
Chapter 4

Seismic Sources

A significant seismic event arises from the sudden release of some form of potential
energy within the Earth or at its surface. For earthquakes the stored energy
is usually associated with the strain built up across a fault zone by continuing
deformation. In some deep events it is possible that volume collapse occurs with the
release of configurational energy in upper mantle minerals in a phase transition. For
explosions either chemical or nuclear energy is released. Surface impact sources
dissipate mechanical energy.

In all these cases only a fraction of the original energy is removed from the
‘hypocentre’ in the form of seismic waves. Frictional resistance to faulting in
an earthquake may be overcome with the melting of material on the fault surface
(McKenzie & Brune, 1972). A chemical explosion compacts the material about the
original charge and a cavity is normally produced. For nuclear explosions much
energy is dissipated in the vaporisation of rock. At first a shock wave spreads
out into the medium and the stress is non-linearly related to the considerable
displacements. Only at some distance from the point of initiation do the
displacements in the disturbance become small enough to be described by the
linearised elastic equations we have discussed in chapter 1.

When we try to reconstruct the source characteristics from observations of linear
seismic waves we are not able to extrapolate the field into the near-source region
where non-linear effects are important, and so we have to be content with an
equivalent description of the source in terms of our linearised wave equations.

4.1 Equivalent forces and moment tensor densities

In our treatment of seismic waves we have assumed that the behaviour of the
material within the Earth is governed by linearised elastic (or nearly elastic)
equations of motion, and sources will be introduced wherever the actual stress
distribution departs from that predicted from our linearised model.

The true, local, equation of motion in the continuum is

ρ∂ttuj = ∂i[σij + σ
0
ij] + ρ∂jψ, (4.1)
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Seismic Sources

in an Eulerian viewpoint, even in the non-linear regime. As in Section 1.3,σij
represents the deviation of the local stress state from the initial stress state specified
by σ0ij, andψ is the gravitational potential. The stress will be related to the
displacementu via some constitutive equation, which in the non-linear zone may
have a complex dependence on the history of the motion.

As a model of the incremental stress we construct a fieldτij based on simple
assumptions about the nature of the constitutive relation between stress and strain
and the variation of the elastic constants with position. In order to get our linearised
equation of motion based on this model stressτij to give the same displacement
field as in (4.1), we have to introduce an additional force distributioneso that

ρ∂ttuj = ∂iτij + fj + ej, (4.2)

here f includes any self-gravitation effects. The presence of the forcee means
that the seismic displacements predicted by (4.2) are the same as in the true
physical situation represented by (4.1). We shall refer toe as the ‘equivalent force
distribution’ to the original source.

From our linearised viewpoint thesource regionwill be that portion of the
medium in whiche is non-zero. Where the displacements are smalle(x, t) is just
the gradient of the difference between the physical stress fieldσσσ and our postulated
field τττ

ej = ∂iσij − ∂iτij, (4.3)

If the source region extends to the earth’s surface we have to allow for the presence
of additional surface tractionses to compensate for the difference between the
tractions induced byτττ andσσσ. Thus we take

esj = niτij − niσij, (4.4)

at the surface, wheren is the local outward normal.
For an explosive source, the principal source region will be the sphere within the

‘elastic radius’, which is somewhat arbitrarily taken as the range from the point of
detonation at which the radial strain in the material drops to10−6. For this volume
our linearised equations will be inadequate and the equivalent forcesewill be large.
Outside the elastic radius we may expect to do a reasonable job of approximating
the stress and soe will be small and tend to zero with increasing distance from
the origin if our structural model is adequate. For small explosions, the equivalent
forces will be confined to a very limited region which, compared with most seismic
wavelengths, will approximate a point; we shall see later how we can represent
such a source via a singular force distribution.

For an earthquake the situation is somewhat different. The two faces of the fault
will be relatively undeformed during the motion and the major deformation will
occur in any fault gouge present. When we use the stress estimated from the rock
properties (τττ) in place of that for the gouge material (σσσ) we get a serious discrepancy
and so a large equivalent force. This forcee will be concentrated on the line of the
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4.1 Equivalent forces and moment tensor densities

Figure 4.1. Intermediate depth event in a subduction zone; the region in which sources are
introduced due to departures from the horizontally stratified reference model are indicated
by shading.

fault. For long wavelengths it will appear as if we have a discontinuity across the
fault with a singular force distribution concentrated on the fault plane.

In these circumstances we have a direct association of our equivalent forcese
with the idea of localised sources. However, from (4.3) we see that we have to
introduce some ‘source’ termse whenever our model of the stress fieldτττ departs
from the actual field. Such departures will occur whenever we have made the
wrong assumptions about the character of the constitutive relation between stress
and strain or about the spatial variation of the elastic parameters.

Suppose, for example, we have ananisotropicregion and we use anisotropic
stress-strain relation to findτττ. In order to have the correct displacements predicted
by (4.2) we need a force systeme, (4.3), distributed throughout the region. This
force depends on the actual displacementu and is therefore difficult to evaluate, but
without it we get incorrect predictions of the displacement.

Another case of particular importance is provided by lateral heterogeneity in
the Earth’s structure when we are using a stratified model, not least because of
the location of many earthquakes in zones of localised heterogeneity (subduction
zones). Consider an intermediate depth event in such a downgoing slab (figure
4.1). If we try to represent the radiation from such a source using the stratified
model appropriate to the continental side, our model stressτττ will not match the
actual physical stress in the neighbourhood of the source itself, and will also be
in error in the downgoing slab and the upper part of the oceanic structure. The
affected areas are indicated by shading in figure 4.1, with a greater density in those
regions where the mismatch is likely to be significant. The equivalent sources will
depend on the actual displacement field and at low frequencies we would expect
the principal contribution to be near the earthquake’s hypocentre. The importance
of the heterogeneity will increase with increasing frequency; at 0.05 Hz the shear
wavelength will be comparable to the thickness of the downgoing slab and so the
influence of the structure can no longer be neglected.

