
Chapter 7

The Response of a Stratified Half Space

We now bring together the results we have established in previous chapters to
generate the displacement field in a stratified half space (z > 0), due to excitation
by a source at a levelzS. We suppose that we have a free surface atz = 0 at which
the traction vanishes; and ultimately the stratification is underlain by a uniform
half space inz > zL with continuity of properties atzL. In this uniform region we
impose a radiation condition that the wavefield should consist of either downward
propagating waves or evanescent waves which decay with depth, the character
depending on the slowness. As we shall see this lower boundary condition is not at
all restrictive, and it is easy to modify the response to suit other conditions if these
are more appropriate.

A formal solution for the displacement field can be found by starting with the
radiation conditions and then projecting the displacement and traction to the surface
using a propagator matrix. The jumps in displacement and traction across the
source plane are also projected to the surface and then the displacement field is
constructed so that there is no net surface traction. The physical character of
this solution is seen more clearly when the response is expressed in terms of the
reflection matrix for the entire stratification below the free surface. For a deep
source a more convenient representation may be obtained in terms of the reflection
and transmission matrices for the regions above and below the source.

7.1 The equivalent surface source representation

We consider the half space illustrated in figure 7.1 with a source at the level
zS and a uniform half space beneathzL. At the free surface the traction must
vanish and so, for any angular orderm, frequencyω and slownessp, the surface
stress-displacement vector must satisfy

b(0) = [w0, 0]T . (7.1)

We adopt a point source representation, as discussed in Chapter 4, and so from
(4.62) there will be a jump in the stress-displacement vector across the source plane

b(zS+) − b(zS−) = S(zS). (7.2)
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The Response of a Stratified Half Space

Figure 7.1. Configuration of elastic half space with a source at depthzS and a receiver at
depthzR. BeneathzL the medium has uniform properties so that a radiation condition has
to be applied at this level. The conventions for up and downgoing waves are also indicated.

At the base of the stratification we can set up the radiation condition by making use
of the eigenvector decomposition of the seismic field inz > zL. Thus to exclude
upgoing waves we take

b(zL) = D(zL)[0, cD]T (7.3)

in terms of a vector of downgoing wave elementscD which will be subsequently
specified in terms of the nature of the source and the properties of the half space.
The choice of branch cut (3.8) for the radicals appearing inD(zL) ensures that (7.3)
has the correct character.

Starting with the form (7.3) we may now construct the stress-displacement vector
b(zS+) just below the source using the propagator matrixP(zS, zL),

b(zS+) = P(zS, zL)b(zL). (7.4)

With the jump in theb vector acrosszS we find that just above the source.

b(zS−) = P(zS, zL)b(zL) − S(zS). (7.5)

We may now use the propagatorP(0, zS) acting onb(zS−) to construct the surface
displacement via

b(0) = P(0, zS){P(zS, zL)b(zL) − S(zS)},

= P(0, zL)b(zL) − P(0, zS)S(zS), (7.6)
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7.1 The equivalent surface source representation

where we have used the propagator chain rule (2.89). The vector

S(0) = P(0, zS)S(zS) = [SW0,ST0]
T , (7.7)

represents an equivalent source at the surface which produces the same radiation in
the half space as the original source, represented by the jumpS(zS), at depth.

The surface displacement may now be expressed in terms of the downgoing
wavefield atzL as

[w0, 0]T = P(0, zL)D(zL)[0, cD]T − S(0). (7.8)

Thus, whatever the depth of the source, the relation betweenw0 and cD is
controlled by

BVL(0) = P(0, zL)D(zL), (7.9)

which we may recognise to be a fundamental stress-displacement matrix whose
columns correspond to up and downgoing waves in the underlying half space. In
terms of the partitions ofBVL(0) we write (7.8) as[

w0

0

]
=

[
WUL(0) TUL(0)

WDL(0) TDL(0)

][
0

cD

]
−

[
SW0

ST0

]
, (7.10)

and from the surface conditions of vanishing traction the wavefield belowzL is
specified by

cD = [TDL(0)]
−1ST0. (7.11)

We may think of the source as equivalent to tractionsST0 which are neutralized by
the reaction of the displacement field in order to satisfy the surface condition. The
surface displacement

w0 = WDL(0)[TDL(0)]
−1ST0 − SW0, (7.12)

provided that the secular function for the half space, det{TDL(0)}, does not vanish.
The partitionsWDL(0), TDL(0) are the displacement and traction components
of the ‘downgoing’ vectors in the fundamental matrixBVL. The combination of
partitionsWDL(0)[TDL(0)]

−1 in (7.12) is analogous to those we have encountered
in reflection problems (cf. 5.43). The elements of this matrix product for theP-SV
wave case are therefore composed of ratios of2× 2minors of the matrixBVL(0).

The condition det{TDL(0)} = 0, corresponds to the existence of a displacement
field which satisfies both the free surface and the radiation conditions; this will only
occur when|p| > β−1

L , so that bothP andSwaves are evanescent in the underlying
half space. In thep, ω domain these waves are associated with simple poles in
the surface response (7.12). The poles with largest slowness will give rise to the
surface wavetrain when the transforms are inverted (see Chapter 11).

The only other singularities in the full surface responsew0 (7.12) are branch
points at|p| = α−1

L , |p| = β−1
L , whereαL, βL are the elastic wavespeeds in the
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The Response of a Stratified Half Space

underlying half space. These branch points arise from the presence ofD(zL) in the
fundamental matrixBVL, and the branch cuts will be specified by the choice (3.8)

Im(ωqαL) ≥ 0, Im(ωqβL) ≥ 0. (7.13)

There are no branch points associated with the propagator matricesP(0, zL),
P(0, zS). For a uniform layerP(zj−1, zj) is symmetric inqαj, qβj and so a
continued product of propagators has no branch points. This property transfers
to the continuous limit. The source vectorS(zS), (4.62), has no singularities.

Once we have found the surface displacement, theb vector at any other level
may be found from

b(z) = P(z, 0)[w0, 0]T , z < zS,

= P(z, zL)D(zL)[0, cD]T , z > zS. (7.14)

The propagator solution enables us to get a complete formal specification of the
seismic wavefield, but it is difficult to make any physical interpretation of the
results.

If, however, we recall the representation of the displacement and traction
matricesWDL(0), TDL(0) in terms of the reflection and transmission matrices
R0LD , T0LD (5.56), we have

WDL(0) = (mD0 + mU0R0LD )(T0LD )−1,

TDL(0) = (nD0 + nU0R0LD )(T0LD )−1,
(7.15)

These expressions involve only the downward reflection and transmission matrices
for the entire stratification beneath the free surface.

With the substitutions (7.15) the surface displacement (7.12) can be recast into
the form

w0 = (mD0 + mU0R0LD )(nD0 + nU0R0LD )−1ST0 − SW0. (7.16)

We have already seen thatR0LD may be constructed without any numerical precision
problems associated with growing exponential terms in evanescent regions, and so
(7.16) provides a numerically stable representation of the half space response to
surface sources. If the original form for the surface displacement (7.12) is used
and the elements ofWDL(0), TDL(0) are constructed via the propagator matrix,
dramatic loss of precision problems occur at large slownesses for even moderate
frequencies. An alternative procedure to the use of (7.16) is to set up the solutionab
initio in terms of minors of the propagator and eigenvector matrices. Such schemes
lead to very efficient computational algorithms (Woodhouse, 1981) but the physical
content is suppressed.

