
Chapter 10

Generalized ray theory

In the previous chapter we have developed approximations to the seismic response
in which, in essence, we retain frequency dependence in the amplitude of any
reflection effects and so a numerical integration over slowness is needed. We now
turn our attention to a further class of approximation in which the factorisation of
the seismic response is carried even further.

The seismic displacement is represented as a sum of ‘generalized ray’
contributions for which the amplitude depends only on slowness and the phase has a
slowness dependent term multiplied by frequency. For each of the generalized rays
we are able to make use of the functional form of the integrand in the transform
domain to reduce the space-time response to a slowness integral. For a medium
composed of uniform layers an exact representation of each generalized ray may
be made using the Cagniard-de Hoop method (Helmberger, 1968) with a complex
slowness contour chosen to give a certain combination of phase variables the
attributes of time. For uniform layers, or smoothly varying media, Chapman (1978)
has proposed an alternative, approximate, method with a real slowness contour.

The success of these generalized ray techniques depends on an adroit choice
of ‘rays’, from the infinite expansion of possible generalized rays to represent the
portion of the seismogram of interest. If no conversions are included all rays with
a given multiple level in any region can be generated by combinatorial techniques;
and these methods can be extended with more difficulty to rays with a limited
number of converted legs (Hron, 1972; Vered & BenMenahem, 1974).

10.1 Generation of generalized ray expansions

In Chapter 9 we have made use of partial expansions of the response to generate
various classes of approximation for the seismic wavefield in a stratified half space.
In order to obtain a generalized ray sum we carry this expansion process much
further and now represent all reverberation operators appearing within the response
by their infinite series representation (6.17).
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Generalized ray theory

As in our previous discussion of approximations a convenient starting point is
provided by (7.66) which displays the surface reflection operator explicitly

w0 = WF[I − R0LD RF]
−1T0SU [I − RSLD R0SU ]−1(ΣΣΣSU + RSLD ΣΣΣ

S
D), (10.1)

We make an expansion to the full infinite sequence of surface reflection terms

[I − R0LD RF]
−1 = I +

∞∑
k=1

(R0LD RF)
k, (10.2)

and also expand the stratification operator

[I − RSLD R0SU ]−1 = I +

∞∑
l=1

(RSLD R0SU )l. (10.3)

This gives a representation of the surface displacements in terms of a doubly infinite
sequence of reflection terms. The way in which we now extract a generalized
ray expansion depends on the assumptions we make about the nature of the
stratification.

10.1.1 Uniform layer models

In section 6.2.1 we have shown how the reflection and transmission matrix elements
which appear in (10.1) can be constructed for a stack of uniform layers by a
recursive application of the addition rules in two stages to allow for phase delays
and interface effects (6.24), (6.26). In going from interface k+ 1 to interface k we
have for example,

RD(zk−) = Rk
D + Tk

UEEE
k
DRD(zkr+1−)EEEk

D[I − Rk
UEEE

k
DRD(zk+1−)EEEk

D]−1Tk
D,

(10.4)

whereEEEk
D is the phase income for downgoing waves in crossing the kth layer (3.46)

andRk
D etc are the interface matrices atzk.

The contribution introduced in crossing this kth layer can now itself be expanded
into an infinite sequence of terms representing internal multiples within the kth
layer superimposed on the reflection behaviour beneathzk+1 by writing

[I − Rk
UEEE

k
DRD(zk+1−)EEEk

D]−1 = I +

∞∑
r=1

{Rk
UEEE

k
DRD(zk+1−)EEEk

D}r. (10.5)

When such an expansion is made in each layer,RD(zk+1−) appearing in (10.5)
will itself be an infinite sequence of reflection terms. The overall reflection matrix
for a zone, e.g.,RSLD will then consist of a nested sequence of infinite expansions.
If all the expansions are carried out we get finally an infinite sequence of terms
representing all possible classes of reflection processes within the multilayered
stack.
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10.1 Generation of generalized ray expansions

The nature of the individual terms is conveniently examined by looking at the
first two terms in the expansion of (10.4)

Rk
D + Tk

UEEE
k
DRD(zk+1−)EEEk

DTk
D. (10.6)

We suppose the thickness of the kth layer ishk and now introduce the explicit phase
dependence of the second term in (10.6) for theP-SVcase to obtain[

TPPU TPSU
TSPU TSSU

][
RPPD e2iωqαkhk RPSD eiω(qαk+qβk)hk

RSPD eiω(qαk+qβk)hk RSSD e2iωqβkhk

][
TPPD TPSD
TSPD TSSD

]
, (10.7)

where, e.g., RPPD is thePP element ofRD(zk+1−). As we have shown in section
6.1, the inclusion of higher terms in the expansion, i.e.r > 0, corresponds to
the introduction of multiple reflections within the kth layer, and thus further phase
delays in the additional terms.

We may assess the error introduced by truncation of the infinite sequences by
using the partial expansion identity (9.1). If an overall accuracy levelε is derived
for, say,RSLD a convenient working criterion for the number of terms(L) to be
retained in the expansion is that, if there areN layers in ‘SL’,

[RARB]
L ≤ ε/N, i.e. L ≥ ln(ε/N)/ ln(RARB), (10.8)

whereRA, RB are the moduli of the largest reflection and transmission coefficients
at the roof and floor of the layer (Kennett, 1974). If the layer has lower wavespeeds
than its surroundings,RA andRB can be quite large and many terms are needed. For
near-grazing incidence at an interfaceRB will approach unity and for high accuracy
L should be quite large.

For simplicity we will assume that all the elements of the source moment tensor
Mij have a common time dependenceM(t). Then we may write the vectorw0 as
the infinite sequence

w0(p,m,ω) = M(ω)
∑
I

gI(p,m) exp{iωτI(p)}. (10.9)

The individual ‘ray’ terms corresponding to a particular reflection process have

Figure 10.1. A generalized ray in a layered medium,P wave legs are indicated by solid
lines,Swave legs by dashed lines. Reflection points are marked by circles.
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Generalized ray theory

been factored to show their amplitude and phase dependence. The phase delay
term for the uniform layers is