When an attempt is made to use observed teleseismic seismograms to invert
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for the source characteristics using a horizontally stratified reference model, the
effective source will appear throughout the shaded region in figure 4.1 and so any
localised source estimate is likely to be contaminated by the inadequacy of the
reference model. At present, in the absence of effective means of solving the
propagation problem for the heterogeneous situation it is difficult to assess how
large a systematic error will be introduced.

For each equivalent force distributione(x, t) we follow Backus & Mulcahy
(1976a,b) and introduce a moment tensor densitymij(x, t) such that, in the Earth’s
interior

∂imij = −ej, (4.5)

and if there are any surface traction effects,

nimij = esj , (4.6)

at the Earth’s surface. For anyindigenoussource, i.e. any situation in which forces
are not imposed from outside the Earth, there will be no net force or torque on the
Earth. The total force and torque exerted by equivalent forcese for such a source
must therefore vanish. In consequence the moment tensor density for an indigenous
source is symmetric:

mij = mji, (4.7)

(cf. the symmetry of the stress tensor in the absence of external couples).
The moment tensor density is not unique, but all forms share the same equivalent

forces and thus the same radiation. We see from (4.3) that a suitable choice for the
moment tensor density is

mij = Γij = τij − σij, (4.8)

the difference between the model stress and the actual physical stress. Backus
& Mulcahy refer toΓΓΓ as the ‘stress glut’. This choice ofmij has the convenient
property that it will vanish outside our source region.

4.2 The representation theorem

We would now like to relate our equivalent source descriptions to the seismic
radiation which they produce, and a convenient treatment is provided by the use
of the elastodynamic representation theorem (Burridge & Knopoff 1964).

Since we wish to consider sources in dissipative media we will work in the
frequency domain, and use complex moduli (1.8) in the constitutive relation
connecting our model stressτij(x,ω) to the displacementu(x,ω).

In the presence of a body forcef(x,ω) we then have the equation of motion

∂iτij + ρω
2uj = −fj. (4.9)

We now introduce the Green’s tensorGjp(x, ξξξ,ω) for our reference medium.
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4.2 The representation theorem

For a unit force in thepth direction atξξξ, with a Dirac delta function time
dependence, the time transform of the displacement in thejth direction atx (subject
to some boundary conditions) is thenGjp(x, ξξξ,ω). This Green’s tensor satisfies the
equation of motion

∂iHijp + ρω2Gjp = −δjpδ(x − ξξξ), (4.10)

whereHijp is the stress tensor atx due to the force in thepth direction atξξξ.
We take the scalar product of (4.9) withGji(x, ξξξ,ω) and subtract the scalar

product of (4.10) withuj, and then integrate over a volumeV enclosing the point
ξξξ. We obtain

up(ξξξ,ω) =

∫
V

d3xGjp(x, ξξξ,ω)fj(x,ω) (4.11)

+

∫
V

d3x [Gjp(x, ξξξ,ω)∂iτij(x,ω) − uj(x,ω)∂iHijp(x, ξξξ,ω)].

If ξξξ is excluded from the integration volume, the right hand side of (4.12) must
vanish. The second integral in (4.12) can be converted into an integral over the
surface∂V of V , by use of the tensor divergence theorem. For the anisotropic
‘elastic’ constitutive relation (1.2) we have

uk(ξξξ,ω) =

∫
V

d3ξξξGqk(ξξξ, x,ω)fq(ξξξ,ω) (4.12)

+

∫
∂V

d2ξξξnp[Gqk(ξξξ, x,ω)τpq(ξξξ,ω) − uq(ξξξ,ω)Hpkq(ξξξ, x,ω)],

wheren is the outward normal to∂V , and for subsequent convenience we have
interchanged the roles ofx andξξξ.

This representation theorem applies to an arbitrary volumeV and we may, for
example, takeV to be the whole Earth. With a homogeneous boundary condition
for the Green’s tensor on∂V , such as vanishing traction for a free surface, we may
derive the reciprocity relation

Gjp(x, ξξξ,ω) = Gpj(ξξξ, x,ω), (4.13)

from (4.13), since the surface integral vanishes. This enables us to recast the
representation theorem so that the Green’s tensor elements correspond to a receiver
atx and a source atξξξ, thus

uk(x,ω) =

∫
V

d3ξξξGkq(x, ξξξ,ω)fq(ξξξ,ω) (4.14)

+

∫
∂V

d2ξξξ [Gkq(x, ξξξ,ω)tq(ξξξ,ω) − uq(ξξξ,ω)hkq(x, ξξξ,ω)],

in terms of the traction componentstq and the Green’s tensor traction elementshkq
on∂V .

In this form the representation theorem (4.14) also applies to the case of a
prestressed medium with constitutive relation (1.4) if the quantitiestq, hkq are
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calculated using the Piola-Kirchhoff stress tensor (Dahlen 1972) in the undeformed
frame, as

tj = ni[τij + σ
0
jk(∂iuk − ∂kui)]. (4.15)

4.2.1 Source representation

Now we have established our representation theorem we will use it to investigate
source effects. We have seen that equivalent forcese are introduced whenever the
model stress tensorτττ departs from the actual physical stress. In the equations of
motion e plays the same role as any external forcesf, and so, since we consider
linearised seismic wave propagation, the additional displacement consequent on
the presence of the source is

uk(x,ω) =

∫
V

d3ηηηGkq(x, ηηη,ω)eq(ηηη,ω). (4.16)

This radiation field may be alternatively expressed in terms of a moment tensor
density by using the definitions (4.5), (4.6) and then integrating (4.16) by parts to
give

uk(x,ω) =

∫
V

d3ηηη∂pGkq(x, ηηη,ω)mpq(ηηη,ω). (4.17)

In (4.16) the integration will in fact be restricted to the source regionY and this
same region applies in (4.17) if we choose the ‘stress-glut’ΓΓΓ as the moment tensor
density.

