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Chapter 1 Bayesian Basics Part 1 
 
R Code for Exercise 1.1 
 
PAgBfun=function(p=0.01,q=0.9){    p*q   /  (p*q+(1-p)*(1-q))    } 
PAgBfun()  # 0.08333333 
pvec=seq(0,1,0.01); Pveca=PAgBfun(p=pvec,q=0.9) 
 Pveca2=PAgBfun(p=pvec,q=0.95)  
qvec=seq(0,1,0.01); Pvecb=PAgBfun(p=0.01,q=qvec) 
 Pvecb2=PAgBfun(p=0.05,q=qvec) 
 
X11(w=8,h=7); par(mfrow=c(2,1)); 
 
plot(pvec,Pveca,type="l",xlab="p=P(A)",ylab="P(A|B)",lwd=2) 
points(0.01,1/12,pch=16,cex=1.5); text(0.05,0.8,"(a)",cex=1.5) 
lines(pvec,Pveca2,lty=2,lwd=2) 
legend(0.7,0.5,c("q  = 0.9","q = 0.95"),lty=c(1,2),lwd=c(2,2)) 
 
plot(qvec,Pvecb,type="l",xlab="q=P(B|A)=P(B'|A')",ylab="P(A|B)",lwd=2) 
points(0.9,1/12,pch=16,cex=1.5); text(0.05,0.8,"(b)",cex=1.5) 
lines(qvec,Pvecb2,lty=2,lwd=2) 
legend(0.2,0.8,c("p  = 0.01","p = 0.05"),lty=c(1,2),lwd=c(2,2)) 
 
# Technical note: The graph here was copied from R as ‘bitmap’ and then  
# pasted into a Word document, which was then saved as a PDF. If the graph 
# is copied from R as ‘metafile’, it appears correct in the Word document, 
# but becomes corrupted in the PDF, with axis legends slightly off-centre.  
# So, all graphs in this book created in R were copied into Word as ‘bitmap’. 
 
R Code for Exercise 1.6 
 
options(digits=6); c=(1/6)*(pi^2)-5/4; c # 0.394934 
1- (1/3^2)/c # 0.718659 
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R Code for Exercise 1.7 
 
tv=2:8; kv=tv*(tv-1)*(9-tv); c=sum(kv); c # 420 
options(digits=4);  cbind(tv,kv,kv/c,cumsum(kv/c)) 
# [1,]  2   14   0.03333   0.03333 
# [2,]  3   36   0.08571   0.11905 
# [3,]  4   60   0.14286   0.26190 
# [4,]  5   80   0.19048   0.45238 
# [5,]  6   90   0.21429   0.66667 
# [6,]  7   84   0.20000   0.86667 
# [7,]  8   56   0.13333   1.00000 
 
23/42 # 0.5476 
1-0.45238 # 0.5476  (alternative calculation of the required probability) 
sum((kv/c)[tv>=6]) #  0.5476    
  # (yet another calculation of the required probability) 
 
R Code for Exercise 1.8  
 
X11(w=8,h=5); par(mfrow=c(1,1)); 
 
plot(c(0,1),c(0,3),type="n",xlab="theta",ylab="density") 
 
lines(c(0,1),c(1,1),lty=1,lwd=3);  tv=seq(0,1,0.01) 
lines(tv,3*(1-tv)^2,lty=2,lwd=3) 
lines(tv,3*2*tv*(1-tv),lty=3,lwd=3) 
lines(tv,3*tv^2,lty=4,lwd=3) 
 
legend(0.3,3,c("prior","posterior if y=0","posterior if y=1","posterior if y=2"), 
     lty=c(1,2,3,4),lwd=rep(2,4)) 
 
R Code for Exercise 1.11 
 
options(digits=4); postmean=6/7; postmode=1; postmedian=0.5^(1/6) 
c(postmean,postmode,postmedian) # 0.8571 1.0000 0.8909 
hpdr=c(0.2^(1/6),1); cpdr=c(0.1,0.9)^(1/6) 
c(hpdr,cpdr) # 0.7647 1.0000 0.6813 0.9826 
 