From (7.16) the secular function for the half space is

det{TDL(0)} = det(nD0 + nU0R0LD )/detT0LD , (7.17)

and this expression may be readily calculated by a single pass through the layering.
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7.2 A source at depth

As it stands (7.16) still contains a propagator termP(0, zS) in the definition of
the surface source vectorS(0). This causes very little difficulty for shallow sources,
as for example in prospecting applications (Kennett, 1979a). For deep sources it
is preferable to recast the entire response in terms of reflection and transmission
matrices and this procedure is discussed in the following section.

At the free surface, the form of the upward reflection matrices arises from
satisfying the condition of vanishing traction:

RF = −n−1
D0nU0. (7.18)

Thus, by extracting a factor ofnD0 from the matrix inverse in (7.16) we may
generate an alternative form for the surface displacement response

w0 = (mD0 + mU0R
0L
D )[I − RFR

0L
D ]−1n−1

D0 ST0 − SW0. (7.19)

The half space reverberation operator[I − RFR0LD ]−1 between the free surface and
the stratification is now clearly displayed, and we can begin to see how the total
surface displacement effects are generated.

7.2 A source at depth

We have just seen how the response of a half space can be found from an equivalent
surface source and a displacement field which satisfies just the radiation condition
atz = zL.

An alternative scheme suggested by Kennett (1981) is to build the entire
displacement field in the half space from elements which behave like up and
downgoing waves at the source level - the displacement and traction partitions
WUS, WDS andTUS, TDS of the fundamental matrixBVS.

Across the source plane we have discontinuities in displacement and traction
(4.62)

W(zS+) − W(zS−) = SW(zS),

T (zS+) − T (zS−) = ST (zS).
(7.20)

At the free surfacez = 0 we require that there should be no traction, and atz = zL
we wish to have only downgoing waves. We now construct displacement fields
in z < zS and z > zS which satisfy the upper and lower boundary conditions
respectively, but which have constant vector multipliers. These factors are then
determined by imposing the source condition (7.20).

7.2.1 Treatment via free-surface reflection matrices

From our definition of the free-surface reflection matrixRfSU (5.76)-(5.78) the
displacement matrix

W1S(z) = WUS(z) + WDS(z)RfSU , (7.21)
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The Response of a Stratified Half Space

has no associated traction atz = 0. In the regionz > zS, above the source, we can
satisfy the free-surface boundary condition by taking a displacement field

W(z) = W1S(z)vvv1, z < zS, (7.22)

wherevvv1 is a constant vector. For the region below the source the displacement
matrix

W2S(z) = WDS(z) + WUSRSLD (7.23)

will, from (5.90), satisfy the radiation condition; and so we choose a displacement
field

W(z) = W2S(z)vvv2, z > zS, (7.24)

wherevvv2 is a further constant vector. When we insert the representations (7.22)
and (7.24) for the displacements above and below the source level into the source
conditions (7.20), we obtain the following simultaneous equations invvv1 andvvv2

W2S(zS)vvv2 − W1S(zS)vvv1 = SW(zS),

T 2S(zS)vvv2 − T 1S(zS)vvv1 = ST (zS).
(7.25)

We may now eliminate variables between the displacement and traction equations
by making use of the properties of matrix invariants, as in our treatment of reflection
and transmission in (5.63)-(5.69). Thus we find

vvv1 = <W1S,W2S>
−T [WT

2S(zS)ST (zS) − T T2S(zS)SW(zS)],

vvv2 = <W1S,W2S>
−1[WT

1S(zS)ST (zS) − T T1S(zS)SW(zS)],
(7.26)

since from (2.72)

<W1S,W1S> = <W2S,W2S> = 0. (7.27)

The displacement field satisfying the source and boundary conditions is therefore:
in z < zS

W(z) = W1S(z)<W1S,W2S>
−T [WT

2S(zS)ST (zS) − T T2S(zS)SW(zS)], (7.28)

and forz > zS

W(z) = W2S(z)<W1S,W2S>
−1[WT

1S(zS)ST (zS) − T T1S(zS)SW(zS)], (7.29)

and with our expressions forW1S, W2S we can express (7.28) in terms of the
reflection properties of the regions above and below the source.

We can calculate the invariant<W1S,W2S> most easily at the source level.
From the definitions (7.21), (7.23)

<W1S,W2S> = [RfSU ]T<WDS,WDS>+<WUS,WDS>RSLD
+<WUS,WDS>+ [RfSU ]T<WDS,WUS>RSLD , (7.30)
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7.2 A source at depth

The terms which are linear in the reflection matrices vanish identically, and from
(5.60)<WUS,WDS> = iI . Since the reflection matrices are symmetric we find

<W1S,W2S> = i[I − RfSURSLD ] (7.31)

and so the inverse invariant<W1S,W2S>
−1 appearing in the displacement

solution (7.28) is the reverberation operator for the whole half space, including
the effect of free-surface reflections.

The surface displacement can therefore be represented as

w0 = −iW1S(0)[I − RSLD RfSU ]−1[WT
2S(zS)ST (zS) − T T2S(zS)SW(zS)], (7.32)

whereW1S is a displacement matrix satisfying the free-surface condition andW2S

satisfies the lower boundary condition. The expression (7.32) will prove to be very
convenient when we come to discuss modal summation techniques in Chapter 11.

The contribution at the source level

WT
2S(zS)ST (zS) − T T2S(zS)SW(zS) (7.33)

= {mT
DSST − nTDSSW} + RSLD {mT

USST − nTUSSW},

and the expressions in braces are just multiples of the quantitiesΣΣΣD(zS), ΣΣΣU(zS)

introduced in Section 4.5, to describe the upward and downward radiation from a
source. Thus

WT
2S(zS)ST (zS) − T T2S(zS)SW(zS) = −i[ΣΣΣU(zS) + RSLD ΣΣΣD(zS)],

WT
1S(zS)ST (zS) − T T1S(zS)SW(zS) = −i[ΣΣΣD(zS) + RfSU ΣΣΣU(zS)].

(7.34)

When we bring together the results (7.31), (7.34) we obtain a compact and useful
representation of the displacement field at an arbitrary receiver levelzR:
for zR < zS,

W(zR) = [WUS(zR)+WDS(zR)RfSU ][I −RSLD RfSU ]−1[ΣΣΣU(zS)+RSLD ΣΣΣD(zS)],(7.35)

and forzR > zS ,

W(zR) = [WDS(zR)+WUS(zR)RSLD ][I −RfSURSLD ]−1[ΣΣΣD(zS)+RfSU ΣΣΣU(zS)].(7.36)

This displacement representation separates into three contributions which we shall
illustrate by considering a receiver above the source (cf. figure 7.2).

Firstly we have the source contribution

ΣΣΣU(zS) + RSLD ΣΣΣD(zS), (7.37)

which corresponds to the entire upward radiation associated with the source at
the levelz = zS. This is produced in part by direct upward radiation{ΣΣΣU(zS)}

and in part by waves which initially departed downwards, but which have been
reflected back beneath the level of the source{RSLD ΣΣΣD(zS)}. This excitation vector,
for an isotropic medium, will depend on azimuthal orderm, whereas the reflection
matrices are independent ofm.
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The Response of a Stratified Half Space

Figure 7.2. Schematic representation of the propagation elements for the response of
buried source recorded at a buried receiver: a) formation ofvvvU(zS); b) the receiver dis-
placementW(zR) in terms ofvvvU(zS).