As a model of an explosive type of source we consider a regionvs in V bounded
by a surfaceS on which the displacementus and tractionts are specified, the
associated seismic radiation will then be

uk(x,ω) =

∫
S

d2ξξξ {Gkq(x, ξξξ,ω)tsq(ξξξ,ω) − usq(ξξξ,ω)hkq(x, ξξξ,ω)}. (4.18)

If, then, we have some mathematical or physical model which allows us to predict
the displacement and traction field for an explosion as a function of position we may
carry the calculation out into the linear regime, e.g., to the ‘elastic radius’. These
calculated values forus andts may then be used to determine the seismic radiation.
For nuclear explosions such models based on finite element or finite difference
calculations have reached a high level of sophistication. With a Green’s tensor that
satisfies the free surface condition, (4.18) will give a good representation of the
radiation up to the time of the return of surface reflections to the source region, if
direct calculations forus, ts are used. Ideally, for shallow explosions the values of
us andts should include the effect of surface interactions, e.g., spalling.

The Green’s tensor to be used in (4.18) should correspond to propagation in
the geological situation prevailing before the explosion, including any pre-existing
stress fields; otherwise additional equivalent forces need to be introduced.
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Figure 4.2. Surface of discontinuity in displacement and tractionsΣ.

Unfortunately, our ability to solve propagation problems in complex media is
limited and so quite often although prestress will be included in the calculation
of ts, us, it is neglected away from the surfaceS and a relatively simple Green’s
function is used to estimate the radiation via (4.18).

A source representation in terms of displacement and traction behaviour on a
surfaceS is not restricted to explosions and could be used in association with
some numerical modelling of the process of faulting in an earthquake. Commonly,
however, we regard the earthquake as represented by some dynamic discontinuity
in displacement across a fault surfaceΣ. We can derive this singular case from
(4.18) by taking the surfaceS to consist of the two surfacesΣ+, Σ− lying on either
side of the fault surfaceΣ and joined at the termination of any dislocation (figure
4.2). If we take the Green’s tensor to correspond to the original configuration in
V , Gk(x, ξξξ,ω) and its associated tractionhk(x, ξξξ,ω) will be continuous across
Σ. The two surface integrals overΣ+, Σ− can therefore be combined into a single
integral

uk(x,ω) = −

∫
Σ

d2ξξξ {Gkq(x, ξξξ,ω)[tq(ξξξ,ω)]+− − [uq(ξξξ,ω)]+−hkq(x, ξξξ,ω)},

(4.19)

where[tq(ξξξ,ω)]+−, [uq(ξξξ,ω)]+− represent the jump in traction and displacement in
going fromΣ− to Σ+. The normaln is taken to be directed fromΣ− to Σ+. In
order to allow a flexible parameterisation of sources we do not restrict attention to
tangential displacement discontinuities. As it stands (4.19) is not readily interpreted
in terms of equivalent forces, as in (4.17), but it is apparent that all such forces will
lie in the fault surfaceΣ.
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We will consider the anisotropic ‘elastic’ case and then

hkq(x, ξξξ,ω) = np(ξξξ)cpqrs(ξξξ)∂rGks(x, ξξξ,ω), (4.20)

where for a dissipative mediumcpqrs will be complex. Since we are only concerned
with the values ofGkq andhkq onΣ, we introduce the Dirac delta functionδΣ(ξξξ, ηηη)
localised on the surfaceΣ. The integral in (4.19) can then be cast into the form

uk(x,ω) = −

∫
V

d3ηηηGkq(x, ηηη,ω){[tq(ξξξ,ω)]+−δΣ(ξξξ, ηηη)

+[us(ξξξ,ω)]+−nr(ξξξ)cpqrs(ξξξ)∂pδΣ(ξξξ, ηηη)},

(4.21)

where−∂pδ extracts the derivative of the function it acts upon and we have used
the symmetry ofcrspq = cpqrs. Equation (4.21) is now just in the form (4.17)
and so we may recognise the equivalent forcese. For the traction jump we have
force elements distributed alongΣ weighted by the size of the discontinuity. The
displacement jump leads to force doublets alongΣ which are best represented in
terms of a moment tensor densitympq.

We emphasise the difference in character between the two classes of
discontinuity by writing

uk(x,ω) =

∫
V

d3ηηη {Gkq(x, ηηη,ω)εq(ηηη,ω)+∂pGkq(x, ηηη,ω)mpq(ηηη,ω)}.(4.22)

The forcesεεε are then determined by the traction jump

εq(ηηη,ω) = −nr(ξξξ)[τqr(ξξξ,ω)]+−δΣ(ξξξ, ηηη). (4.23)

The moment tensor density is specified by the displacement jump as

mpq(ηηη,ω) = nr(ξξξ)cpqrs(ξξξ)[us(ξξξ,ω)]+−δΣ(ξξξ, ηηη), (4.24)

which has the appropriate symmetry for an indigenous source contribution (4.7).
The analysis leading to equivalent forces for a dislocation in a prestressed

medium is more complex but leads to comparable results (Dahlen, 1972; Walton,
1973). When we allow for the possibility of traction discontinuities, the forceεεε

is once again given by (4.23). The displacement jumps may be represented by the
moment tensor density

mpq(ηηη,ω) = nr(ξξξ)dpqrs(ξξξ)[us(ξξξ,ω)]+−δΣ(ξξξ, ηηη)

+nr(ξξξ)[ur(ξξξ,ω)]+−σ
0
pqδΣ(ξξξ, ηηη), (4.25)

in terms of the modulidpqrs (1.4) which themselves depend on the prestressσσσ0.
The contribution to (4.25) which involvesσσσ0 explicitly, only appears if there is an
opening crack situation whenεεε is also likely to be non-zero. Only the deviatoric
portion ofσσσ0 affects the moment tensor elements for tangential slip. In this case
(4.25) will only depart significantly from (4.24) if the shear stresses are large.
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4.2 The representation theorem

The seismic radiation predicted by (4.22) is determined purely by the
displacement and traction jumps across the surfaceΣ and the properties of the
material surrounding the fault appear only indirectly through the Green’s tensor
Gkq. In many cases some assumed model of the slip behaviour on the fault is used
to specify[u]+−. However, a full solution for[u]+− requires the interaction of the
propagating fault with its surroundings to be accounted for and this has only been
achieved for a few idealised cases.