τI(p) =
∏

r

nrqrhr, (10.10)

wherenr is the number of times the rth layer, with thicknesshr, is crossed in
the same mode of propagation by the ‘ray’ path which specifies theIth processes
whereby energy can pass from source to receiver (see figure 10.1). The vertical
slownessqr is taken asqαr for P waves andqβr for S waves. The expression
gI(p,m) factors into two parts: the firstfffI(p,m) represents the way in which the
source radiation and receiver displacement operators depend on slowness, and the
second is the product of all reflection and transmission coefficients along theIth
path. Thus

gI(p,m) = fffI(p,m)
∏

j

Tj(p)
∏

k

Rk(p), (10.11)

where Tj is the plane wave transmission coefficient for an interface crossed by the
Ith ray and Rk is the reflection coefficient for an interface at which theIth ray
changes direction. In each case conversion is taken into account, if appropriate,
and we have exploited the frequency independence of the interface coefficients.
The directivity functionfffI(p,m) depends on the azimuthal orderm through the
source termsΣΣΣSD, ΣΣΣSU. If, for example, we consider a ray path which starts with a
downgoingP wave and also ends at the surface asP we would have

fffI(p,m) = (WF)
P(p)ΣΣΣSD, (10.12)

where the vector(WF)
P = [(WF)

UP, (WF)
VP]T includes the free surface

amplification factors forP waves, since we have extracted the frequency
dependence of the source inM(ω).

With the expression (10.9) forw0 the surface displacement as a function of space
and time (7.75) takes the form, forP-SVwaves,

uP(r, φ, 0, t)=
1

2π

∫∞
−∞dωe−iωtω2M(ω)

∑
m

∫∞
0

dpp
∑
I

gTI eiωτI(p)TTTm(ωpr).

(10.13)

The separation of the frequency dependence of theIth ray into the cumulated phase
term will enable us in Sections 10.3–10.5 to use analytic techniques to construct
expressions foru.

10.1.2 Piecewise smooth media

For a medium consisting of a stack of uniform layers the representation (10.13)
is exact when the full infinite ray expansion is present. Approximations are only
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10.1 Generation of generalized ray expansions

introduced when we truncate the expansion to a finite number of terms so that it is
possible to make computations.

When, however, we have a medium consisting of a sequence of smooth gradient
zones separated by discontinuities in the elastic parameters or their derivatives, the
contribution from theIth ray path can only be represented as in (10.9) in a high
frequency approximation. Nevertheless we will find that this will prove to be a
useful form.

To see how the approximation arises consider a gradient zone in (zA, zB)
bounded by uniform half spaces with continuity of properties atzA, zB. This is
the model we have considered in section 6.3.1 and we have shown there that we
may build up the reflection and transmission matricesRABD , TABD from elements
associated with entry and exit from the gradient zone and the nature of the wavefield
within the zone.

At zA there will normally be a discontinuity in wavespeed gradient and so partial
reflection can occur. Within the gradient zone we can describe the wavefield
via generalized vertical slownessesηu,d(p,ω) (3.104) and phase terms which
depend on Airy function entries. The partial reflection terms atzA depend on the
difference betweenηu andηd and the vertical slowness in a uniform mediumq.
The frequency dependence ofηu,d arises from the character of the wavefield away
from zA, and in the high frequency limit, when turning points are far fromzA and
zB we have, e.g.,

ηαu(p,ω) ∼ qα(p), ηαd(p,ω) ∼ qα(p), (10.14)

with a similar relation atzB. In this limit, parameter gradient discontinuities at
zA andzB appear to be transparent and we may use the asymptotic forms for the
Airy function terms to generate approximations for the reflection and transmission
terms. To the leading order approximation there is no coupling between wave types
in the gradient zone. Thus forP waves if there is no turning point in (zA, zB) from
(9.66) we have

RABD |PP ∼ 0, TABD TABU |PP ∼ exp

{
2iω

∫zB
zA

dζqα(ζ)

}
, (10.15)

whereas if there is a turning level atZα(p), from (9.65) we find

RABD |PP ∼ exp

{
2iω

∫Zα(p)

zA

dζqα(ζ) − iπ/2

}
, (10.16)

TABU TABD |PP ∼ exp

{
2iω

∫Zα(p)

zA

dζqα(ζ)

}
exp

{
−2|ω|

∫ zB
Zα(p)

dζ |qα(ζ)|

}
.

(10.17)

Now we have already shown in section 6.3 that we can build the reflection matrix
for a piecewise smooth medium from the reflection and transmission matrices for
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Generalized ray theory

the gradient zones and the interface matrices between two uniform half spaces with
the properties just at the two sides of the interface.

Thus, to the extent that (10.15) and (10.17) are valid we have the representation

w0(p) ∼ M(ω)
∑
m

gI(p) exp{iωτI(p)}. (10.18)

We must now account for turning points so that

τI(p) =
∑

r

{
nr

∫ zr+1

zr

dζqr(ζ) + 2n∗
r

∫Z∗

zr

dζqr(ζ)

}
, (10.19)

wherenr is once again the number of transmissions through the rth layer (now a
gradient zone) in a particular propagating wave type andn∗

r is the number of legs in
the rth zone in which total reflection occurs at the levelZ∗. The termgI(p) includes
all the factors in (10.11), but in addition includes a factor exp{in∗

r π/2}sgn(ω) to
allow for the phase shifts for the turning rays.

As we can see from the discussion above we would expect the right hand side of
(10.18) to be a poor approximation to the full field at low frequencies and when a
turning point lies close to one of the boundaries of a gradient zone. With the form
(10.19) for the phase delays we cannot account for tunnelling phenomena into low
wavespeed zones, as for example inP4KP(Richards, 1973).

For most high frequency problems we can, however, adopt (10.18) and then the
surface displacements can asymptotically be represented as in (10.13).

10.2 Ray Selection and generation

We may describe an individual generalized ray path within a multilayered medium
by a code indicating the nature of the ray, and for this purpose it makes no difference
whether a layer is uniform or has smoothly varying properties. The layer number
and wave type may be described by assigning an ordered pair of integers to each
layer

{Cj , ij} (10.20)

whereij is the layer number andCj indicates the wave type in that layer (Cj = 1, P
waves;Cj = 2, Swaves). Forn ray segments there will ben ordered pairs{Cj , ij};
for example, the ray in figure 10.1 can be represented as

{1, 1; 2, 2; 2, 2; 1, 2; 1, 2; 2, 3; 2, 2; 1, 1} (10.21)

Rays which do not include conversions of wave type are completely described by
the layer indices{ij},

The properties of such ray codes have been extensively studied by eastern
European seismologists and a convenient summary of results and algorithms is
presented by Hron (1972).
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10.2 Ray Selection and generation

Since we wish to achieve an economical means of generating generalized rays
it is advantageous to consider groups of rays which have properties in common. If
we consider a class of rays with permutations of the same ray codes we may divide
these into:
kinematic groups, for which the phase termτI will be the same; and,
dynamic groups, which form subclasses of the kinematic groups and have the same
products of interface coefficientsgI(p).