X11(w=8,h=5); par(mfrow=c(1,1)); tv=seq(0,1,0.01); fv=dbeta(tv,6,1) 
plot(tv,fv,type="l",lwd=3,xlab="theta",ylab="posterior density") 
points(c(postmean,postmode,postmedian),c(0,0,0),pch=c(1,2,4)) 
points(hpdr,rep(0.2,2),pch=16); lines(hpdr,rep(0.2,2),lty=3,lwd=2) 
points(cpdr,rep(0.4,2),pch=16); lines(cpdr,rep(0.4,2),lty=2,lwd=2) 
abline(v=c(postmean,postmode,postmedian),lty=3) 



Computer Code 

3 

abline(v=c(0,hpdr,cpdr),lty=3); abline(h=c(0,6),lty=3) 
legend(0.2,5.8,c("posterior mean","posterior mode", 
 "posterior median"),pch=c(1,2,4)) 
legend(0.2,2.8,c("80% CPDR","80% HPDR"),lty=c(2,3),lwd=c(2,2)) 
 
R Code for Exercise 1.16 
 
X11(w=8,h=7); par(mfrow=c(2,1)) 
 
alp=2; bet=6; n = 5; y = 4; pvec=seq(0,1,0.01) 
plot(c(0,1),c(0,3),type="n",xlab="theta",ylab="density/likelihood") 
lines(pvec,dbeta(pvec,alp,bet),lty=1,lwd=2) 
lines(pvec,dbeta(pvec,1+y,n-y+1),lty=2,lwd=2) 
lines(pvec,dbeta(pvec,alp+y,n-y+bet),lty=3,lwd=2) 
 
points(c(alp/(alp+bet), y/n,(alp+y)/(alp+bet+n)),c(0,0,0),pch=c(1,2,3), 
 cex=rep(1.5,3),lwd=2);  text(0,2.5,"(a)",cex=1.5) 
c(alp/(alp+bet), y/n,(alp+y)/(alp+bet+n)) # 0.2500000 0.8000000 0.4615385 
n/(alp+bet+n) # 0.3846154 
 
alp=2; bet=6; n = 20; y = 16; pvec=seq(0,1,0.01) 
plot(c(0,1),c(0,5),type="n",xlab="theta",ylab="density/likelihood") 
lines(pvec,dbeta(pvec,alp,bet),lty=1,lwd=2) 
lines(pvec,dbeta(pvec,1+y,n-y+1),lty=2,lwd=2) 
lines(pvec,dbeta(pvec,alp+y,n-y+bet),lty=3,lwd=2) 
 
points(c(alp/(alp+bet), y/n,(alp+y)/(alp+bet+n)),c(0,0,0),pch=c(1,2,3), 
 cex=rep(1.5,3),lwd=2);  text(0,4.5,"(b)",cex=1.5) 
c(alp/(alp+bet), y/n,(alp+y)/(alp+bet+n)) # 0.2500000 0.8000000 0.6428571 
n/(alp+bet+n) # 0.7142857 
 
R Code for Exercise 1.19 
 
X11(w=8,h=5); par(mfrow=c(1,1)); mu0=5;  sig0=0.5; sig=1  
 
y = c(8.4, 10.1, 9.4); n = length(y); k=1/(1+(sig^2/n)/sig0^2); k # 0.4285714 
ybar=mean(y); ybar # 9.3 
mus = (1-k)*mu0 + k*ybar; sigs2=k*sig^2/n 
c(mus,sigs2) # 6.8428571 0.1428571 
muv=seq(0,15,0.01) 
prior = dnorm(muv,mu0,sig0); post=dnorm(muv,mus,sqrt(sigs2)) 
like = dnorm(muv,ybar,sig/sqrt(n)) 
cpdr=mus+c(-1,1)*qnorm(0.975)*sqrt(sigs2) 
cpdr # 6.102060 7.583654 