The second contribution arises from the inverse invariant<W1S,W2S>
−1 and

is just a reverberation operator

[I − RSLD RfSU ]−1 (7.38)

coupling the upper part of the half space, including the effect of free-surface
reflections, to the lower part at the source level. The secular function for the half
space is

det[I − RSLD RfSU ] = 0. (7.39)

The pole singularities in (7.35), which arise when (7.39) is satisfied, correspond to
the existence of displacement fields which satisfy both upper and lower boundary
conditions. For propagating waves we can make a series expansion of the
reverberation operator as in (6.17)

[I − RSLD RfSU ]−1 = I + RSLD RfSU + RSLD RfSURSLD RfSU + ... . (7.40)

We may then recognise that the combined action of

[I − RSLD RfSU ]−1[ΣΣΣU(zS) + RSLD ΣΣΣD(zS)] = vvvU(zS), (7.41)
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7.2 A source at depth

is to produce at the source level a sequence of upgoing wave groups corresponding
to radiation from the source subjected to successively higher order multiple
reverberations within the half space. This is represented schematically in figure
7.2a.

The portion of the response corresponding to the receiver location

WUS(zR) + WDS(zR)RfSU (7.42)

needs to be recast in terms of reflection and transmission terms before its physical
significance can be appreciated. We write the displacement matricesWUS(zR),
WDS(zR) in terms of up and downgoing fields atzR, and the properties of the
region ‘RS’ as in (6.7), and make use of the addition rule for free-surface reflections
(6.10) to give

WUS(zR) + WDS(zR)RfSU (7.43)

= mURTRSU + [mDR + mURRRSD ]RfRU [I − RRSD RfRU ]−1TRSU .

This expression simplifies to the rather more compact form

WUS(zR) + WDS(zR)RfSU (7.44)

= {mUR + mDRRfRU }[I − RRSD RfRU ]−1TRSU ,

which has a structure similar to (6.11).
When we construct the displacement at the receiver from (7.45) and (7.41) we

have, forzR < zS

W(zR) = {mUR + mDRRfRU }[I − RRSD RfRU ]−1TRSU vvvU(zS), (7.45)

which was first presented by Kennett & Kerry (1979) with a rather different
derivation. Each of the wave groups invvvU(zS) is projected to the receiver level
by the action of the transmission matrixTRSU (figure 7.2b). Reverberations near
the receiver in the zone between the source and the surface are represented by
the operator[I − RRSD RfRU ]−1. The displacements are finally generated by adding
the effect of the upgoing waves to the downgoing waves which have previously
been reflected at the free surface, using the appropriate transformation matrices:
{mUR + mDRRfRU }.

Not only do we have a ready physical interpretation for the contributions to
(7.35), but also they may all be represented in terms of reflection and transmission
matrices which can be constructed without loss-of-precision problems. The
representation (7.35) is therefore numerically stable for deep sources at high
frequencies if we make use of (7.45) for the receiver term.

For a surface receiver (7.45) reduces toWfS
U and so the surface displacement can

be found from

w0 = WF[I − R0SD RF]
−1T0SU [I − RSLD RfSU ]−1[ΣΣΣU(zS) + RSLD ΣΣΣD(zS)] (7.46)
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The Response of a Stratified Half Space

where, as in (5.86), the surface amplification factorWF = (mU0 + mD0RF). This
expression proves to be very convenient for the construction of the surface
displacement from an arbitrary source at depth in the half space.

When the receiver lies beneath the source, the expression

vvvD(zS) = [I − RfSURSLD ]−1[ΣΣΣD(zS) + RfSU ΣΣΣU(zS)], (7.47)

gives the net downward radiation from the source after reverberation through the
whole half space. The receiver contribution can be evaluated in a similar way to
that described above to give the displacement field forzR > zS as

W(zR) = {mDR + mURRRLD }[I − RRSU RRLD ]−1TRSD vvvD(zS), (7.48)

which now allows for transmission and reverberation effects in the region below
the source.

If we specialise to a surface source with a receiver just below the surface, then
we can combine (7.47) and (7.48) to give

W(0+) = (mD0 + mU0R
0L
D )[I − RFR

0L
D ]−1[ΣΣΣD(0) + RFΣΣΣU(0)]. (7.49)

We recall thatRF = −n−1
D0nU0, so that we may write

W(0+) = (mD0+mU0R
0L
D )(nD0+nU0R

0L
D )−1[nD0ΣΣΣD(0)−nU0ΣΣΣU(0)],(7.50)

and from the definition of the up and downgoing source components (4.68) we can
recognise[nD0ΣΣΣD(0) − nU0ΣΣΣU(0)] as the traction componentsST0 of the source
vectorS(0). The displacement at the surface includes the displacement components
of S(0) and so

w0 = W(0+) − SW0. (7.51)

The surface displacement given by (7.50) and (7.51) has just the form (7.16) and
so we see the equivalence of the initial value techniques used in Section 7.1 and the
two-point boundary value method developed in this section.

The method we have just discussed for the construction of the displacement
field is quite general and is not restricted to free-surface and downward radiation
conditions (Kennett, 1981). More general cases can be constructed by replacing
RfSU by RS1 , a reflection matrix appropriate to the new upper boundary condition
at z = 0, andRSLD by RS2 corresponding to the new lower boundary condition at
z = zL. The inverse invariant<W1S,W2S>

−1 will appear in the displacement
solutions, and in general

<W1S,W2S>
−1 = −i[I − RS1R

S
2 ]

−1. (7.52)

Thus the secular function for a particular problem can be represented as det[I −

RS1R
S
2 ] in terms of the appropriate reflection matricesRS1 , RS2 . With different source

depths we obtain secular functions which differ only by a factor and have the
same zeroes. The vanishing of the secular determinant represents a constructive
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7.2 A source at depth

interference condition for waves successively reflected above and below the level
zS.

For wave propagation in spherical stratification we can use the foregoing results
to find the displacement fieldW(l,m,R,ω). In this case we would choose
the displacement matrixW1S to satisfy the free-surface boundary condition at
R = re, andW2S to satisfy a regularity condition at the origin. The expressions
(7.28) for the displacement field can be used directly, once we recall thatz andR
increase in opposite directions. We may also use the representation for the surface
displacement in terms of reflection matrices (7.46) for the spherical case, provided
we interpretRSLD as being the reflection matrix for the regionR < RS with a
regularity condition at the origin (cf. Section 5.2.4). The physical interpretation
of the results is otherwise as for horizontal stratification and so approximations to
the full response will run in parallel for the two cases.

7.2.2 Explicit representation of free-surface reflections

In the preceding treatment we chose to work in terms of displacement matrices
which satisfied the upper and lower boundary conditions. If, however, we construct

W3S(z) = WUS(z) + WDS(z)R0SU , (7.53)

this corresponds to a radiation boundary condition atz = 0. In order to satisfy the
actual free-surface condition we choose a linear combination of the displacement
matricesW3S, W2S in z < zS

W(z) = W3S(z)uuu3 + W2S(z)uuu1, (7.54)

and determine the relation betweenuuu1 anduuu3 by requiring vanishing traction at
z = 0

T 3S(0)uuu3 + T 2S(0)uuu1 = 0. (7.55)

Below the source we take

W(z) = W2S(z)uuu2, (7.56)

which satisfies the lower boundary condition. The source condition (7.20) now
leads to simultaneous equations in(uuu2 − uuu1) anduuu3:

W2S(zS)(uuu2 − uuu1) − W3S(zS)uuu3 = SW(zS),

T 2S(zS)(uuu2 − uuu1) − T 3S(zS)uuu3 = ST (zS).
(7.57)

Since we will wish to concentrate on surface displacement we solve foruuu3,

uuu3 = <W3S,W2S>
−T [WT

2S(zS)ST (zS) − T T2S(zS)SW(zS)]. (7.58)

The inverse invariant may be found by analogy with (7.31) and we have previously
evaluated the source term in (7.34), so that

uuu3 = [I − RSLD R0SD ]−1[ΣΣΣU(zS) + RSLD ΣΣΣD(zS)]. (7.59)
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The Response of a Stratified Half Space

The displacement in the zone above the source is then given by

W(z) = {W3S(z) − W2S(z)T
−1
2S (0)T 3S(0)}uuu3, (7.60)

which has a particularly simple form atz = 0. At the surface by (5.57),

W3S(0) = mU0T
0S
U , T 3S(0) = nU0T

0S
U . (7.61)

The displacement and traction matrices satisfying the lower boundary condition
have a more complex form

W2S(0) = (mD0 + mU0R
0L
D )(T0SD )−1(I − R0SU RSLD )

T 2S(0) = (nD0 + nU0R
0L
D )(T0SD )−1(I − R0SU RSLD )

(7.62)

butW2S(0)T
−1
2S (0) is somewhat simpler

W2S(0)T
−1
2S (0) = (mD0 + mU0R

0L
D )(nD0 + nU0R

0L
D )−1. (7.63)

This combination of terms has already appeared in our surface source
representation (7.16).