For generalized rays for which all legs are in a single wave type it is possible
to enumerate all the possible kinematic and dynamic groups. We will consider a
surface source and receiver and then we will have an even number of ray segments.
The extension to upgoing and downgoing rays from a buried source has been
discussed by Vered & Ben Menahem (1974).

For a ray without conversions the time characteristicsτI can be described by the
set

{n1, n2, ....., nj}, J≥ 2, (10.22)

wherenj is half the number of segments in the jth layer since each downgoing leg
is matched by an upgoing. All ray numbers of a kinematic group will share the
same set (10.22). If J= 2 the numberNk of different rays in the kinematic group
built from 2n1, segments in the first layer and2n2 segments in the second layer
is equal to the number of ways of distributingn2 objects inton1 cells, where any
number can occupy one cell with the result

Nk(n1, n2) =
(n1 + n2 − 1)!

n2!(n1 − 1)!
=

(
n1 + n2 − 1

n2

)
, (10.23)

in terms of the combinatorial coefficient
(
n
r

)
. If J = 3 we now have to intermesh

the 2n2 segments in layer 2 with the2n3 segments in the third layer whilst still
havingNk(n1, n2) possibilities from the top two layers, thus

Nk(n1, n2, n3) = Nk(n1, n2)

(
n2 + n3 − 1

n3

)
. (10.24)

In general the number of rays in a kinematic group for J≥ 2 will be

Nk(n1, n2, ...., nj) =

J−1∏
j=1

(
nj + nj+1 − 1

nj+1

)
. (10.25)

For the kinematic group{2, 2} we illustrate the 3 possible rays in figure 10.2,
and this set divides into two dynamic groups: one with two members and the other
with one, characterised by the number of reflections at the first interface. Since we
assume that rays are continuous we can describe the members of a dynamic group
by the numbers of reflections from interfaces. We therefore definemj to be the
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Generalized ray theory

Figure 10.2. The three members of the kinematic group 2,2 separate into two dynamic
groups: the first 2,2;1 has two members, the second 2,2;0 only one.

number of reflections from the jth interface when the ray is in the jth layer. The set
of 2J− 1 integers

{n1, n2, ....., nj ;m1,m2, .....,mJ−1} (10.26)

completely describes the functiongI(p) for all the members of the same dynamic
group, sincemj ≡ nj . The number of members in each dynamic group is (Hron
1972)

Ndk(n1, ..., nj ;m1, ...,mJ−1) =

J−1∏
j=1

(
nj

mj

)(
nj+1 − 1

nj −mj − 1

)
. (10.27)

When we seek to generate rays we can effect considerable savings by only taking
one ray from each dynamic group and then using the multiplicity factorNdk to
account for all the other rays in the group since they give equal contributions to
(10.13).

We may organise the ray sum in (10.13) to exploit the benefits of the kinematic
and dynamic groupings by writing the slowness integral as∫

dpp
∑
k

{∑
d

Ndkg
T
d(p)

}
eiωτk(p)TTT(ωpr). (10.28)

The frequency dependent portions are then the same for each kinematic group k,
and the inner sum over dynamic groups accounts for different reflection processes
with the same phase delays.

The concepts of dynamic and kinematic groups are just as useful for rays with
converted legs, but the combinatorial mathematics becomes very difficult for more
than the converted leg (Hron, 1972). To get over this problem Vered & Ben
Menahem (1974) have specified the interfaces at which conversion can occur, they
have then, in effect, worked out rays from the source to a receiver at the conversion
point and then started the ray generation system again from the conversion point.
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10.3 Slowness results for generalized rays

Since it is computationally very expensive to generate more than a limited
number of rays, care has to be taken in their selection. In most problems the
generalized rays which make the largest contribution to (10.13) are those with
the least number of reflections from interfaces and thus the most transmissions.
For piecewise smooth media, turning rays are particularly important. However,
rays that have most of their path in the near-surface zone of low wavespeeds can
have significant amplitude even though they have suffered many reflections (cf.,
Helmberger & Engen, 1980). A similar effect can occur with other waveguides.

Generalized rays including conversion fromP to S usually make most
contribution to (10.13) when conversion occurs at reflection. Conversion at
transmission is typically small, unless theP wavespeed on one side of an interface
is fairly close to theS wavespeed on the other side. This can occur, for example,
with water and hard rock at the seafloor to give significantSwave-propagation in
the sub-seafloor rocks.

If a stack of uniform layers are used to simulate a gradient zone, a turning ray is
represented by the superposition of a system of multiple reflections at near grazing
incidence within the uniform layers near the turning level. Commonly, only a very
limited sequence of rays is employed, e.g. the expansion in (10.5) is truncated
at the level (10.6) (see, e.g., Helmberger 1968), but Müller (1970) has forcibly
demonstrated the need for retaining high order reflections for accurate results in
even simple models.

10.3 Slowness results for generalized rays

The surface displacement contribution with azimuthal orderm from a single
generalized ray is given by

uuuIm(r, t) =
1

2π

∫∞
−∞ dωe−iωtω2M(ω)

∫∞
0

dpwwwI(p,m,ω)TTTm(ωpr), (10.29)

with wwwI(p,m,ω) = gI(p,m)eiωτI(p). We now follow theslownesstreatment of
Section 7.3.2 and perform the frequency integral first so that we express (10.29) as
a sequence of convolutions over time with a residual integral overp:

uuuIm(r, t) = ∂ttM(t) ∗
∫∞
0

dpp{w̌wwI(p,m, t) ∗ (1/pr)ŤTTm(t/pr)}. (10.30)

We have already tabulated the time transforms of the vector harmonics in (7.98),
(7.100) and so we are left to evaluate the Fourier inverse ofwwwI(p,m,ω).