Generally earthquake models prescribe only tangential displacement jumps and
then nr[u]+− = 0. However, the opening crack model is appropriate to other
observable events, e.g., rock bursts in mines.

4.2.2 Relaxation sources

Although most source models have been based on the dislocation approach
described above, a number of authors have worked with an alternative approach
in which the properties within a portion of a prestressed region undergo a sudden
change (relaxation). The simplest case is to take a spherical region with a uniform
prestress and this has been used by Randall (1966) and Archambeau (1968) among
others. The effect of inhomogeneous prestress has been considered by Stevens
(1980).

For illustration, we suppose a cavity with a surfaceS is suddenly created at a
time t = 0. The frequency domain solution for this initial value problem yields the
radiated displacement as

uk(x,ω) =

∫
S

d2ξξξ [Gkq(x, ξξξ,ω)tq(ξξξ,ω) − uq(ξξξ,ω)hkq(x, ξξξ,ω)]

+iω
∫
V

d3ξξξ ρ(ξξξ)ui
q(ξξξ)Gkq(x, ξξξ,ω), (4.26)

whereui is the instantaneous displacement att = 0. This expression is very similar
to those we have already encountered except that now we have an integral equation
for the displacementu. For a stress-free cavity the tractiont will vanish onS and
so (4.26) is simplified. In order to avoid explicit calculation of the initial value term
in (4.26) we may recognise thatui is the difference between two static fields - the
prestressed state without the cavity and the final equilibrium state. We may set up
a representation for the static fieldui in terms of the dynamic Green’s tensorGk as

ui
k = ω2

∫
V

d3ξξξ ρni
qGkq +

∫
S

d2ξξξ [Gkqt
i
q − ui

qhkq]. (4.27)

When we substitute from (4.27) for the volume integral in (4.26) we obtain

u′
k(x,ω) = −

∫
S

d2ξξξu′
q(ξξξ,ω)hkq(x, ξξξ,ω)

−(iω)−1

∫
S

d2ξξξ tiq(ξξξ)Gkq(x, ξξξ,ω), (4.28)
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whereu′ is the relative displacement field

u′(x,ω) = u(x,ω) − (iω)−1ui(x). (4.29)

The quantityt i is the traction drop from the initial prestressed state to the final
traction-free configuration onS. The initial value description (4.26) is thus
equivalent to imposing a stress pulse att = 0 to negate the tractions onS (4.28).

If we take the cavity to be spherical we have a good model for the radiation
produced by an explosion in a prestressed medium. For such a cavity embedded in
a uniform, isotropic, material Stevens (1980) has shown that an exact solution to
the integral equation (4.28) can be found in terms of vector spherical harmonics and
a multipole expansion. For an adequate model of earthquake faulting the surfaceS

should be rather flatter than a sphere, and then numerical solution of (4.28) would
be required. Qualitatively, however, the spherical model is still useful.

4.3 The moment tensor and source radiation

In Section 4.2 we have adopted a representation of the seismic radiation in terms of
a combination of distributed force elementsεεε and a moment tensor densitympq

uk(x,ω) =

∫
V

d3ηηη {Gkq(x, ηηη,ω)εq(ηηη,ω)

+∂pGkq(x, ηηη,ω)mpq(ηηη,ω)}. (4.30)

We will henceforth restrict our attention to a ‘stress-glut’ moment tensor density,
so that the integration in (4.30) can be restricted to the source regionY in which
our model stressτττ differs from the actual physical stress.

The response of our instruments and recording system imposes some upper limit
(ωu) on the frequencies for which we may recover useful information about the
displacement. In general therefore, we will be considering a band-limited version
of (4.30). At moderate frequencies the Green’s tensor elementsGkq(x, ηηη,ω) will
vary smoothly as the point of excitationηηη varies with a fixed observation pointx,
provided thatx lies well away from the region containingηηη. This suggests that
in (4.30) we should be able to represent the Green’s tensor variations withinY by
a small number of terms in a Taylor series expansion ofGkq(x, ηηη,ω) about the
hypocentrexS

Gkq(x, ηηη,ω) = Gkq(x, xs,ω) + (ηi − xSi)∂iGkq(x, xs,ω)

+1
2(ηi − xSi)(ηj − xSj)∂ijGkq(x, ηηη,ω) + ... . (4.31)

The number of significant terms will reduce as the frequency diminishes.
For extended faults the accuracy of this expansion may be improved by

making the expansion about the centroid of the disturbancexS(ω) rather than the
hypocentre, which is just the point of initiation.

With the expansion (4.31) the seismic radiationu can be approximated as a
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sequence of terms which represent increasingly detailed aspects of the source
behaviour.