The surface displacement now takes the form

w0 = {mU0 − (mD0 + mU0R
0L
D )(nD0 + nU0R

0L
D )−1nU0}σσσ(zS), (7.64)

where we have introduced the upgoing wavevector

σσσ(zS) = T0SU [I − RSLD R0SU ]−1[ΣΣΣU(zS) + RSLD ΣΣΣD(zS)]. (7.65)

The vectorσσσ includes all interactions of the source with the stratified structure
above and below the source, but unlike (7.41) does not allow for reflections
generated at the free surface. In (7.64) such reflections are contained within the
term in braces. This dependence may be emphasised by writing (7.64) in terms of
the free-surface reflection matrixRF and rearranging to give

w0 = (mU0 + mD0RF)[I − R0LD RF]
−1σσσ(zS), (7.66)

so that the reverberation operator for the half space is clearly displayed. When
the source, is just at the surfaceσσσ(zS) takes a particularly simple form, sinceT0SU
becomes the unit matrix andR0SD vanishes, so that

σσσ(0+) = [ΣΣΣU(0+) + R0LD ΣΣΣD(0+)]. (7.67)

7.3 Recovery of the response in space and time

We have just seen how we can construct the response of a stratified half space to
excitation by a buried or surface source in the transform domain, as a function
of frequencyω and slownessp. To get actual seismograms we must still invert
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7.3 Recovery of the response in space and time

the transforms. For theP-SV wave part of the seismograms we have the vector
harmonic expansion (2.55),

uP(r, φ, 0, t) =
1

2π

∫∞
−∞ dωe−iωt

∫∞
0

dkk
∑
m

[URmk + VSmk ]. (7.68)

We may recast this integral in terms of slownessp and the surface displacement
vectorw0, by introducing the tensor field

TTTm(ωpr) = [Rmk ,S
m
k ]T , (7.69)

so that (7.68) may be expressed as

uP(r, φ, 0, t) =
1

2π

∫∞
−∞ dωe−iωtω2

∫∞
0

dpp
∑
m

wT
0 (p,m,ω)TTTm(ωpr).

(7.70)

We have a similar form for theSH responseuH:

uH(r, φ, 0, t) =
1

2π

∫∞
−∞ dωe−iωtω2

∫∞
0

dpp
∑
m

WT
0 (p,m,ω)Tm(ωpr).

(7.71)

in terms of the harmonicTmk which we have rewritten in a form designed to display
the dependence on frequency and slowness. The vector harmonicsRmk , Smk andTmk
(2.56) can be cast entirely in terms of Bessel function entries by using the derivative
property

J′m(x) = Jm−1(x) −mJm(x)/x. (7.72)

In terms of the orthogonal coordinate vectorsez, er, eφ we have explicit forms for
the harmonics.

Rm(ωpr) = ezJm(ωpr)eimφ,

Sm(ωpr) = [erJm−1(ωpr) − (er − ieφ)mJm(ωpr)/ωpr]eimφ,

Tm(ωpr) = [−eφJm−1(ωpr) + (eφ + ier)mJm(ωpr)/ωpr]eimφ.

(7.73)

These forms are most convenient form ≥ 0, but the values form < 0 are easily
obtained from

J−m(x) = (−1)mJm(x). (7.74)

It is only on the horizontal components, for|m| > 0 that we get ‘near-field’
components depending onmJm(ωpr)/ωpr which decay more rapidly than the
contributions oriented along the coordinate vectors. These ‘near-field’ terms couple
the radial and tangential components of motion so that there is no clear separation
by component ofSVandSHmotion at small distances from the source.

When we represent an actual source by an equivalent point source consisting
of force and dipole components, the azimuthal summation is restricted to angular

141



The Response of a Stratified Half Space

orders|m| < 2. This sum presents no significant complication once the integrals
over frequency and slowness have been performed for eachm.

For the double integral (7.70) we have to choose the order in which the frequency
and slowness integrals are undertaken. If the slowness integral is calculated first
then the intermediate result is the complex frequency spectrumū(r, φ, 0,ω) at
a particular location. This approach may therefore be designated thespectral
methodand has been used in most attempts to calculate theoretical seismograms
by numerical integration of the complete medium response (Kind, 1978; Kennett,
1980; Wang & Herrmann, 1980). When, alternatively, the frequency integral
is evaluated first the intermediate result is a time response for each slownessp,
corresponding to the illumination of the medium by a single slowness component.
The final result is obtained by an integral over slowness and we follow Chapman
(1978) by calling this approach theslowness method. Although this integral
scheme can be used for the full response, most applications to date have been for
approximate methods where the response is split up into generalized rays, e.g.,
Cagniard’s method (Helmberger, 1968; Wiggins & Helmberger, 1974; Vered &
BenMenahem, 1974), and a method due to Chapman suitable for smoothly stratified
media (Dey-Sarkar & Chapman, 1978).

7.3.1 The spectral method

We construct the spectrum of themth azimuthal contribution to a seismogram as a
slowness integral,

ū(r,m, 0,ω) = ω2
∫∞
0

dppwT
0 (p,m,ω)TTTm(ωpr). (7.75)

The transform vectorw0(p,m,ω) depends on the azimuthal orderm through the
source jump termS(zS) (4.62), and a different slowness dependence is introduced
for each order. The result is thatw0(p,m,ω) is an odd function ofp if m is even,
and an even function ofp if m is odd. We now recall that the elements ofTTTm(ωpr)

depend onJm(ωpr)eimφ and so we may make a decomposition of this ’standing
wave’ form into a travelling wave representation in terms of the Hankel functions
H

(1)
m (ωpr),H(2)

m (ωpr). We write e.g.TTT(1)
m (ωpr) for the harmonics corresponding

to outgoing waves from the origin. Now

Jm(ωpr) = 1
2 [H

(1)
m (ωpr) +H

(2)
m (ωpr)]

= 1
2 [H

(1)
m (ωpr) − eimπH

(1)
m (−ωpr)] (7.76)

and so when we use the symmetry properties ofw0, we can express (7.75) as an
integral along the entire slowness axis

ū(r,m, 0,ω) = 1
2ω|ω|

∫∞
−∞ dppwT

0 (p,m,ω)TTT(1)
m (ωpr), (7.77)
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Figure 7.3. The singularities, branch cuts and integration contours for the full response of
a half space.

where the contour of integration in thep plane is taken above the branch point for
H

(1)
m (ωpr) at the origin. This form shows explicitly that we are only interested in

waves which diverge from the source.
For large values of the argument,H(1)

m (ωpr) may be replaced by its asymptotic
form

H
(1)
m (ωpr) ∼ (2/πωpr)1/2e{iωpr−i(2m+1)π/4}, (7.78)

and to the same approximation the vector harmonics take on the character of fields
directed along the orthogonal coordinate vectorsez, er, eφ. Thus the tensor field
TTT(1)
m (ωpr) is approximated by

TTT(1)
m ∼ [ez, ier]T (2/πωpr)1/2e{iωpr−i(2m+1)π/4}, (7.79)

and the tangential (SH) harmonic

T(1)
m (ωpr) ∼ −ieφ(2/πωpr)1/2e{iωpr−i(2m+1)π/4}. (7.80)

In this asymptotic limit we are faced with the same slowness and distance
dependence in the integrand of (7.77) for all three components of displacement.