The final seismograms must be real time functions and sou(r,ω) = u∗(r,−ω),
so that with the choice of physical Riemann sheet we have made for the radicals
appearing ingI(p,m), τI(p)

gI(p,m) = g′
I(p,m) + isgn(ω)g′′

I (p,m),

τI(p) = τ′I(p) + isgn(ω)τ′′I (p).
(10.31)
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Generalized ray theory

We may now perform the inverse time transform forwwwI to obtain (Chapman, 1978)

w̌wwI(p,m, t) =
1

π
lim
ε→0 Im

[
gI(p,m)

t− τ(p) − iε

]
, (10.32)

where we have used the convergence factorε to ensure the existence of the
transform. As the imaginary part ofτI tends to zero and we just have a real phase
delay,wwwI tends to a delta function:

lim
ε→0 Im[t− τ(p) − iε]−1 → δ(t− τ′(p)) as τ′′ → 0, (10.33)

and this property will enable us to simplify some subsequent results.
We will now restrict attention to the vertical component of displacement and

azimuthal symmetry since this will enable us to illustrate the nature of the solution.
The radial dependence now arises fromJ0(ωpr) and its time transform is given by

π(1/pr)J̌0(t/pr) = B(t, pr)(p2r2 − t2)−1/2, (10.34)

from (7.98). We now perform the convolution of the two slowness dependent terms
(10.32), (10.34) to obtain the explicit form

uIz0(r, t) = ∂ttM(t) ∗
∫∞
0

dpp

× lim
ε→0

{
1

π2

∫pr
−pr

ds Im

[
GI(p)

t− s− τI(p) − iε

]
1

(p2r2 − s2)1/2

}
,

(10.35)

whereGI(p) is the vertical component ofgI(p, 0). Along the realp axis only
GI(p) and τI(p) may be complex and so the imaginary part operator can be
abstracted to the front of the slowness integral.

The time and slowness elements in (10.34) are common to all the expressions
for ŤTTm(t/pr) (7.98)-(7.100) and so the form of the integral in (10.35) is modified
for other components or angular orders by the addition of well behaved functions.
Various methods of calculating theoretical seismograms can now be generated by
using different techniques to evaluate the slowness integral in (10.35).

10.4 The Cagniard method

For a generalized ray in a stack of perfectly elastic layers, the contribution to the
displacement field which we have so far expressed as a slowness integral of a
convolution in time can be recast as an integral over time. This result was first
obtained by Cagniard (1939) although the basic ideas are present in the work of
Lamb (1904). The technique has subsequently been developed by a number of
authors, notably Pekeris (1955) and de Hoop (1960). The first application to the
calculation of theoretical seismograms seems to have been made by Helmberger
(1968) and subsequently the method has been extensively used in the analysis of
seismic records over a very wide range of distances.
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10.4 The Cagniard method

For each generalized ray we extract the imaginary part operator to the front of
the integral in (10.35) and then have to evaluate

I(r, t) =
1

π2
Im

∫∞
0

dppGI(p)
∫pr
−pr

ds
1

[t− s− τI(p) − 0i](p2r2 − s2)1/2
,

(10.36)

where we have included the0i term in the denominator to remind us of the limiting
procedure in (10.35). We now split the integral overs into the differences of
the ranges(−∞, pr) and (−∞,−pr) and then with a change of variable in the
convolution integrals we can rewrite (10.36) as

I(r, t) =
1

π2
Im

∫∞
−∞ dp

∫0
−∞ dy

pGI(p)

iy1/2(y+ 2pr)1/2[t− y− θI(p, r) − 0i]
,

(10.37)

and the slowness integration follows a path above the branch points inGI(p), τI(p)
for Rep < 0 and below the branch points for Rep > 0; the pathC is illustrated in
figure 10.3. We have here introduced the important auxiliary quantity

θI(p, r) = τI(p) + pr (10.38)

which if r was the geometrical range for slownessp would just be the associated
travel time. We now change the order of integration to give

I(r, t) =
1

π2

∫0
−∞

dy

y1/2
Im

∫
C

dp
pGI(p)

i(y+ 2pr)1/2[t− y− θI(p, r) − 0i]
(10.39)

We recall that the directivity and reflection functionGI(p) and the phase delay
τI(p) both depend on the vertical wave slownessesqα, qβ at the interfaces and in
the layers. Our original choice of branch cuts (3.8) was, e.g., Im(ωqα) ≥ 0. We
can however, rotate the branch cuts to lie along the real axis as in figure 10.3 and
still maintain this condition on the contourC.

Following Burridge (1968) we now represent the integral over the slowness
contourC as the sum of two contributions. The first contourC1 lies along the
two sides of the branch cut in Rep < 0. The integrand in (10.39) is imaginary for
slowness|p| < pl, wherepI is the closest branch point to the origin; and so the
integral alongC1 is real. There is, therefore, no contribution toI(r, t) from this
path. The second contourC2 lies along the underside of the realp axis and its
contribution can be evaluated by using Cauchy’s theorem. The sole singularity in
the lower halfp plane is a simple polep(r, t) where

t− θI(p, r) − y = 0i. (10.40)

Since botht andy are real variables,θI(p, r) at this pole is real and can therefore
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Generalized ray theory

Figure 10.3. Branch cuts and contours in the complexp plane. The original contourC can
be deformed into the sum ofC1 andC2. There is a single pole in the lower half plane at
p(r, t).

take on the role of a real time. The integral (10.39) can be evaluated as just the
residue contribution at the pole (10.40) and so

I(r, t) =
2

π
Im

∫ t
0

dθI
pGI(p)

(t− θI)1/2(t− θI + 2pr)1/2

[
∂p

∂θI

]
, (10.41)

where we have changed variables fromy to θI. In (10.41) the slownessp is an
implicit function ofθI via the requirement thatθI be real i.e.

Im[θI(p, r)] ≡ Im[τI(p) + pr] = 0. (10.42)

The path of the pole specified by (10.42) will play an important role in our
subsequent discussion and we will term this trajectory in the complexp plane the
Cagniard path (H). There will be a different path for each generalized ray at each
range.

When we reinstate the time dependence of the source we obtain the vertical
displacement contribution from theIth generalized ray as

uIz0(r, t) = ∂ttM(t) ∗ 2
π

Im
∫ t
0

dθI
pGI(p)[∂pθI]

−1

(t− θI)1/2(t− θI + 2pr)1/2
. (10.43)

This result is usually obtained by a rather different route in which the original
transform integral (10.29) is manipulated into a form where the time dependence
can be recognised directly (see, e.g., Gilbert & Helmberger, 1972).