Bayesian Methods for Statistical Analysis 

4 

 
plot(c(0,11),c(-0.1,1.3),type="n",xlab="",ylab="density/likelihood") 
lines(muv,prior,lty=1,lwd=2); lines(muv,like,lty=2,lwd=2) 
lines(muv,post,lty=3,lwd=2) 
points(c(mu0,ybar,mus),c(0,0,0),pch=c(1,2,4),cex=rep(1.5,3),lwd=2) 
points(cpdr,c(0,0),pch=rep(16,2),cex=rep(1.5,2)) 
legend(0,1.3, 
      c("Prior density","Likelihood function (normalised)","Posterior density"), 
 lty=c(1,2,3),lwd=c(2,2,2)) 
legend(0,0.7,c("Prior mean","Sample mean (MLE)","Posterior mean", 
     "95% CPDR bounds"), pch=c(1,2,4,16),pt.cex=rep(1.5,4),pt.lwd=rep(2,4)) 
text(10.8,-0.075,"m", vfont=c("serif symbol","italic"), cex=1.5) 
 
# Repeat above with sig0=2 to obtain Figure 1.11 
# Repeat above with sig0=0.25 to obtain Figure 1.12 
# Repeat above with sig0=0.5 and sig=2 to obtain Figure 1.13 
 
R Code for Exercise 1.21 
 
# (a) Inference on lambda ----------------------------------------------- 
 
y = c(8.4, 10.1, 9.4); n = length(y); mu=8;  alp=3; bet=2; options(digits=4) 
a=alp+n/2; sigmu2=mean((y-mu)^2); b=bet+(n/2)*sigmu2 
 
c(a,sigmu2,b) # 4.500 2.177 5.265 
 
lampriormean=alp/bet; lamlikemode=1/sigmu2; lampriormode=(alp-1)/bet 
lampriormedian= qgamma(0.5,alp,bet) 
lampostmean=a/b; lampostmode=(a-1)/b; lampostmedian=qgamma(0.5,a,b) 
lamcpdr=qgamma(c(0.025,0.975),a,b) 
 
c(lampriormean,lamlikemode,lampriormode,lampriormedian, 
 lampostmode,lampostmedian, lampostmean,lamcpdr)  
   # 1.5000 0.4594 1.0000 1.3370 0.6648 0.7923 0.8547 0.2564 1.8065 
 
lamv=seq(0,5,0.01); prior=dgamma(lamv,alp,bet) 
post=dgamma(lamv,a,b);  like=dgamma(lamv,a-alp+1,b-bet+0) 
 
X11(w=8,h=4); par(mfrow=c(1,1)) 
 
plot(c(0,5),c(0,1.9),type="n",  
 main="Inference on the model precision parameter", 
 xlab="lambda",ylab="density/likelihood") 
lines(lamv,prior,lty=1,lwd=2); lines(lamv,like,lty=2,lwd=2); 
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lines(lamv,post,lty=3,lwd=2) 
points(c(lampriormean,lampriormode, lampriormedian,  
 lamlikemode,lampostmode,lampostmedian,lampostmean), 
   rep(0,7),pch=c(1,1,1,2,4,4,4),cex=rep(1.5,7),lwd=2) 
points(lamcpdr,c(0,0),pch=rep(16,2),cex=rep(1.5,2)) 
 
legend(0,1.9, 
      c("Prior density","Likelihood function (normalised)","Posterior density"), 
 lty=c(1,2,3),lwd=c(2,2,2)) 
legend(3,1.9,c("Prior mode, median\n & mean (left to right)",  
 "MLE"), pch=c(1,2),pt.cex=rep(1.5,4),pt.lwd=rep(2,4)) 
legend(3,1,c("Posterior mode, median\n & mean (left to right)",  
 "95% CPDR bounds"), pch=c(4,16),pt.cex=rep(1.5,4),pt.lwd=rep(2,4)) 
 
# (b)  Inference on sigma2 = 1/lambda ------------------------------------------------- 
 
sig2priormean=bet/(alp-1); sig2likemode=sigmu2; sig2priormode=bet/(alp+1) 
sig2postmean=b/(a-1); sig2postmode=b/(a+1);  
sig2postmedian=1/lampostmedian 
sig2cpdr=1/qgamma(c(0.975,0.025),a,b); sig2priormedian= 1/lampriormedian 
 
c(sig2priormean, sig2likemode, sig2priormode, sig2priormedian, 
 sig2postmode, sig2postmedian, sig2postmean, sig2cpdr)  
   # 1.0000 2.1767 0.5000 0.7479 0.9573 1.2622 1.5043 0.5535 3.8994 
 