The symmetry properties we have described will be shared by approximations
to the complete responsew0 and so we will always have the possibility of using a
standing wave expression (7.75), or a travelling wave representation (7.77).

In the slowness plane, for the full surface responsew0 we have branch points at
p = ±α−1

L for theP-SVcase andp = ±β−1
L in all cases. For bothP-SVandSH

wave contributions we have a sequence of poles in the regionβ−1
L < p < β−1

min,
whereβmin is the smallest shear wavespeed anywhere in the half space - this is
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normally attained at the surface. Over this slowness interval forSHwaves, we have
higher mode Love wave poles, which for a perfectly elastic medium lie on the real
p axis. ForP-SVwaves we have higher mode Rayleigh poles whose locations are
close to, but not identical to, the Love poles. In addition we have in|p| > β−1

min
the fundamental Rayleigh mode which couples the evanescentP andSVwaves in
the half space; the limit point for this mode ispR0, the Rayleigh waveslowness
on a uniform half space with elastic properties at the surface. The distribution of
poles depends strongly on frequency; at low frequency only a few poles occur in
|p| > β−1

L whilst at high frequencies there are a great many (see Section 11.3).
The set of singularities for theP-SV wave case is sketched in figure 7.3, the

contour of integration forω > 0 runs just below the singularities forp > 0 and just
above forp < 0. This contour may be justified by allowing for slight attenuation of
seismic waves within the half space (which we may well want on physical grounds)
in which case the poles move into the first and third quadrants of the complexp

plane. The line of the branch cuts fromα−1
L , β−1

L is not critical provided that the
conditions

Im(ωqαL) ≥ 0, Im(ωqβL) ≥ 0, (7.81)

are maintained on the realp axis. We therefore follow Lamb (1904) by taking cuts
parallel to the imaginaryp axis.

The most direct approach to the evaluation of (7.75) or (7.77) is to perform a
direct numerical integration along the realp axis, but for a perfectly elastic medium
the presence of the poles on the contour is a major obstacle to such an approach.

However, if we deform the contour of integration in (7.77) into the upper half
plane toD, we can pick up the polar residue contributions from all the poles to the
right of β−1

L . Convergence at infinity is ensured by the properties ofH
(1)
m (ωpr).

With this deformation the displacement spectrum is given as a sum of a contour
integral and a residue series e.g.

ūP(r,m, 0,ω) = 1
2ω|ω|{

∫
D

dppwT
0 (p,m,ω)TTT(1)

m (ωpr)}

+πiω2
N(ω)∑
j=0

pjResj[w
T
0TTT(1)
m ]. (7.82)

At even moderate frequencies the numberN(ω) of modal residue contributions
becomes very large indeed (cf., figure 11.3), and locating all the poles is a
major computational problem. The poles with largest slowness give the major
contribution to what would generally be regarded as the surface wavetrain, with
relatively low group velocities. The summation of modes with smaller slownesses
just synthesisesS body wave phases by modal interference. With only a residue
sum taken over a portion of the realp axis, good results can be obtained for theS
wave coda (Kerry, 1981), and by forcingαL, βL to be very large evenP waves can
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be synthesised (Harvey, 1981). We will consider such modal summation methods
in more detail in Chapter 11.

The contour integration in (7.82) consists of a real axis slowness integral from
−∞ up toβ−1

L , and then a line segment off into the first quadrant whereH
(1)
m (ωpr)

is a decaying function of complexp. For large rangesr the contribution from
negative slownesses is very small and has often been neglected.

This approach has been used by Wang & Herrmann (1980) who have deformed
the contourD further to lie along the two sides of the branch cuts, taken along
the imaginaryp axis and along the realp axis toβ−1

L . They have used different
numerical integration schemes along the real and imaginary axes.

An alternative to the contour deformation procedure we have just described is
to arrange to move the poles in the response off the contour of integration. For an
attenuative medium the poles will lie in the first and third quadrants away from the
realp axis although their influence is strongly felt on the contour of integration. In
most applications we anticipate that at least some loss will occur in seismic wave
propagation and so introducing small loss factors is very reasonable.

Kind (1978) constructed the full response of an attenuative medium to excitation
by a vertical point force, but has taken the asymptotic form of the Hankel function
in (7.77) and thus excluded near-field effects; he also restricted his numerical
integration overp to a band of positive slowness covering the main body and
surface wave phases of interest.

At the origin theJm(ωpr) Bessel functions remain well behaved and so when
an attempt is made to calculate the complete response of the half space there are
advantages in using the standing wave expression (7.75). If a fairly broad band
of frequencies is required, for the shortest ranges and lowest frequenciesωpr

can be quite small and so it is desirable to use a high accuracy approximation to
Jm(x) over the whole range of arguments, e.g., via Chebyshev polynomials as in
Kennett (1980). For a broad-band signal the effects of velocity dispersion due to
attenuation (1.19), (1.25) can become significant and should strictly be included
when the response of the medium is calculated. When the loss factors are small
(Q−1
α , Q−1

β < 0.03) and propagation distances are less than 500 km, the pulse
distortion associated with neglect of dispersion is very slight; this is in agreement
with the results of O’Neill & Hill (1979) who have shown that significant change
in pulse form can occur for propagation of 600 km through a region withQ−1

α >

0.01.
With our reflection matrix representation (7.46), the construction of the

theoretical seismograms for a general point source atz = zS proceeds in three
stages. For a surface receiver we construct the matrix operator

Z(p,ω) = WfS
U [I − RSLD RfSU ]−1 (7.83)

for theP-SVandSHparts of the response.Z(p,ω) is independent of angular order
m and source type and so needs to be formed only once for any source depth. The
reflection matrixRSLD (p,ω) for a stack of uniform layers or a piecewise smooth
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structure, can be constructed recursively by working up fromzL to the source level
as discussed in Chapter 6. In a similar way the displacement matrixWfS

U and
free-surface reflection matrixRfSU can be calculated by working down from the free
surface to the levelzS.

The calculation is simplified if we are able to assume that all elements in the
source moment tensorMij have the same time dependenceM(t). We may then
extract the corresponding spectrum̄M(ω) from the source terms; at fixed slowness
p, the source radiation termsΣΣΣU andΣΣΣD are then independent of frequency but
depend on azimuthal orderm through the character of the source. For each
angular orderm we may now construct the transform vectorw0 at slownessp
and frequencyω as

w0(p,m,ω) = Z(p,ω)[RSLD (p,ω)ΣΣΣD(p,m) + ΣΣΣU(p,m)]M̄(ω). (7.84)

The change of variables from horizontal wavenumberk to slownessp gives an
effective source spectrum ofω2M̄(ω). We recall that the far-field displacement in
an unbounded medium is controlled by the derivative of the moment time function
and so it is often advantageous to specify the moment rate spectrum iωM̄(ω).
For excitation by a point force with time functionEEE(t), we replace the moment
spectrum in (7.84) by(iω)−1ĒEE(ω).