For observations at large ranges so thatpr is very much larger than the duration
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10.4 The Cagniard method

of the source it is an adequate approximation to replace(t−θ+2pr)1/2 by (2pr)1/2

which leads to a considerable simplification in (10.43).

uIz0(r, t) ≈ ∂ttM(t) ∗ 1
π

Im
∫ t
0

dθI
2p1/2GI(p)[∂pθI]

−1

r1/2(t− θI)1/2
. (10.44)

The time integral is in the form of a convolution of H(t)t−1/2 with a function of
time along the Cagniard path. Thus in terms of the ‘effective’ source functionM(t)

introduced in (7.86)

M(t) =

∫ t
0

dl ∂lM(l)/(t− l)1/2 (10.45)

we can express (10.43) as

uz0(r, t) ≈M(t) ∗ π−1Im∂t{GI(p)(2p/r)
1/2[∂pθI]

−1}. (10.46)

The effective source needs to be calculated only once for all generalized rays and
the convolution in (10.46) can be carried out after the generalized ray sum has been
formed.

The high-frequency result (10.44) can alternatively be derived directly by starting
from the approximation of the time transform of the Bessel function by separated
singularities (7.108) or from the asymptotic expansion of the Bessel function
itself. For azimuthal orders|m| > 0 additional factors will appear in the inverse
transforms (7.100) and the near-field terms need to be included. These aspects are
discussed, with numerical comparisons, by Helmberger & Harkrider (1978).

Chapman (1974a, 1976) has shown how the Cagniard results can be extended
to WKBJ solutions (3.52) in vertically varying media. Unfortunately the method
cannot be applied directly to a turning ray because it is no longer possible to
make the contour deformation into the lower half plane. It is however possible to
make an iterative development via multiply reflected rays using (3.57) to approach
the turning ray solution (Chapman, 1976) but the method becomes numerically
unrewarding after the third order reflections.

10.4.1 The Cagniard path

The properties of the contribution made by a generalized ray are controlled by the
character of the Cagniard pathH in the complexp plane and the positions of the
branch points appearing in the phase delayτI(p) and the directivity and reflection
termgI(p).

The phase delayτI(p) will have branch points at the waveslownesses of the wave
type in which each layer is traversed. The closest branch point to the origin inτI
will be v−1

max, wherevmax is the largest wavespeed along the path. The termGI(p)
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has branch points atα−1
j , β−1

j for each side of an interface, forP-SVwaves, and so

the closest branch point to the origin will here beα−1
h , where

α−1
h = max[vl, l = 1, ..., n+ 1] (10.47)

if the deepest layer traversed isn. The pointα−1
h will be closer to the origin than

v−1
max for Swaves, and also forP waves if theP wavespeed is greatest in layern+1.
The Cagniard pathH is defined by ImθI(p, r) = 0, (10.42) i.e.

Im[pr+ τI(p)] = Im[pr+
∑

r

nrqrhr] = 0. (10.48)

For largep the slowness radicalsqr ∼ ±ip and so since we choosep onH to
be complex in such a way that its own imaginary part removes the−iΣnrhrp term,
the asymptote to the Cagniard path for largep is

argp ∼ tan−1(
∑

r

nrhr/r). (10.49)

At p = 0, θI(0, r) is independent of ranger and is just the vertical travel time
along the ray path. The Cagniard path starts off along the real axis but turns away
from it at the saddle point corresponding to the geometrical slownessp0I(r) for
which this combination of ray elements would arrive at the ranger. This saddle
will occur when∂pθI vanishes.

The second derivative,

∂ppθI = −
∑
l

nlhl/v
2
lq
3
l , (10.50)

and is real and negative in0 < p < v−1
max. This root may be found efficiently

numerically by, e.g., using Newton’s method.
In the neighbourhood of the saddle pointp0I(r) we make an expansion of

θI(p, r) in a power series

θI(p, r) = θI(p0I, r) + 1
2(p− p0I)

2∂ppθI(p0I, r) + ... . (10.51)

Along the Cagniard path we require ImθI = 0 and we wantθI to increase away
from the origin. Forp < p0 the path lies along the real axis. At the saddle point
∂ppθI is negative and so, in order to maintainθI as an increasing function we have
to choose(p − p0I)

2 < 0 at the saddle point. The Cagniard path therefore leaves
the real axis at right angles at the saddle pointp0I.

The closest branch point to the origin for the ray will beα−1
h which, as we have

seen, can be closer thanv−1
max and so there may be a branch point closer to the origin

than the saddle pointp0I. If αh = vmax, thenp0I < α
−1
h and fort < θI(p0I, r) the

path lies along the real axis whereGI(p) and∂pθI are both real. In this case we see
from (10.43) that there will be no contribution until the timeθI(p0I, r) associated
with the geometric ray path, and the Cagniard path is as shown in figure 10.4a.

If, however,αh > θmax, we have two possibilities. Whenp0I < α−1
h the
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10.4 The Cagniard method

Figure 10.4. Cagniard paths in the complexp plane a) only reflected contributions; b) head
wave segment in addition to reflections.

situation is as we have just described and there is no arrival before the geometric
time. Whenp0I > α−1

h there is a head wave arrival before the geometric ray
time. The Cagniard path is now as illustrated in figure 10.4b: fort < θI(α

−1
h , r)

both GI(p) and ∂pθI are real and there is no contribution to (10.38), but for
θ(α−1

h , r) < t < θI(p0I, r) althoughp and∂pθI are real,GI(p) is no longer real as
some of the radicals will be complex. There is therefore a contribution to (10.43)
from the segmentHh, and there is a separate interfacial head wave contribution for
each branch point traversed in(α−1

h , p0I). Such head wave contributions appear
moderately frequently for pureP wave paths and are very common for generalized
rays with a significant portion ofSwave legs.

Following Ben Menahem & Vered (1973) we can make an informative
decomposition of the contribution (10.43) from a particular generalized ray path.
The head wave contribution is

Im
∫ tr
th

dθI
{
GI(p)[∂pθI]

−1U(p, θI)
}
, (10.52)

where th = θI(α
−1
h , r), tr = min[t, θI(p0I, r)] and U(p, t) represents the

remainder of the integrand in (10.43).
After the geometrical arrival timet0 = θI(p0I, r) we can write the response as

Im
∫ t
t0

dθI
{
GI(p0I)[∂pθI]

−1U(p, θI)
}

+Im
∫ t
t0

dθI
{

[GI(p) −GI(p0I)][∂pθI]
−1U(p, θI)

}
. (10.53)

The first term represents the contribution from the geometric ray reflection, and
since∂pθI vanishes atp = p0I the main contribution to the beginning of the
reflected wave will come from the neighbourhood ofp0I. The second term
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represents the non-least-time arrivals, and since it vanishes atθ(p0I, r) will have
little contribution to the reflection. In Lamb’s problem for, example, this term
would include the Rayleigh wave contribution.