We consider first the force contribution to (4.30)

uεk(x,ω) =

∫
Y

d3ηηηGkq(x, ηηη,ω)εq(ηηη,ω),

= Gkq(x, xs,ω)

∫
Y

d3ηηη εq(ηηη,ω)

+∂iGkq(x, xs,ω)

∫
Y

d3ηηη (ηi − xSi)εq(ηηη,ω) + ... .(4.32)

The displacementuε can therefore be represented in terms of the polynomial
moments of the distributed forces, so we may write

uεk(x,ω) = Gkq(x, xs,ω)Eq(ω) + ∂iGkq(x, xs,ω)E (1)
q,i + ... . (4.33)

EEE will be the total force exerted on the source regionY andE (1)
q,i the tensor of force

moments about the point of expansionxS. All of the elements in the series (4.33)
will appear to be situated atxS. We represent the distributed force system inY by
a compound point source composed of a delta function and its derivatives atxS.
For anindigeneoussource the total forceEEE and the momentsE (1)

q,i will vanish. We
will, however, retain these terms since a number of practical sources, e.g., those
depending on surface impact, are not indigenous.

The radiation associated with the moment tensor density may also be expanded
as in (4.32),

umk (x,ω) =

∫
Y

d3ηηη∂pGkq(x, ηηη,ω)mpq(ηηη,ω),

= ∂pGkq(x, xs,ω)

∫
Y

d3ηηηmpq(ηηη,ω) (4.34)

+∂ipGkq(x, xs,ω)

∫
Y

d3ηηη (ηi − xSi)mpq(ηηη,ω) + ... .

This representation ofum in terms of the polynomial moments ofmpq means that
we may write

umk (x,ω) = ∂pGkq(x, xs,ω)Mpq(ω)

+∂ipGkq(x, xs,ω)M
(1)
pq,i(ω) + ... . (4.35)

The integral of the moment tensor density across the source region (Mpq) is the
quantity which is frequently referred to asthemoment tensor

Mpq(ω) =

∫
Y

d3ηηηmpq(ηηη,ω). (4.36)

We see thatmpq(ηηη,ω)d3ηηη can be thought of as the moment tensor for the element

of volume d3ηηη. The third order tensorM(1)
pq,i preserves more information about the
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Figure 4.3. The representation of the elements of the moment tensor as weights for a set of
dipoles and couples.

spatial distribution of the moment tensor densitympq(ηηη,ω), and the inclusion of
further terms in the series (4.35) gives a higher resolution of the source behaviour.

The representation (4.35) is again an equivalent point source description of the
radiation from the original source volumeY. The leading order source here may be
thought of as a superposition of first derivatives of a delta function, describing force
doublets. The moment tensorMpq may therefore be regarded as the weighting
factor to be applied to the nine elements of the array of dipoles and couples
illustrated in figure 4.3. The diagonal elements ofM correspond to dipoles and
the off-diagonal elements to pure couples. The higher order tensorsM (j) are the
weighting factors in a multipole expansion.

4.3.1 A small fault

We now specialise our results for a dislocation source to the case of a small fault
embedded in a uniform medium.

From (4.23) and (4.30) any traction jump will, for low frequencies, be equivalent
to the point force components

Ej(ω) =

∫
Σ

d2ξξξni(ξξξ)[τij(ξξξ,ω)]+− (4.37)
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Figure 4.4. Force equivalents for simple source mechanisms: (a) an opening crack; (b)
tangential slip on a fault; (c) an explosion.

and for a small fault we may represent this as an averaged traction jump over the
surface areaA of the fault

Ej(ω) = Ani[τij(ω)]+−. (4.38)

For a displacement discontinuity the equivalent leading order moment tensor is
given by

Mij = −

∫
Σ

d2ξξξnk(ξξξ)cijkl(ξξξ)[ul(ξξξ,ω)]+−. (4.39)

We consider a displacement discontinuity in the direction of the unit vectorννν with
jump [u], and then

Mij = A[u(ω)]{λnkνk + µ(niνj + njνi)}, (4.40)

for an isotropic medium (1.6), where[u(ω)] is the averaged slip spectrum on the
fault surface.

When the directionννν lies along the normaln, as in an opening crack - figure
4.4a,

Mij = A[u(ω)]{λδij + 2µninj}, (4.41)

and if we rotate the coordinate system so that the 3 axis lies along the normal,Mij

is diagonal with components

Mij = A[u(ω)]diag{λ, λ, λ+ 2µ}. (4.42)

The equivalent force system is thus a centre of dilatation of strengthλ with a dipole
of strength2µ along the normal to the fault.
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For a purely tangential slip along the fault plane (figure 4.4b),ννν.n = 0, and so
the moment tensor components depend only on the shear modulusµ and

Mij = Aµ[u(ω)]{niνj + njνi}. (4.43)

In (4.43)n andννν appear in a completely symmetric role and so the zeroth order
moment tensorMij does not allow one to distinguish between the fault plane with
normaln and the perpendicular auxiliary plane with normalννν. Sincen.ννν vanishes,
the trace of the moment tensor is zero

tr M =
∑
i

Mii = 0. (4.44)

If we consider a coordinate frame with the 3 axis alongn and the slipννν in the
direction of the 1-axis, the moment tensor has only two non-zero components:

M13 = M31 = M0(ω), all other Mij = 0. (4.45)

Here we have introduced the moment spectrum

M0(ω) = Aµ[u(ω)], (4.46)

which defines the source characteristics as a function of time. The equivalent force
distribution specified by (4.45) will be two couples of equal and opposite moment
- the familiar ‘double-couple’ model of fault radiation.

The effect of a point explosion or implosion can be simulated by taking an
isotropic moment tensor

Mij = M0(ω)δij, (4.47)

where once again it is convenient to work in terms of the moment spectrum, which
is now equal to(λ+2µ)Aeur(ω) whereAe is the surface area of a sphere with the
‘elastic radius’re andur(ω) is the average radial displacement spectrum at this
radius (M̈uller, 1973). The equivalent force system consists of three perpendicular
dipoles of equal strength (figure 4.4c).