For each azimuthal component we now have to perform a numerical integration
overp to produce the spectrum of the three components of displacement at a range
r. For a source specified by a general moment tensor we need five azimuthal
orders and so we have 15 slowness integrations for each range when near-field
terms are included by using the original forms of the vector harmonics (2.56). A
final summation over the angular terms gives the three component seismograms
for a given azimuth from the source. If the asymptotic forms of the harmonics
(7.79) can be used we need perform only one integration for each displacement.
Unfortunately, the circumstances in which it is appropriate to attempt to calculate
complete synthetic seismograms, i.e. at moderate ranges so that the time separation
between the fastest body waves and slowest surface waves is not too large, are just
those in which the asymptotic approximation is barely adequate.

The slowness integrals in (7.75) have an infinite upper limit, but truncation is
required for numerical integration. For frequencies around 2 Hz, Kennett (1980)
integrated from the origin to a slowness ( 0.85β0)−1, for surface shear wavespeed
β0. This slowness is well beyondpR0 the high frequency asymptotic for the
fundamental Rayleigh mode. At lower frequencies it is advantageous to extend
the calculation to somewhat larger slownesses.

The integrand in (7.75) has a relatively unpleasant character. The vector
harmonics are oscillatory through the presence ofJm(ωpr): w0(p,m,ω) is by no
means smooth, particularly where the integration path passes over the shoulders of
the poles displaced from the real axis by the inclusion of attenuation. The simplest
approach to the numerical integration is to divide the slowness integral into sections
and to use a trapezium rule in each section with panel spacing chosen to suit the
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character of the integrand; e.g., a finer sampling would be used forp > β−1
L . An

alternative is to modify Filon’s (1928) method to Bessel function integrands and
attempt a polynomial fit tow0(p,m,ω) over each integration panel. The integral
is then evaluated as a sum of contributions of the form

∫
dx xpJm(kx) over the

panels.

For largeωpr rather fine sampling in slowness is needed to give a good
representation of the integrand. Without excessive computation, there is therefore
an effective upper limit in frequency at given range, and a maximum range with a
given frequency band when we seek to maintain a given accuracy.

At very low frequencies the fundamental Rayleigh mode is barely affected by the
loss factors of the stratification and so very fine spacing in slowness is needed to
cope with a near pole on the integration path. It is probably worthwhile to modify
the contour of integration to pick up the fundamental Rayleigh mode pole explicitly.
If we use (7.75) this would require two additional line segments starting to the left
of the pole: one into the upper halfp plane withH(1)

m (ωpr) dependence and the

other into the lower half plane depending onH(2)
m (ωpr).

Cormier (1980) has used an equivalent representation to (7.77) with a piecewise
smooth model. By deforming the contour of integration he has isolated the residue
contribution from the fundamental Rayleigh mode and also taken a path into the
upper halfp plane to exclude very small slownesses and so avoid the singularity at
the origin.

When the standing wave expression (7.75) is used we know that the entire
response can be represented in terms of outgoing functions, the size of any
apparently incoming waves provides a very useful check on the accuracy of any
numerical integration.

It is desirable to construct theP-SV andSH wave parts of the seismogram at
the same time, because the near-field contributions to the horizontal component
seismograms can then be correctly calculated. Wang & Herrman (1980) have
shown that neglect of the near-field terms from eitherP-SV or SH waves gives
non-causal, non-propagating arrivals which cancel when both contributions are
included. For long-period waves the near-field contributions can have a significant
effect on the calculated waveform at moderate ranges. For example, with a simple
crustal model, the surface wavetrains from a full calculation and one including only
far-field terms, show visible differences out to 80 km range.

After the slowness integration and azimuthal summation we are left with a
spectrum of the seismogram at a receiver location. The final integration to the
time domain is commonly performed by using the Fast Fourier transform (Cooley
& Tukey 1965) over a set of discrete frequencies. The finite bandwidth of practical
recording equipment sets an upper limit on frequency, and this has to be taken
below the Nyquist frequency for the transform. The time series obtained after
transformation is of fixed length and is cyclic in nature. There is therefore the
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possibility of time ‘aliasing’, energy which would arrive after the end of the allotted
time interval is wrapped back over the early part of the seismogram.

For complete seismograms we have a long duration of signal out to the end of the
surface wavetrain; to generate such a long time interval we need very fine frequency
spacing. In order to follow arrivals at varying ranges with a fixed time interval
it is convenient to calculateu(r, t − predr) by multiplying the spectrum atr by
exp(−iωpredr) (Fuchs & Müller 1971). The reduction slownesspred is chosen
to confine the arrivals most conveniently. Thus, if at each frequency the slowness
integral is split into a number of parts, a different reduction slowness may be used to
compute a time series for each part. The final seismograms may then be obtained
by superposition of the time series for the sections with appropriate time delays
(Kennett 1980).

7.3.2 The slowness method

We now consider carrying out the integration over frequency for a particular
combination of slownessp and ranger. For themth azimuthal component

uP(p, r,m, t) =
1

2π

∫∞
−∞ dωe−iωtω2wT

0 (p,m,ω)TTTm(ωpr) (7.85)

and this transform of a product can be expressed as a convolution

uP(p, r,m, t) = −∂tt{W̌0(p,m, t) ∗ (1/pr)ŤTTm(t/pr)} (7.86)

where ˇ indicates the inverse Fourier transform with respect to frequency. For the
SHmotion

uH(p, r,m, t) = −∂tt{W̌0(p,m, t) ∗ (1/pr)Ťm(t/pr)}. (7.87)

From (7.73) we see that the inverse transforms of the vector harmonics depend
on being able to find the time transform ofJm(ωpr). We start with the integral
representation

Jm(x) =
i−m

π

∫π
0

dθ eix cosθ cosmθ, (7.88)

and now change variable tot = cosθ to obtain

Jm(x) =
i−m

π

∫1
−1

dteixt Tm(t)√
1− t2

, (7.89)

whereTm(t) is a Chebyshev polynomial of the first kind with the property

Tm(cosθ) = cosmθ (7.90)

so thatT0(x) = 1, T1(x) = x, T2(x) = 2x2 − 1. Since (7.89) is in the form of a
Fourier transform we can recognise the inverse transform ofJm as

J̌m(t) =
i−m

π

Tm(t)√
1− t2

{H(t+ 1) − H(t− 1)} (7.91)
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which has integrable, square root, singularities att = ±1.
We can find a comparable form for the near-field contributions, since

Jm−1(x) − J′m(x) = mJm(x)/x, (7.92)

=
i−(m−1)

π

∫π
0

dθ eix cosθ sinmθ sinθ, (7.93)

and with the substitutiont = cosθ, as before

Lm(x) = mJm(x)/x =
i−(m−1)

π

∫1
−1

dteixtUm−1(t)
√
1− t2. (7.94)

HereUm−1(t) is now a Chebyshev polynomial of the second kind

Um−1(cosθ) =
1

m
T ′
m(cosθ) =

sinmθ
sinθ

, (7.95)

and soU0(x) = 1,U1(x) = 2x. The inverse transform of the near-field termLm is
thus

Ľm(t) =
i−(m−1)

π
Um−1(t)

√
1− t2{H(t+ 1) − H(t− 1)}, (7.96)

and here only the derivative is singular att = ±1.
The forms of the inverse transforms we have derived are only appropriate for

m ≥ 0, but once again we can derive the results form < 0 from the symmetry
relation

J−m(t) = (−1)mJm(t). (7.97)

With these results for the Bessel function transforms, we can find the time
transforms of the vector harmonics which appear in (7.86). Form = 0 we have
only far-field terms:

π(1/pr)Ř0(t/pr) = ezB(t, pr)(p2r2 − t2)−1/2,

π(1/pr)Š0(t/pr) = −erB(t, pr)(t/pr)(p2r2 − t2)−1/2,

π(1/pr)Ť0(t/pr) = eφB(t, pr)(t/pr)(p2r2 − t2)−1/2,

(7.98)

where

B(t, pr) = {H(t+ pr) − H(t− pr)}. (7.99)

Form > 0, we also include near-field effects

π(1/pr)Řm(t/pr) = i−mB(t, pr)ezTm(t/pr)(p2r2 − t2)−1/2eimφ,

π(1/pr)Šm(t/pr) = i−(m−1)B(t, pr)(p2r2 − t2)−1/2eimφ

{erTm−1(t/pr) − (er − ieφ)Um−1(t/pr)(1− t2/p2r2)},

π(1/pr)Ťm(t/pr) = i−(m−1)B(t, pr)(p2r2 − t2)−1/2eimφ

{−eφTm−1(t/pr) + (eφ + ier)Um−1(t/pr)(1− t2/p2r2)}.