For numerical implementation of the Cagniard version of the generalized ray
approach we must be able to find the Cagniard pathH numerically and then achieve
an adequate sampling in time. Different numerical schemes have been discussed
by Wiggins & Helmberger (1974) and Vered & Ben Menahem (1974) and a general
survey has been made by Pao & Gajewski (1977).

As we have seen in section 10.2, the effectiveness of generalized ray sums may
be increased by making use of the ideas of kinematic and dynamic groups. In the
present context all members of a kinematic group share the same Cagniard pathH

and members of a dynamic group have the same amplitude distribution along the
path.

As an illustration of the way in which the contribution from a ray is determined
by the Cagniard path, we consider in figure 10.5 the effect of inserting a thin higher
speed layer into a model based on the work of Wiggins & Helmberger (1974).
In figure 10.5a we show in solid lines the Cagniard contours for various ranges
for a generalized ray corresponding to reflection from a small wavespeed jump
in a uniform layer representation of an upper mantle model. TheP wavespeed
beneath the deepest interface isαC and the corresponding critical range isrC. The
corresponding seismograms after passage through a low-pass filter are shown in
figure 10.5b; a weak head wave separates at the largest ranges. If a thin (2 km)
layer withP wavespeedαL is introduced above the deepest interface the Cagniard
paths are modified to those indicated in tone. All the paths leave the realp axis
to the left of α−1

L and then lie close to the real axis until the vicinity ofα−1
C

when they bend away from the axis to follow the trend of the solid curves. The
corresponding seismograms are shown in figure 10.5c with the same filtering as in
b. The original interface is now in a shadow zone and the main contribution comes
from the portions of the paths as they bend away from the real axis. In this case
there is a much larger low frequency content and very little phase change occurs on
reflection, as compared with figure 10.5b.

The Cagniard method has been employed to study a wide range of
wave-propagation problems in models consisting of a stack of uniform layers. For
example, Helmberger & Malone (1975) have looked at the effect of near-surface
structure on local earthquake records and a number of studies have been made
of upper mantle structure. Burdick & Orcutt (1979) have compared calculations
made with the Cagniard technique and only primary reflections from each interface,
with reflectivity calculations, including all multiples, in the same uniform layer
model. Neglect of the multiples gives significant errors for strong transition
zones, and where turning points occur near major discontinuities. For upper
mantle structures these problems are not severe and good agreement is obtained
at moderate frequencies (< 0.2 Hz).
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10.4 The Cagniard method

Figure 10.5. a) Cagniard paths for a generalized ray in an upper mantle model (Wiggins &
Helmberger, 1974). The solid lines show the paths followed for various ranges (rc is the
critical range). The lines in tone show how the paths are modified by inserting a small high-
velocity layer to give a shadow zone at the deepest interface. b) low passed seismograms
for the solid paths; c) low passed seismograms for the paths in tone.

10.4.2 First-motion approximations

Consider the high frequency approximation (10.46) for a generalized ray
corresponding toP wave reflection from the nth interface with transmission to and
from the surface, for which the displacement contribution can be written

uz0 = ∂tM(t) ∗ H(t)t−1/2 ∗
π−1∂tIm{f(p)Rn(p)T(p)(2p/r)1/2[∂pt]

−1}. (10.54)

The last term is to be evaluated along the Cagniard pathH for the ray. Time
increases as we move away from the origin alongH. In the subsequent development
we will often representt as a function of slownessp and will be referring to the
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parameterisation of the Cagniard path. We have factoredG(p) to show the explicit
dependence on Rn(p) (thePP reflection coefficient at the nth interface); T(p) is the
product of transmission terms andf(p) the source and receiver directivity.

We will assume that theP wavespeed increases with depth so that the closest
branch point to the origin isα−1

n+1(≡ α
−1
h ) so that for many ranges we have a head

wave contribution, in addition to reflection terms.
We recall that∂pt vanishes the saddle pointp0 at which the Cagniard path for

ranger turns away from the realp axis and so we seek an approximation to the
reflection behaviour by examining the neighbourhood ofp0. For a wavespeed
distribution that increases monotonically with depth, T(p) and f(p) will be real
atp0 and only Rn(p) will be complex. Neart(p0)

t− t0 ≈ −1
2A(p− p0)

2, (10.55)

whereA = |∂ppt(p0)| andt0 = t(p0). If we now differentiate (10.55) with respect
to p we obtain

∂pt ≈ [2A(t0 − t)]1/2. (10.56)

Thus∂pt is real fort < t0 and imaginary fort > t0 with the result that we may
write the final term in (10.55) as

ΨR(r, t) = π−1(p/Ar)1/2T(p)f(p) (10.57)

×
[
Im Rn(p)

H(t0 − t)

(t0 − t)1/2
+ Re Rn(p)

H(t− t0)

(t− t0)1/2

]
,

and the displacement may be recovered by differentiation followed by convolution
with the far-field time function for the source∂tM(t) and H(t)t−1/2,

uz0(r, t) ≈ ∂tM(t) ∗ H(t)t−1/2 ∗ ∂tΨ(t). (10.58)

We have previously noted, in connection with (7.108), that H(−t)(−t)−1/2 is the
Hilbert transform of H(t)t−1/2 and so, on carrying out the convolutions in (10.58),
we find

uRz0(r, t) = π−1(p/Ar)1/2{Re Rn(p)∂tM(t− t0) + Im Rn(p)∂tM̂(t− t0)},

(10.59)

where∂tM̂ is the Hilbert transform of the far-field source function. The term in
braces represents the scaling and phase distortion associated with reflection beyond
the critical angle which we have already considered in figure 5.3. At precritical
reflection, for ranges such thatp0 < α

−1
h , we have only the contribution.

uz0(r, t) = π−1(p/Ar)1/2T(p)f(p)Re{Rn(p)∂tM(t− t0)}, (10.60)

and the reflected pulse shape is the same as the far-field source function. At the
critical rangep0 = α−1

h and we have a coincident saddle point and branch point
and so a special treatment is necessary to obtain a ‘first-motion’ approximation
similar to (10.60) (Zvolinskii, 1958) near this point.
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10.4 The Cagniard method

Oncep0 separates fromα−1
h we can represent the post-critical reflections as

in (10.59) but need now to take account of the head wave contribution. In the
neighbourhood of the branch pointα−1

h we are unable to use a Taylor’s series but
we can approximateΨ(t) as

Ψh(r, th + ∆t) ≈ π−1(p/r)1/2T(p)f(p) (10.61)

×Im{[Rn(α
−1
h ) + γ∂γRn(α

−1
h )][∂pt(α

−1
h )]−1},

whereth is the time of arrival of the head wave, since only Rn(p) for p > α−1
h .

