).

In a spherically stratified model we may make an expansion of the seismic
displacement in a spherical coordinate system(R, ∆,φ) in terms of vector tesseral
harmonics on a sphere (cf., 2.55). The transform variables are now frequency
ω, angular orderl and azimuthal orderm. We have a purely radial harmonic
Rml = eRY

m
l (∆,φ) and as in (2.48), a second orthogonal harmonicSml is generated

by the action of the gradient operator on a spherical shell. The displacement
elementsU, V associated withRml , Sml are coupled and represent theP-SVwave
part of the field. A stress-displacement vectorb(l,m,R,ω) can be constructed
from U, V and their associated stress variablesP, S. This vector satisfies a set of
first order differential equations with respect to radiusR with the same structure
as (2.26) (see, e.g., Woodhouse 1978). As in the horizontally stratified case these
equations are independent of the angular orderm. The remaining vector harmonic
Tml is orthogonal to bothRml andSml and its displacement elementW represents
theSHwave portion of the seismic field.

The angular orderl only takes discrete values, but we can think in terms of an
angular slowness℘ = (l + 1

2)/ω. At the surfaceR = re, the horizontal slowness
p = ℘/re. The phase termYml (∆,φ) appearing in all the vector harmonics has
angular dependencePml (cos∆)eimφ, and so we are faced with a summation inl
over a sequence of terms depending on associated Legendre functions. With the
aid of the Poisson sum formula the sum overl can be converted into an integral
over the variableυ = l + 1

2 , together with a sum which Gilbert (1976) has shown
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Coupled Equations for Seismic Waves

can be associated with successive orbits of waves around the Earth. If we consider
just the first orbit this gives a representation

ūR =

∫∞
0

dυ
∑
m

Ū(υ,m, re,ω)Pmυ−1/2(cos∆)eimφ (2.61)

for the radial displacement. At high frequencies,

Pmυ−1/2(cos∆)eimφ ∼

(
∆

sin∆

)1/2
Jm(ωpr)eimφ, (2.62)

in terms of the horizontal ranger = re∆. Thus, asymptotically, we recover
the expressions (2.50)–(2.52) for the surface displacements, with a scaling factor
(∆/ sin∆)1/2 to compensate for sphericity.

In the limitω → ∞ , ℘ = υ/ω fixed, the first order differential equations for
the displacement vectorb reduce to those for horizontal stratification (2.24) and
(2.25).

2.2 Fundamental and propagator matrices

In the previous section we have introduced the coupled differential equations (2.26)
for the stress-displacement vectorb. When we come to consider the excitation of
the seismic wavefield we will want to solve these equations subject to the source
effects and boundary conditions imposed by the nature of the stratification. At
a free surface we will require the traction elementsP, S, T to vanish. If the
stratification is terminated by a half space then we will impose a radiation condition
that the field in the half space should consist only of outgoing propagating waves or
evanescent waves which are exponentially damped as one penetrates into the half
space.

In order to use such boundary conditions with the coupled sets of first order
equations, we have to be able to relate the stress-displacement vectors at different
levels within the stratification. We do this by introducing matrices whose columns
consist of stress-displacement vectors satisfying particular boundary conditions.

As we wish to look at the evolution of the stress-displacement field with depth,
we fix the angular orderm, horizontal wavenumberk and frequencyω, and use
the shortened formb(z) to meanb(k,m, z,ω). In the absence of any forcing term
a stress-displacement vectorb(z) satisfies the equation

∂zb(z) = ωA(p, z)b(z). (2.63)

If, therefore, we construct a square matrixB(z) whose columns are independent
stress-displacement vectors satisfying different initial conditions, thenB(z) is
governed by the matrix equation

∂zB(z) = ωA(p, z)B(z). (2.64)

Normally the columns of such afundamentalmatrix would be chosen to have
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2.2 Fundamental and propagator matrices

some common characteristics. Thus, for example, they may be theb vectors
corresponding to upward and downward travelling waves at some level.

For SHwaves the fundamental matrixB is constructed from twob vectors

BH = [b1; b2], (2.65)

but for P-SVwaves we have fourb vectors present. Normally these would divide
into two groups, within which the properties are similar, e.g., downgoingP waves
and downgoingSVwaves,

BP = [b11,b12; b21,b22]. (2.66)

In each case we can partition the fundamentalB matrix to display the displacement
and stress elements, thus we write

B =

[
W1 W2

T 1 T 2

]
, (2.67)

in terms of displacement matricesW and their associated traction matricesT . For
the P-SVsystemW will be a 2 × 2 matrix whose columns can be thought of as
independent solutions of the second order system (2.31) and the traction matrix is
generated as in (2.33),ωT = AAA∂zW +ωpBBBW . In theSHcaseW andT are just
the displacement and traction elementsW, T . Any particular stress-displacement
vector can be created by taking a linear combination of the columns ofB, thus
b = Bc in terms of some constant vectorc.