(7.100)
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When we perform the convolutions in (7.86),(7.87) to calculateuuu(p, r, t), the
far-field and near-field terms give rise to very different contributions to the final
waveform. Near the singularities att = ±pr, J̌m(t) behaves like the time derivative
of Ľm(t). The major contribution tow0(p,m, t) ∗ (1/pr)ŤTTm(t/pr) will arise
from the neighbourhood of these singularities, and so the far-field contribution
will closely resemble the derivative of the near-field part. This behaviour, for
a general stratified medium, is similar to our previous results for an unbounded
medium (Section 4.3.2) where the far-field term had a time dependence which was
the derivative of the nearer contributions.

The expressions we have just established for the time functions corresponding to
the vector harmonics are valid for all slownesses. However, the inverse transform
for the response vector

W̌0(p,m, t) =
1

2π

∫∞
−∞ dωe−iωtw0(p,m,ω), (7.101)

depends strongly on slownessp.
Since we are interested in sources which start att = 0, w0(p,m,ω) is analytic

in the upper half plane Imω > 0. The exponential term e−iωt enables us to deform
the contour, if necessary, into the lower half plane fort > 0.

The quantityw0(p,m, t) can be thought of as the time response of the half
space to irradiation by a single slowness component. In two dimensions this
would correspond to a ‘plane wave’ seismogram. In the full half-space response
for 0 < p < β−1

L , there are no pole singularities inw0(p,m,ω) as a function
of ω, since we have the possibility of radiation loss into the underlying uniform
half space. There will be a branch point atω = 0, and the branch cut can be
conveniently taken along the negative imaginaryω axis. In this slowness range we
get individual pulse-like arrivals corresponding to the major phases with a shape
determined by the source time function (cf. figure 6.4) The pattern of arrivals across
the band of slowness gets repeated in time with delays associated with multiple
surface reflections. Because there is radiation leakage ofS waves, at least, into
the underlying uniform medium, each successive surface multiple set will be of
smaller amplitude and this decay will be enhanced by the presence of attenuation
in the medium. Nevertheless a long time series is needed to include all surface
multiples and this can create difficulties when one tries to computeW̌0(p,m, t)

numerically.
Whenp > β−1

L , bothP andSwaves are evanescent in the underlying half space
and we have poles inw0(p,m,ω) which for perfectly elastic media lie on the real
ω axis; the closest pole to the origin corresponds to fundamental mode surface
waves. For an attenuative structure the poles move off the real axis into the lower
half plane. Just at the branch point atβ−1

L we get the maximum density of poles
along theω axis (see figure 11.3) and the spacing expands asp increases toβ−1

min.
For p > β−1

min we have only one pole for theP-SV case corresponding to the
fundamental Rayleigh mode. Since the poles inω are symmetrically disposed
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about the imaginary axis, the residue contribution toW̌0(p,m, t) takes the form
(for p < β−1

min)

Re

{ ∞∑
k=0

e−iωktResk[w
T
0 (p,m,ωk)]

}
, (7.102)

which can often prove convenient in surface wave studies. There will in addition
be a continuous spectrum contribution from the sides of the branch cut along the
negative imaginaryω axis.

Once we have found the inverse transform of the medium response and
performed the convolution (7.86) we need to carry out the slowness integral and
summation over angular order

uP(r, φ, 0, t) =
∑
m

∫∞
0

dpuP(p, r,m, t), (7.103)

to generate the seismograms for a particular range. We illustrate the procedure
by considering themth azimuthal contribution to the radial component of motion
(7.70):

ur0(r,m, t) =

∫∞
0

dppur(p, r,m, t). (7.104)

When only the low frequency part of the seismic field is of interest it is probably
most effective to calculate seismograms from (7.103) having previously evaluated
the integral (7.86) by direct numerical integration.

The far-field contribution to (7.104) may be found from (7.88) and (7.101)

fur0(r,m, t) = −
1

π
∂tt

∫∞
0

dpp
∫pr
−pr

ds i−(m−1)Tm−1(s/pr)
V̌0(p,m, t− s)

(p2r2 − s2)1/2

(7.105)

using the explicit form for the convolution. The near-field contribution mixes both
P-SVandSHelements

nur0(r,m, t) = −
1

πr
∂tt

∫∞
0

dp
∫pr
−pr

ds i−(m−1)Um − 1(s/pr)

×{V̌0(p,m, r− s) − iW̌0(p,m, t− s)}(p2r2 − s2)1/2,(7.106)

and, as we have noted in discussing the spectral method, bothV0 andW0 need to
be present in (7.106) or non-causal arrivals are generated. The same combination
{V̌0 − iW̌0} will also appear on the tangential component.

The total seismograms are now to be constructed by performing the summation
over angular order

ur0(r, t) =
∑
m

{nur0(r,m, t) + fur0(r,m, t)}e
imφ. (7.107)
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Whenpr is small we need to employ the expressions (7.105), (7.106) as they
stand since the singularities ats = ±pr will be very close together. However,
for largepr, the singularities become widely separated and so we may make an
approximate development in terms of isolated singularities (Chapman 1978)

B(t, pr)Tm(t/pr)

(p2r2 − t2)1/2
=

1

(2pr)1/2

{
H(pr− t)√

(pr− t)
+ (−1)m

H(t+ pr)√
(pr+ t)

}
, (7.108)

since

Tm(1) = 1, Tm(−1) = (−1)m. (7.109)

We note that the contribution fromt = pr has a functional form with respect tot
which is the Hilbert transform of that fromt = −pr.

With this approximation the far-field displacement (7.105) becomes

fur0(r,m, t) = −
1

π(2r)1/2
∂tt

∫∞
0

dpp1/2i−(m−1)

×
∫∞
−∞ ds V̌0(p,m, t− s)

{
H(pr− s)√

(pr− s)
+ (−1)m

H(pr+ s)√
(pr+ s)

}
,

(7.110)

and by separating the singularities we lose the finite interval of integration. The
integration domains for the two separated singularities stretch in opposite directions
with respect to the time variables. We can force a common time convolution
operator for the two singularities when we make use of the properties of a
convolution

f̂ ∗ g = f ∗ ĝ, (7.111)

where^ denotes a Hilbert transform. We transfer the Hilbert transform from the
s = pr singularity term to the response term, so that thes integral becomes∫∞

−∞ ds{V̂0(p,m, t− pr− s) + (−1)mV̌0(p,m, t+ pr− s)}
H(s)

s1/2
. (7.112)

When all the source elements have a common time dependenceM(t), the
response terms can be written as a convolution

V0(p,m, t) = M(t) ∗ v̌0(p,m, t). (7.113)

In terms of this representation the double integral for the displacement may be
written as

fur0(r,m, t) = −
1

π(2r)1/2

∫∞
−∞ dsM(t− s)

×∂s
∫∞
0

dpp1/2{v̂0(p,m, s− pr) + v̌0(p,m, s+ pr)}, (7.114)
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where we have introduced an ‘effective’ source functionM(t) (Chapman 1978)

M(t) =

∫ t
0

dl ∂lM(l)H(t− l)/(t− l)1/2. (7.115)

This convolution with H(t)/t1/2 may be well approximated by a finite length
recursive operator (Wiggins, 1976) which facilitates numerical evaluation of the
effective source. We chose to work with∂tM, since this will correspond to the
far-field displacement time function and so may often be well estimated from
observations.