AlongHh, iγ = (α−2
h − p2)1/2 and so

p ≈ α−1
h + 1

2γ
2αh. (10.62)

The small increment in slowness∆p associated with∆t is therefore

∆p = p− α−1
h ≈ 1

2γ
2αh. (10.63)

This relation enables us to determineγ in terms of∆p and thus∂pt,

γ ≈ (2α−1
h ∆p)

1/2 ≈ (2α−1
h ∆t[∂pt(α

−1
h )]−1)1/2. (10.64)

With this substitution, we find

Ψh(r, t) ≈ π−1[∂pt(α
−1
h )]−3/2[2α−1

h (t− th)]
1/2 (10.65)

×Im[∂γRn(α
−1
h )](p/r)1/2T(p)f(p)H(t− th);

and also the distance travelled along the refractor,L, is∂pt(α−1
h ) since

∂pt(α
−1
h ) = r− α−1

∑
r

nrhr/qr(α
−1
h ) = L. (10.66)

The sum allows for the horizontal distance travelled in transmission. When we
perform the convolution and differentiation in (10.58) to produce the displacement
term we make use of the result

∂tM(t) ∗ H(t)t−1/2 ∗ ∂t{H(t− th)(t− th)
−1/2} = πM(t− th), (10.67)

to give

uhz0(r, t) ≈ (2pα−1
h /rL

3)1/2T(p)f(p)Im[∂γRn(α
−1
h )]M(t− th). (10.68)

The pulse shape of the head wave is thus the integral of the far-field source time
function and the rate of decay of the head wave isr−1/2L−3/2.

These first motion approximations have been used by a number of authors (e.g.,
Werth, 1967) to model the first few swings ofP waveforms. The approximations
are most effective when the significant phases are well separated in time but can be
superimposed to allow for a number of arrivals.

The convenience of the first-motion approximations has lead Mellman &
Helmberger (1979) to suggest modifications designed to link together the pre-
and post-critical approximations as well as the head wave. They have used an
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approximate contour in the neighborhood of the saddle point and checked their
results against full Cagniard calculations. For a wide variety of models it was
possible to get good agreement and the modified first-motion approximations were
much less expensive than the full calculations.

10.5 The Chapman method

The essence of the Cagniard method for calculating the contribution of a
generalized ray is that the slowness integral is taken along such a path in the
complexp plane that the time dependence can be easily recognised. In contrast
Chapman (1978) has advocated that the slowness integral should be carried out
along the realp axis as in (10.30) and (10.35).

In this section we will show how Chapman’s idea can be used to generate a
simple approximation for the displacement contribution from a generalized ray
which can be used even when turning points and caustics are involved. We consider
the vertical component of displacement and azimuthal symmetry as in (10.35) so
that

uIz0(r, t) = ∂ttM(t)∗π−1

∫∞
0

dpp
∫pr
−pr

dsUI(p, t−s)(p
2r2−s2)−1/2,(10.69)

and

UI(p, t) = π−1Im[GI(p)/(t− τI(p) − 0i)]. (10.70)

We aim to produce an approximation which is valid for large rangesr and so we
follow the procedure discussed in (7.108)-(7.114). We approximateB(t, pr)(p2 −

t2)−1/2 by two isolated singularities along the linest = pr andt = −pr and then
for larger ranges will retain only the outgoing term associated with the singularity
alongt = pr. The displacement is then represented by

uIz0(r, t) ≈ ∂ttM(t) ∗ 1

π(2r)1/2

∫∞
0

dpp1/2

×
∫∞
−∞ ds ÛI(p, s− pr)H(t− s)/(t− s)1/2, (10.71)

and herêUI is the Hilbert transform of̌UI with the form

ÛI(p, t) = π−1Re[GI(p)/(t− τI(p) − 0i)]. (10.72)

The convolution in (10.71) can be rearranged by shifting the Hilbert transform from
the generalized ray term to give∫∞

−∞ ds ǓI(p, s− pr)H(s− t)(s− t)−1/2 (10.73)

with the same slowness integral as before. Since we have forced the phase factors
associated with turning points intoGI(p), the choice of (10.71) or (10.73) is
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dictated by the properties ofGI(p). If GI were real then (10.71) would be the
best choice, whereas ifGI were imaginary we would prefer (10.73). In practice
GI(p) is real for part of the range and imaginary in others and we may exploit the
linearity of the problem to produce a combination of (10.71) and (10.73) which is
best suited to a realp contour. In terms of the explicit forms of the generalized ray
term this is

uIz0(r, t) ≈ ∂ttM(t) ∗ 1

π(2r)1/2

∫∞
0

dpp1/2

×Im

[∫∞
−∞ ds L(t− s)GI(p)Im(s− τI(p) − pr− 0i)−1

]
, (10.74)

where we have introduced the analytic time function

L(t) = H(t)t−1/2 + iH(−t)(−t)−1/2, (10.75)

which combines the inverse square root operator and its Hilbert transform. In
(10.74) we see within the slowness integral the termθI(p, r) = τI(p) + pr which
played such an important role in the Cagniard method.

We now restrict attention to perfectly elastic media, so thatτ(p) is real for the
range of slowness for which we have propagating waves all along the ray path. We
will denote the slowness at which some portion of the ray becomes evanescent by
pI and then∫pI

0
dpp1/2GI(p)Im[t−θI(p, r)−0i] =

∫∞
0

dpp1/2GI(p)δ(t−θI(p, r)).(10.76)

This integral may be evaluated by splitting the slowness range intervals containing
just one root oft = θ(p, r) and then changing integration variable toθ to give∫∞

0
dpp1/2GI(p)δ(t− θI(p, r)) =

∑
j

GI(πj)π
1/2
j [∂pθI(πj, r)]

−1, (10.77)

where the sum is taken over the slowness rootsπj(t) of t = θI(πj, r). There will
be one root for a simple turning ray and multiple roots in the neighbourhood of
triplications. The full integral (10.74) can now be written as

uIz0 ≈ ∂ttM(t) ∗ 1

π(2r)1/2
Im{L(t) ∗

∑
j

GI(πj)π
1/2
j [∂pθI(πj, r)]

−1

+L(t)

∫∞
pI

dpp1/2GI(p)Im[t− θI(p, r) − 0i]−1}. (10.78)

The integral includes those values for whichτ(p) becomes complex and may be
regarded as a correction to the main approximation represented by the sum.
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Chapman (1978) has termed the displacement contribution

uIz0(r, t) = ∂ttM(t) ∗
1

π(2r)1/2
Im{L(t) ∗

∑
j

GI(πj(t))πj(t)
1/2[∂pθI(πj(t), r)]

−1},(10.79)

theWKBJ seismogram. He has shown that with a locally quadratic approximation
to θ(p, r) we recover the results of geometrical ray theory for a single turning
ray. The expression (10.79) is, however, still usable at caustics and at shadow
boundaries where geometrical ray theory fails. For interface problems (10.79) gives
the same results as the first-motion approximation for the head wave (10.68). For
reflected waves a complete representation requires the inclusion of the correction
terms to allow for evanescent waves, but near the geometric arrival time (10.79) is
a good approximation.