We may establish a general form for the inverse of a fundamental matrix by
extending our treatment of propagation invariants. For the displacement matrices
W1 andW2 we introduce the matrix

<W1,W2> = WT
1T 2 − T T1W2, (2.68)

and then theijth entry in <W1,W2> is the expression<w1i,w2j> (2.36)
constructed from theith column ofW1 and thejth column ofW2. ForSH waves
there is no distinction between (2.68) and (2.36), but forP-SVwaves<W1,W2>

is a 2 × 2 matrix. Since each of the entries in (2.68) is independent of depth so
is <W1,W2> and we have a matrix propagation invariant. From the definition
(2.68)

<W1,W2>
T = −<W2,W1>. (2.69)

When the displacement vectors inW1 satisfy acommonboundary condition that a
linear combination of displacement and traction vanishes at some levelz0 i.e.

CCCw(z0) +DDDt(z0) = 000, (2.70)

for some matricesCCC,DDD, then

<w1i,w1j> = 0, for all i, j, (2.71)
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(these class of boundary conditions include free surface and radiation conditions).
In this case

<W1,W1> = 000. (2.72)

We will assume that (2.72) holds for bothW1 andW2 and then the form of
(2.68) suggests that we should try to construct the inverse of the fundamental matrix
(2.67) from the transposes of the displacement and traction matrices. The matrix
product[

T T2 −WT
2

−T T1 WT
1

] [
W1 W2

T 1 T 2

]
=

[
<W1,W2>

T 0

0 <W1,W2>

]
, (2.73)

when we use (2.72). The inverse of the fundamental matrix has, therefore, the
partitioned form

B−1 =

[
<W1,W2>

−TT T2 −<W1,W2>
−TWT

2

<W1,W2>
−1T T1 −<W1,W2>

−1WT
1

]
, (2.74)

where we have used the superscript−T to indicate the inverse of a transpose. For
many cases of interestW1 andW2 can be chosen so that<W1,W2> has a simple
form, often just a multiple of the unit matrix, in which case (2.74) simplifies by the
extraction of a common factor.

2.2.1 The propagator matrix

From any fundamental matrix we may construct a propagator matrixP(z, z0)

(Gilbert & Backus, 1966) for a portion of the medium as

P(z, z0) = B(z)B−1(z0). (2.75)

The propagator is a fundamental matrix satisfying the constraint

P(z0, z0) = I , (2.76)

whereI is the unit matrix of appropriate dimensionality. In principle, at least, the
propagator can always be constructed by solving an initial value problem for (2.64)
with the starting conditionB(z0) = I .

In terms of this propagator matrix the solution of (2.63) with the
stress-displacement vector specified at some levelz0 is

b(z) = P(z, z0)b(z0). (2.77)

The character of the propagator can be seen by writing (2.77) in partitioned form[
w(z)

t(z)

]
=

[
PPPWW PPPWT

PPPTW PPPTT

] [
w(z0)

t(z0)

]
. (2.78)

Thus the displacement elements atz depend on both the displacement and stress
elements atz0. The partitions of the propagator correspond to the displacement

32



2.2 Fundamental and propagator matrices

and traction matrices introduced in (2.68). We may use the general expression for
the inverse of a fundamental matrix (2.74) to find a partitioned form forP−1(z, z0).
SinceP(z0, z0) = I ,

<PPPWW , PPPWT> = III, (2.79)

and thus

P−1(z, z0) =

[
PPPTTT −PPPTWT

−PPPTTW PPPTWW

]
, (2.80)

a result which has also been pointed out by Chapman & Woodhouse (1981).
The continuity of theb vector at discontinuities in the elastic parameters means

that a propagator matrix, defined in (2.77) as a transfer function for the stress and
displacement between two levels, can be constructed for an arbitrary structure with
depth.P(z, z0) as a function ofz will be continuous across all planesz = const.

We can illustrate the role of the propagator by a simple scalar example: consider
the equation

∂zy = ωay. (2.81)

With a constant, the solution of the initial value problem withy specified atz0 is

y(z) = exp[ω(z− z0)a]y(z0). (2.82)

The exponential here acts as a transfer operator for the value ofy. In a similar way
if the coefficient matrixA is constant, so that we are considering a portion of the
medium with uniform properties, the solution of (2.63) is

b(z) = exp[ω(z− z0)A]b(z0), (2.83)

where the matrix exponential may be defined by its series expansion.
The propagator in (2.77) represents a generalisation of the initial value solution

(2.83) to the case whereA is not necessarily constant. In the context of general
matrix theory, the propagator is often referred to as a ‘matricant’ (see, e.g., Frazer,
Duncan & Collar, 1938). The propagator may be constructed for arbitraryA by a
recursive scheme, for a finite intervala ≤ z, z0 ≤ b,

Pj+1 = I +ω

∫z
z0

dζA(ζ)Pj(ζ, z0), (2.84)

with P0(z, z0) = I . This procedure is derived from the equivalent Volterra integral
equation to (2.64) and will converge uniformly asj → ∞, provided that all
the elements inA are bounded. This will always be true for solids, and so the
propagator is given by

P(z, z0) = I +ω

∫z
z0

dζA(ζ) +ω2
∫z
z0

dζA(ζ)

∫ζ
z0

dηA(η) + ... . (2.85)
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WhenA is constant this series is just the expansion of an exponential, as expected
from (2.83).