The equivalent force systems we have described apply to faults which are small
compared with the wavelengths of the recorded seismic waves. For larger faults,
the zeroth order point source contributions we have just discussed do not, by
themselves, provide an adequate representation of the seismic radiation. In addition
we need the first order contributions which give quadrupole sources and perhaps
even higher order terms.

4.3.2 Radiation into an unbounded medium

In the small source approximation the seismic displacement generated by the
presence of a dislocation is given by

ui(x,ω) = Gij(x, xs,ω)Ej(ω) + ∂kGij(x, xs,ω)Mjk(ω). (4.48)
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We specialise to a hypocentre at the origin and consider an observation point at
R in a direction specified by direction cosinesγi. In the time domain we have a
convolution of the temporal Green’s tensor and the force or moment tensor time
functions. For an unbounded isotropic elastic medium the displacement produced
by a point force was first given by Stokes (1849) and the results were extended to
couple sources by Love (1903) and we shall use these results as the basis of our
discussion.

The force contribution to the displacement is

4πρuεi (R, t) = (3γiγj − δij)R
−3

∫R/β
R/α

ds sEj(t− s)

+γiγj(α
2R)−1Ej(t− R/α)

−(γiγj − δij)(β
2R)−1Ej(t− R/β) (4.49)

The ‘far-field’ contribution decaying asR−1 follows the same time dependence as
the forceEEE . Between theP andSwave arrivals is a disturbance which decays more
rapidly, asR−3, as we move away from the source.

The displacement associated with the moment tensorMij depends on the spatial
derivative of the Green’s tensor and is

4πρumi (R, t) = 3(5γiγjγk − lijk)R
−4

∫R/β
R/α

ds sMjk(t− s)

−(6γiγjγk − lijk)(α
2R2)−1Mjk(t− R/α)

+(6γiγjγk − lijk − δijγk)(β
2R2)−1Mjk(t− R/β)

+γiγjγk(α
3R)−1∂tMjk(t− R/α)

−(γiγj − δij)γk(β
3R)−1∂tMjk(t− R/β),

(4.50)

with

lijk = γiδjk + γjδik + γkδij (4.51)

The ‘far-field’ terms which decay least rapidly with distance now behave like the
time derivative of the moment tensor components.

The radiation predicted in the far-field from (4.49) and (4.50) is rather different
for P and S waves. In figure 4.5 we illustrate the radiation patterns in three
dimensions for some simple sources. For a single force in the 3 direction the
P wave radiation is two-lobed with a cosθ dependence in local spherical polar
coordinates. TheS radiation resembles a doughnut with a sinθ dependence. The
patterns for a 33 dipole are modulated with a further cosθ factor arising from
differentiating in the 3 direction; and so we have a two-lobed cos2 θ behaviour
for P. The correspondingS wave radiation pattern, depending on sinθ cosθ, has
an attractive waisted shape. In a 31 couple a horizontal derivative is applied to the
force behaviour which leads to rather different radiation. TheP wave pattern is here
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Figure 4.5. Radiation patterns for simple point sources in a uniform medium: a) single 3
force; b) 33 dipole; c) 31 couple; d) 31 double couple.

four-lobed with angular dependence sinθ cosθ cosφ; displacements of the same
sign lie in opposing quadrants and the radiation maxima lie in the 13 plane. There
is noP wave radiation in the 12 or 23 planes. TheSwave radiation is proportional
to sin2 θ cosφ and this gives a two-lobed pattern with maxima along the 1 axis and
a null on the 23 plane; the two lobes give an opposite sense of displacement to the
medium and so impart a couple.
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For an explosion, with an isotropic moment tensorMjk = M0δjk, (4.50) reduces
to

4πρui(R, t) = γi{(α
2R2)−1M0(t− R/α)

+(α3R)−1∂tM0(t− R/α)}. (4.52)

This is a spherically symmetric, purely radial,P disturbance with noSwave part.
For a double couple without moment, simulating slip on a fault plane,Mjk =

M0[niνj + njνi], the displacement at the receiver pointR is given by

4πρui(R, t) = (9Qi − 6Ti)R
−4

∫R/β
R/α

ds sM0(t− s)

+(4Qi − 2Ti)(α
2R2)−1M0(t− R/α)

−(3Qi − 3Ti)(β
2R2)−1M0(t− R/β)

+Qi(α
3R)−1∂tM0(t− R/α)

+Ti(β
3R)−1∂tM0(t− R/β), (4.53)

where

Qi = 2γi(γjνj)(γknk), Ti = ni(γjνj) + νi(γknk) −Qi. (4.54)

We note thatQ which specifies the far-fieldP wave radiation is purely radial, lying
in the direction ofR. FurtherQ.T = 0, so that the far-fieldSwave radiation which
depends onT is purely transverse.

For both the explosion and the double couple, the radiation for the whole field
may be expressed in terms of the far-field factors.

It is interesting to compare the radiation pattern for a double couple with that for
a single couple with moment. If we taken in the 3 direction andννν in the 1 direction
then

Qi = 2γiγ1γ3, Ti = γ1δi3 + γ3δi1 − 2γiγ1γ3. (4.55)

The far-fieldP wave radiation pattern is given by

|Q|31 = 2γ1γ3 = sin2θ cosφ, (4.56)

and the far-fieldSradiation depends on

|T|31 = (γ21 + γ23 − 4γ21γ
2
3)
1/2 = (cos2 2θ cos2φ+ cos2 θ sin2φ)1/2. (4.57)

The P wave radiation pattern for the double couple is just twice that for either of
the constituent couples, so that there are still nodes in the pattern on the fault plane
(12) and the auxiliary plane (23). TheS wave radiation is now four lobed rather
than two lobed and the net torque vanishes.
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4.3.3 Influences on radiation patterns

The classical method of source characterisation, the fault-plane solution, relies on
the assumption that the radiation leaving the source is indeed that for the same
source in a uniform medium. Observations ofP-wave polarity at distant stations are
projected back onto the surface of a notional focal sphere surrounding the source,
with allowance for the main effects of the Earth’s structure using ray theory. The
method requires that we can recognise the nodal planes separating dilatations and
compressions, which should correspond to the fault plane and auxiliary plane. For
a small source for which the localised moment tensor model is appropriate, the
radiation pattern itself is not sufficient to distinguish the fault plane and other,
usually geological, criteria have to be used.