For numerical evaluation it is convenient to use a smoothed version of (10.79),
to generate a discrete time series. For a digitisation interval∆t we employ an
operatorF(t, ∆t) which is zero outside(t − ∆t, t + ∆t) to smooth each time
point. This smoothing eliminates the effects of singularities in (10.79) associated
with apparent details in the model. The interpolation scheme used to define the
wavespeed profile can often give discontinuities in parameter gradients which will
lead to singularities in (10.79); there is also a chance that small triplications may
be introduced. These features will have no true physical significance and will be
unobservable with realistic source terms.

Figure 10.6. The construction of the WKBJ seismogram by smoothing over an interval
t− ∆t, t+ ∆t) about the desired time.
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We now convolve the displacement with the unit area smoothing operator
F(t, ∆t), and restrict attention to the range of slownesses for whichτI(p) is real
as in (10.79),

uIz0(r, t) ∗ F(t, ∆t) = ∂ttM(t) ∗
1

π(2r)1/2
Im{L(t) ∗

∫∞
0

dpp1/2GI(p)F(t− θI(p, r), ∆t)}.

(10.80)

The slowness integral will reduce to a sum of contributions from bands such that

t− ∆t < θI(p, r) < t+ ∆t, (10.81)

in the neighbourhood ofπj(t) (see figure 10.6). Thus

uIz0(r, t) ∗ F(t, ∆t) = ∂ttM(t) ∗
1

π(2r)1/2
Im{L(t) ∗

∑
j

∫
dpp1/2GI(p)F(t− θI, ∆t)}, (10.82)

where the integral is to be taken over the span of slowness values aboutπj for which
(10.81) is satisfied, with width∆pj (figure 10.6).

Chapman (1978) has suggested using a boxcar filter over the interval(t−∆t, t+

∆t) in which case, whenGI(p) is slowly varying, the sum in (10.82) can be
approximated by∑

j

πjGI(πj)∆pj/∆t, (10.83)

and this is the form which Dey-Sarkar & Chapman (1978) have used for
computations. Figure 10.6 illustrates the way the sum is formed, for an isolated
arrival nearπ1, ∆p1 is small. But for the triplicationπ2, π3, π4 which is
unresolvable at the discretisation level∆t, there is a long effective∆p.

In the approximations which enabled us to generate the frequency-slowness
response of a turning ray we have takengI(p) to be determined by products of
frequency independent plane-wave reflection and transmission coefficients. All
frequency dependent propagation effects associated with changes in parameter
gradients and with turning points close to interfaces are ignored. Although the
WKBJ seismogram will give a good representation of the major features of the
seismic phases via the behaviour ofθI(p, r), secondary features can be in error or
missing. This can be well illustrated by examining the slowness-time map for a
full frequency dependent calculation. In Figure 10.7 we show such a projective
display of the slowness-time response for theSSreflection from the upper mantle
modelT7 (figure 9.7). The continuous refraction, the main feature for large times
is approximated well in the WKBJ scheme (10.82)–(10.83). The reflection from
the Moho will also be represented quite well. However, the reflections from
the discontinuity in wavespeed gradient at 170 km, and the complex transition
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Figure 10.7. Projective display of theSSreflection from the upper modelT7 as a function
of slowness and time.

Figure 10.8. Record section of WKBJ theoretical seismograms forSwaves in the mantle
modelT7.

zones at 400 and 700 km, in the flattened model, will not be well approximated.
These features depend strongly on frequency dependent gradient effects and have
a significant effect on the seismograms for waves reflected from the upper mantle.

Although the WKBJ seismograms do not have the full accuracy which can be
attained with more sophisticated techniques, they are inexpensive to compute. With
a knowledge of the travel-time and reflection characteristics of a model it is possible
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to get a quick idea of the character of the seismic wavefield. In figure 10.8 we show
a record section of WKBJ theoretical seismograms (10.82)–(10.83) calculated for a
simple oceanic crustal model. These seismograms display the main features of the
crustal response represented by the refracted branch of the travel time curve, but do
not include reflections arising from changes in wavespeed gradient.

10.6 Attenuation and generalized rays

In both Cagniard’s and Chapman’s methods for determining the response of a
generalized ray we have had to assume that the medium is perfectly elastic.

As discussed in section 1.3 we can model the effects of attenuation on seismic
propagation by letting the elastic wavespeeds become complex. In general they will
also be frequency dependent because of the frequency dispersion associated with
causal attenuation. In an attenuative medium to first order, forP wave

τ(p) → 2

∫Zα

0
dz qα(p, z,ω) + isgnω

∫Zα

0
dz [α2Qαqα]−1 (10.84)

and so the separation of frequency and slowness effects we have employed above
is no longer possible.

For Cagniard’s method attenuation can be introduced into the final ray sum by
applying an attenuation operator, such as (9.74), to each ray contribution allowing
for the nature of the path. Burdick & Helmberger (1978) have compared this
approach with applying a single attenuation operator to the full ray sum, and
suggest that often the simpler approximation is adequate.

In Chapman’s method, a good far-field approximation may be obtained using
(10.71) but now evaluating the inverse transformUI(p, t) numerically. For a delta
function source the result will be a broadened pulse following a trajectory similar
to theτ curve in slowness. If dispersion can be neglected

τ(p) = τ0(p) + isgnωλ(p), (10.85)

whereτ0 is the perfectly elastic value, and the attenuative termλ(p) is small. For
theIth generalized ray

wwwI(p, t) = Im[GI(p)/(t− τI(p))], (10.86)

but this is non-causal. Along the realp axiswwwI(p, t) will still have its maximum
value nearτ0I(p) and a comparable approximation to the smoothed WKBJ
seismogram can be made including a convolution with the broadened pulse form.
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