For the seismic case, the propagator always has unit determinant and so we have
no problems with singular behaviour. In general,

detP(z, z0) = exp

[∫z
z0

dζ tr A(ζ)

]
, (2.86)

and trA, the sum of the diagonal elements, is zero for the coefficient matrices in
(2.26), and thus

detP(z, z0) = 1. (2.87)

We have so far considered the propagator from the levelz0 but when we are
building up the seismic response we need the relation between propagators from
different starting levels. This can be found by recognising thatP(z, z0) andP(z, ζ)

are both fundamental matrices and so each column inP(z, z0) can be expressed as
a linear combination of the columns ofP(z, ζ),

P(z, z0) = P(z, ζ)C, (2.88)

for some constant matrixC. If we setz = ζ, P(ζ, ζ) is just the unit matrix and so
C = P(ζ, z0). The propagator matrices thus satisfy a chain rule

P(z, z0) = P(z, ζ)P(ζ, z0), (2.89)

which also leads to an interesting relation between the propagator and its inverse
(cf., 2.80)

P−1(z, z0) = P(z0, z). (2.90)

The chain rule may be extended to an arbitrary number of intermediate levels.
Consider a portion of the stratification betweenzn and z0 and divide this into
n parts with dividers atz1 ≤ z2 ≤ ...... ≤ zn−1; the overall propagator may
be obtained by successive use of (2.89) and is just a continued product of the
propagators for the subdivisions

P(zn, z0) =

n∏
j=1

P(zj, zj−1). (2.91)

If the intervalzj−zj−1 is sufficiently small, we may takeA to be essentially constant
over this depth range and so, by the mean value theorem,

A(z) ≈ A(ζj), zj−1 ≤ ζj, z ≤ zj. (2.92)

Thus with many fine intervals the overall propagator may be represented by a
product of matrix exponential terms,

P(zn, z0) =

n∏
j−1

exp[ω(zj − zj−1)A(ζj)]. (2.93)
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The approximation of takingA constant over the interval(zj, zj−1) is equivalent
to assuming that the elastic properties are uniform in this region i.e. we have
a homogeneous layer. The representation (2.93) is thus that produced by the
matrix method due to Thomson (1950) and Haskell (1953), for uniform layers,
and exp[ω(zj − zj−1)A(ζj)] is just thejth layer matrix.

2.2.2 Propagators and sources

Once we have some form of source in the stratification we must solve the
inhomogeneous equation (2.26)

∂zb(z) −ωA(p, z)b(z) = F(z), (2.94)

subject to some initial conditions on the stress-displacement vectorb. Since the
inverse of the propagatorP−1(z, z0) satisfies

∂zP−1(z, z0) = −ωP−1(z, z0)A(p, z), (2.95)

it may be recognised as an integrating factor for (2.26), and so multiplying (2.26)
by this inverse propagator we have

∂z[P−1(z, z0)b(z)] = P(z0, z)F(z). (2.96)

On integrating with respect toz and multiplying out byP(z, z0) we obtain

b(z) = P(z, z0)b(z0) +

∫z
z0

dζP(z, ζ)F(ζ), (2.97)

using the propagator chain rule (2.89). The presence of the source terms modifies
the previous simple form (2.77) and (2.97) displays the cumulative effect of the
source terms as we move away from the reference planez = z0.

An important class of sources are confined to a plane and arise from the
transformation of some point source leading to a dipolar contribution

F(z) = F1δ(z− zS) + F2δ′(z− zS). (2.98)

With this form forF(z), the integral contribution to (2.97) becomes∫z
z0

dζP(z, ζ)F(ζ) = H(z− zS)P(z, zS)S(zS), (2.99)

in terms of the Heaviside step function H(z), where the vectorS(zS) is given by

S(zS) = P(zS, zS)F1 − ∂ζP(zS, ζ)|ζ=zSF2. (2.100)

We recall thatP(zS, ζ) = P−1(ζ, zS) and so from (2.95)

S(zS) = F1 +ωA(p, zS)F2. (2.101)

With such a source confined to a plane, the effect of the forcing term appears
explicitly only for depthsz below the level of the sourcezS. Across the source
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plane itself the stress-displacement vector suffers a discontinuity at the source level
with a jump

b(zS+) − b(zS−) = S(zS) = F1 +ωA(p, zS)F2. (2.102)

Above the source the seismic field is governed by the initial conditions onb at z0,
which will normally involve the source indirectly via the boundary conditions on
the stress-displacement field.
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