A number of factors can conspire to modify the radiation pattern in the real
Earth. The standard correction tables for the angle of emergence of rays from the
focal sphere are based on an assumed mantleP wave velocity at the source. For
crustal events, at short periods, the standard approach leads to apparent nodal planes
which are not orthogonal. This however can be normally rectified by correcting the
velocity at the source to a crustalP velocity.

When a source occurs in a region of velocity gradient, the radiation patterns
will be modified by the presence of the structure. This effect will be frequency
dependent - at low frequencies the radiation pattern will be as in a locally uniform
medium, as the frequency increases the departures from the simple theory given
above can become significant.

In addition many small earthquakes occur within regions which are under strain
before a major earthquake. Such a prestrain has a number of effects (Walton 1974).
The presence of the prestrain will lead to anisotropy due to modification of existing
crack systems in the rock, in addition to weak anisotropy associated with the strain
itself. These combined effects will modify the radiation pattern, in particular in
the neighbourhood of the crossing of the nodal planes. The anisotropy will lead
to splitting of theS wave degeneracy, two quasi-S waves will exist with different
velocity. Observations of suchSwave splitting in an active earthquake zone have
been reported by Crampin et al (1980).

All these influences will make it difficult to get reliable fault-plane solutions
for frequencies such that theP wavelengths are of the same size as the source
dimensions. In addition it proves to be easier to read the first motions on teleseismic
long-period records and so good results for fault-plane solutions can be obtained
(Sykes 1967). For studies of small local events good results can be obtained at quite
high frequencies.

The radiation patterns we have calculated depend on the assumption of an
unbounded medium. As pointed out by Burridge, Lapwood & Knopoff (1964),
the presence of a free surface close to the source significantly modifies the
radiation pattern. If we insist on using an unbounded medium Green’s tensor we
cannot use the usual moment tensor representation (4.31). For sources which are
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shallow compared with the recorded wavelength, interference ofP with the surface
reflectionspP, sP will modify the apparent first motion and give records which
resemble those seen near nodal planes. Such effects can be assessed quantitatively
by modelling the waveform generated by the source in a stratified half space (see
Chapter 9).

4.4 The source as a stress-displacement vector discontinuity

When we wish to consider a source in a stratified medium we need to bring together
our representations of the source in terms of equivalent forces or moment tensor and
the wave propagation techniques based on the use of the stress-displacement vector
we have introduced in chapter 2.

We will work with the cartesian components of the force system relative to a
coordinate system with the origin at the epicentre. We take thex̂ axis to the North,
ŷ axis to the East, and̂z axis vertically downwards. The azimuthal angleφ to thex
axis in our cylindrical coordinate system then follows the geographical convention.

For small sources we will use the point source representation in terms of a force
EEE and moment tensorMjk, for which the equivalent force system is

fj = Ejδ(x − xS) − ∂k{Mjkδ(x − xS)}. (4.58)

It is this system of forces which will now appear in the equations of motion
and ultimately determine the forcing terms in the differential equations for the
stress-displacement vectorb, (2.24)-(2.25). For larger source regions we may
simulate the radiation characteristics by the superposition of a number of point
source contributions separated in space and time to handle propagation effects.
Alternatively we can perform a volume integral over the source region, in which
case each volume element d3ηηη has an associated forceεεεd3ηηη and moment tensor
mijd3ηηη.

In each case we have the problem of finding the coefficientsFz, FV , FH in a
vector harmonic expansion (cf. 2.55)

f =
1

2π

∫∞
−∞ dωe−iωt

∫∞
0

dk k
∑
m

[FzRmk + FVSmk + FHTmk ]. (4.59)

If we choose thez axis of our cylindrical coordinate system to pass through the
source pointxS, the cartesian components of the point sourcefx, fy, fz will all be
singular at the origin in the horizontal planez = zS. The coefficientsFz, FV , FH
will only appear at the source depthzS and may be evaluated by making use of the
orthonormality of the vector harmonics, so that, e.g.,

FV =
1

2π

∫∞
−∞ dteiωt

∫∞
0

dr r
∫2π
0

dφ [Smk ]∗.f . (4.60)

To evaluate the integrals over the horizontal plane we have to make use of the
expansion ofJm(kr)eimφ near the origin, and it is often more convenient to work
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in cartesian coordinates. The integrations leading toFz, FV , FH will leave the
z dependence of the source terms unaffected. Thus we anticipate that the force
componentsEx, Ey, Ez and the moment tensor elements describing doublets in the
horizontal plane (Mxx,Mxy,Myx,Myy) will have aδ(z − zS) dependence. The
remaining moment tensor elements (Mxz,Mzx,Myz,Mzy,Mzz) will appear with
aδ′(z− zS) term.

The total forcing termF in (2.26), for each angular orderm, will therefore have
az dependence,

F(k,m, z,ω) = F1(k,m,ω)δ(z− zS) + F2(k,m,ω)δ′(z− zS), (4.61)

which is of just the form (2.98) we have discussed in Section 2.2.2. Thus when
we solve for the stress-displacement vectorb in the presence of the general point
source excitation, there will be a discontinuity inb across the source planez = zS

b(k,m, zS+,ω) − b(k,m, zS−,ω) = S(k,m, zS,ω)

= F1 +ωA(p, zS)F2. (4.62)

The presence of theδ′(z−zS) term means that although the forcing termsF appear
only in the equations for the stress elements in (2.24)-(2.25), the discontinuity in
theb vector extends also to the displacement terms because of coupling via theA
matrix.