In general, the main contribution to the far-field displacement (7.114) comes
from v̂0(p,m, t − pr) which corresponds to outgoing waves, and the incoming
part v̌0(p,m, t + pr) can be neglected. The process of separating the singularities
(7.108) and then retaining only outgoing waves is equivalent to taking the
asymptotic form (7.79) for the Hankel function and then restricting attention to
positive slownesses. As we shall see in Chapter 10, the representation (7.114)
becomes particularly convenient whenV0(p,m,ω) is represented as a sum of
contributions for which the inversion to the time domain can be performed
analytically. However, such ‘generalized-ray’ representations are not very suitable
for synthesising surface wavetrains.

In general we may construct∂tŴ0(p,m, t) by numerical inversion of a Fourier
transform (Fryer, 1980). The Hilbert transform corresponds to a multiplier
of −isgnω in the frequency domain, and differentiation with respect to time
to a further factor of−iω. Thus we take the inverse Fourier transform of
−|ω|w0(p,m,ω) to construct the quantities we need. This transform can be
performed numerically on the full half space response with a fast Fourier transform
and a very long time series forp < β−1

L . For larger slownesses it will be more
effective to use a residue summation as in (7.102), over the frequency band of
interest.

Once we have constructed the slowness-time response (cf., figures 6.4, 6.5) we
can perform thep-integration along linear trajectories inp, t depending on ranger
to form

v0(r,m, t) =

∫pmax

0
dpp1/2v̂0(p,m, t− pr). (7.116)

The convolution with the effective source can then be performed at leisure to give

fur(r,m, t) = −
1

π(2r)1/2

∫∞
0

dsM(t− s)v0(r,m, s), (7.117)

for the far-field radial displacement at ranger.
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Figure 7.4. Crustal structure used in calculations of complete theoretical seismograms.
The three focal depths illustrated in figure 7.5 are indicated A - 2.5 km, B - 10 km, C - 20
km. A 45◦ dip-slip event is used in all cases, recorded along an azimuth of 10◦

7.3.3 Examples of complete theoretical seismograms

As an illustration of the variety of seismic wave phenomena which can occur
when we calculate the full seismic wavetrain, we consider a source with a fixed
mechanism at different focal depths in a simple model.

The calculations were carried out using the spectral approach described in
Section 7.3.1, for a simple attenuative crustal model (figure 7.4) withQ−1

α = 0.001,
Q−1
β = 0.002. The source was chosen to be a 45◦ dip-slip dislocation source with

a moment tensor

Mij = M(t)diag[1, 0,−1]. (7.118)

This particular type of source excites only the angular ordersm = 0,±2. For
sources at 2.5 km, 10 km and 20 km depth we present record sections of the three
components of displacement as a function of range, along an azimuth of 10◦ in
figure 7.5. The moment rate function was a delta function (corresponding toM(t)

being a step function), and the calculation was performed for a frequency band
from 0.04 to 4.0 Hz with a simple half-cycle sinusoidal filter response.

The displays in figures 7.5a,b,c consist of composite record sections for all three
displacement components. For each distance we present a triad of seismograms
in the order vertical (Z), radial (R) and tangential (T). The radial seismograms are
plotted at the correct ranges and the vertical and tangential seismograms at constant
offset. The net effect is thus to give three interleaved record sections with the same
time distance relations. A scaling factor of 1.0 + 0.1r is applied to all seismograms
at a ranger.
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7.3 Recovery of the response in space and time

Figure 7.5. Complete theoretical seismograms calculated for the crustal structure illus-
trated in figure 7.4, records are shown for all three components of displacement: a) 2.5 km
deep source

The seismograms from the shallowest source (case A - 2.5 km depth) are
displayed in figure 7.5a. We note immediately that we have well developedP, Sand
Rayleigh wavetrains of quite complex form influenced strongly by reverberations
in the surface channel with reduced velocity. The propagation times for bothP and
S waves from the source to the surface are sufficiently short that there is no clear
separation of the surface reflected phases (pP, sS) from direct propagated phases
(P, S). The source lies just below the surface channel and we get a pronounced
Airy phase for the Rayleigh waves with a group velocity close to 2.7 km/s (the
surfaceSwave velocity). The main phase is preceded by a rather oscillatory higher
mode train. There is noticeable velocity dispersion with frequency and we can
see an indication of much lower frequency Rayleigh waves emerging from the tail
of the seismograms. For this azimuth of observation the radiation pattern of the
source gives rather weak excitation of the tangential component, particularly for
the surface waves. The higher mode Love waves on the tangential component
arrive along with the higher mode Rayleigh waves, but the group velocity of the
fundamental mode Love wave is somewhat faster than that for the Rayleigh wave.

The final time series were generated by adding together the results for different
slowness intervals. For phase velocities greater than 3.57 km/s, i.e. slownessp <

0.28 s/km, 40 s of time series were computed with a reduction slowness of 0.16
s/km, and this contribution includes most of theP andS wavetrains. In order to
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Figure 7.5. Complete theoretical seismograms calculated for the crustal structure illus-
trated in figure 7.4, records are shown for all three components of displacement: b) 10 km
deep source.

achieve a good representation of the surface train a double length (80 s) time series
was used for phase velocities between 3.57 and 2.3 km/s (i.e. 0.28< p < 0.434
), with a reduction slowness of 0.28 s/km - since no significantP waves should be
present in this slowness interval. When we add this portion to the single length time
series for higher phase velocities we get incomplete cancellation of the numerical
arrivals associated with splitting the slowness integration atp = 0.28 s/km. The
resulting arrival (apparently incoming) may be seen at large reduced times (≈ 30 s)
on the first two sets of seismograms in figure 7.5a, but decays rapidly with distance
and gives little contamination of the response.

The seismograms for the midcrustal source (case B - 10 km depth) are illustrated
in figure 7.5b. We immediately notice that, as expected, the surface wave excitation
is very much reduced and a low frequency Rayleigh wave is just visible beyond
100 km emerging from the tail of theS wavetrain. The time differential between
surface reflected phases and the direct phases is now more significant and we are
beginning to get a clearer separation at shorter ranges. At the larger ranges we
see the emergence ofPn andSnphases refracted along the crust-mantle interface.
As expected, there is a change in polarity of theP wave between 70 and 90 km
range corresponding to the switch between the upper and lower lobes of theP
wave radiation pattern from our dip-slip source.

In the seismograms for the deepest source (case C - 20 km depth) shown in figure
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Figure 7.5. Complete theoretical seismograms calculated for the crustal structure illus-
trated in figure 7.4, records are shown for all three components of displacement: c) 20 km
deep source.

7.5c, we have no significant surface waves and the surface reflected phases are now
very prominent. Multiple reflections within the whole crustal channel are also just
beginning to influence the seismograms.

These calculations for a point source in a simple structure show that we can give
a good representation of the general character of local events. The calculations can
be extended to higher frequencies and greater ranges at the cost of considerable
computer time. However, for regional and teleseismic ranges (r >300 km),
attention is usually focussed on more limited portions of the seismic records, and
then it is often more convenient to make an approximation to the full response and
model the features of interest (see Chapter 9).
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