The jump in the components of the stress-displacement vectorb acrosszS
depends strongly on angular order:

[U]+− = Mzz(ρα
2)−1, m = 0,

[V ]+− = 1
2 [±Mxz − iMyz](ρβ

2)−1, m = ±1,
[W]+− = 1

2 [±Myz − iMxz](ρβ
2)−1, m = ±1,

(4.63)

and

[P]+− = −ω−1Ez, m = 0

= 1
2p[i(Mzy −Myz)± (Mxz −Mzx)], m = ±1,

[S]+− = 1
2p(Mxx +Myy) − pMzz(1− 2β2/α2) m = 0,

= 1
2ω

−1(∓Ex + iEy), m = ±1,
= 1
4p[Myy −Mxx)± i(Mxy +Myx)], m = ±2,

[T ]+− = 1
2p(Mxy −Myx), m = 0,

= 1
2ω

−1(iEx ± Ey), m = ±1,
= 1
4p[±i(Mxx −Myy) + (Mxy +Myx)], m = ±2,

(4.64)

For our point equivalent source (4.58), the vector harmonic expansion (2.55) for
the displacement will be restricted to azimuthal orders|m| < 2. These results
for a general moment tensor generalise Hudson’s (1969a) analysis of an arbitrarily
oriented dislocation.

We recall that for anindigeneoussource the moment tensor is symmetric and
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thus has only six independent components, and furtherEEE will then vanish. This
leads to a significant simplification of these results. In particular, for a point source
the stress variableP will always be continuous, excitation form = ±1 is confined
to the horizontal displacement terms andT will only have a jump form = ±2.

We have already noted that the only azimuthal dependence in the displacement
and traction quantitiesU, V , W, P, S, T arise from the azimuthal behaviour of
the source, in an isotropic medium. For an indigenous source we can therefore
associate the azimuthal behaviour of the displacement field in the stratification with
certain combinations of the moment tensor elements.
(a) No variation with azimuth:
For theP-SVwavefield this is controlled by the diagonal elements(Mxx +Myy),
Mzz and is completely absent forSHwaves.
(b) cosφ, sinφ dependence:
This angular behaviour arises from the presence of the vertical couplesMxz,Myz.
The termMxz leads to cosφ dependence forP-SVand sinφ for SH, whilstMyz

gives sinφ behaviour forP-SVand cosφ for SH.
(c) cos2φ, sin2φ dependence:
This behaviour is controlled by the horizontal dipoles and couplesMxx, Myy,
Mxy. The difference(Mxx−Myy) leads to cos2φ behaviour forP-SVand sin2φ
for SH. The coupleMxy gives sin2φ dependence forP-SVand cos2φ for SH.

These azimuthal dependences do not rest on any assumptions about the nature
of the propagation path through the medium and so hold for both body waves and
surface waves.

4.5 Wavevector representation of a source

We have so far represented the action of sources within the stratification in terms of
a discontinuity ß in the stress-displacement vectorb at the level of the source. An
alternative approach is to regard the source as giving rise to a discontinuity in the
wavevectorv. Such an approach has been used by Haskell (1964) and Harkrider
(1964) to specify their sources.

Consider a source in a locally uniform region about the source planezS, we may
then convert the stress-displacement vectorsb(zS−), b(zS+) immediately above
and below the source plane into their up and downgoing wave parts by the operation
of the inverse eigenvector matrixD−1(zS). The corresponding wavevectorsv will
suffer a discontinuityΣΣΣ across the source planezS, consequent upon the jump inb.
Thus

v(k,m, zS+,ω) − v(k,m, zS−,ω) = ΣΣΣ(k,m, zS,ω) (4.65)

= D−1(p, zS)S(k,m, zS,ω).
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We may represent this jump vectorΣΣΣ in terms of upgoing and downgoing parts
as in (3.17)

ΣΣΣ = [−ΣΣΣU, ΣΣΣD]T , (4.66)

The choice of sign is taken to facilitate physical interpretation. The structure of
the relation (4.66) may be seen by partitioningS into its displacement and traction
jumps and then making use of the partitioned forms ofD−1(zS) (3.40),[

−ΣΣΣU

ΣΣΣD

]
= i

[
nTDS −mT

DS

−nTUS −mT
US

][
SW

ST

]
. (4.67)

The elementsΣΣΣU, ΣΣΣD have rather similar forms

ΣΣΣU = i[mT
DSST − nTDSSW ], ΣΣΣD = i[mT

USST − nTUSSW ]. (4.68)

The significance of these terms is most readily seen if we consider a source
embedded in an unbounded medium. Above such a source we would expect only
upgoing waves and below only downgoing waves, so that the wavevector will be of
the form

v(z) = [vU(z), 0]T , z < zS,

= [0, vD(z)]T , z > zS, (4.69)

with a jumpΣΣΣ acrosszS of

ΣΣΣ = [−vU(zS), vD(zS)]
T . (4.70)

Comparison of the two expressions (4.66) and (4.70) forSshows that a source will
radiateΣΣΣU upwards andΣΣΣD downwards into an unbounded medium.

For a source in a vertically inhomogeneous region we may still use the jump
vector S if we split the medium at the source levelzS and consider each of the
two halves of the stratification to be extended by uniform half spaces with the
properties atzS. This procedure will correspond to our treatment of reflection
and transmission problems and the radiation componentsΣΣΣU, ΣΣΣD will enter with
reflection matrices into a compact physical description of the seismic wavefield.
We lose no generality by our assumption of an infinitesimal uniform region atzS
since we will construct the correct Green’s tensors for the stratified regions above
and below the source.
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