sig2v=seq(0.01,10,0.01); prior=dgamma(1/sig2v,alp,bet)/sig2v^2 
post=dgamma(1/sig2v,a,b)/sig2v^2;  
like=dgamma(1/sig2v,a-alp-1,b-bet+0)/sig2v^2 
 
plot(c(0,10),c(0,1.2),type="n",  
 main="Inference on the model variance parameter", 
 xlab="sigma^2 = 1/lambda",ylab="density/likelihood") 
lines(sig2v,prior,lty=1,lwd=2); lines(sig2v,like,lty=2,lwd=2) 
lines(sig2v,post,lty=3,lwd=2) 
 
points(c(sig2priormean, sig2priormode, sig2priormedian, sig2likemode, 
 sig2postmode, sig2postmedian,sig2postmean), 
 rep(0,7),pch=c(1,1,1,2,4,4,4),cex=rep(1.5,7),lwd=2) 
points(sig2cpdr,c(0,0),pch=rep(16,2),cex=rep(1.5,2)) 
 
legend(1.8,1.2, 
      c("Prior density","Likelihood function (normalised)","Posterior density"), 
 lty=c(1,2,3),lwd=c(2,2,2)) 
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legend(7,1.2,c("Prior mode, median\n & mean (left to right)",  
 "MLE"), pch=c(1,2),pt.cex=rep(1.5,4),pt.lwd=rep(2,4)) 
legend(6,0.65,c("Posterior mode, median\n & mean (left to right)",  
 "95% CPDR bounds"), pch=c(4,16),pt.cex=rep(1.5,4),pt.lwd=rep(2,4)) 
 
# abline(h=max(like),lty=3)  # Checking likelihood and MLE are consistent 
# fun=function(t){  dgamma(1/t,a-alp-1,b-bet+0)/t^2  } 
# integrate(f=fun,lower=0,upper=Inf)$value    
                  # 1  Checking likelihood is normalised 
 
# (c)  Inference on sigma = 1/sqrt(lambda) --------------------------------------------- 
 
sigpriormean=sqrt(bet)*gamma(alp-1/2)/gamma(alp);  
siglikemode=sqrt(sigmu2); sigpriormode=sqrt(2*bet/(2*alp+1)) 
sigpostmean= sqrt(b)*gamma(a-1/2)/gamma(a) 
sigpostmode= sqrt(2*b/(2*a+1)); sigpostmedian=sqrt(sig2postmedian) 
sigcpdr=sqrt(sig2cpdr); sigpriormedian= sqrt(sig2priormedian) 
 
c(sigpriormean, siglikemode, sigpriormode, sigpriormedian, 
 sigpostmode, sigpostmedian, sigpostmean, sigcpdr)  
   # 0.9400 1.4754 0.7559 0.8648 1.0262 1.1235 1.1836 0.7440 1.9747 
 
sigv=seq(0.01,3,0.01); prior=dgamma(1/sigv^2,alp,bet)*2/sigv^3 
post=dgamma(1/sigv^2,a,b)*2/sigv^3;  
like=dgamma(1/sigv^2,a-alp-1/2,b-bet+0)*2/sigv^3 
 
plot(c(0,2.5),c(0,4.1),type="n", 
 main="Inference on the model standard deviation parameter", 
 xlab="sigma = 1/sqrt(lambda)",ylab="density/likelihood") 
lines(sigv,prior,lty=1,lwd=2) 
lines(sigv,like,lty=2,lwd=2) 
lines(sigv,post,lty=3,lwd=2) 
points(c(sigpriormean, sigpriormode, sigpriormedian, siglikemode,  
 sigpostmode, sigpostmedian,sigpostmean), 
 rep(0,7),pch=c(1,1,1,2,4,4,4),cex=rep(1.5,7),lwd=2) 
points(sigcpdr,c(0,0),pch=rep(16,2),cex=rep(1.5,2)) 
 
legend(0,4.1, 
      c("Prior density","Likelihood function (normalised)","Posterior density"), 
 lty=c(1,2,3),lwd=c(2,2,2)) 
legend(1.7,4.1,c("Prior mode, median\n & mean (left to right)",  
 "MLE"), pch=c(1,2),pt.cex=rep(1.5,4),pt.lwd=rep(2,4)) 
legend(1.7,2.3,c("Posterior mode, median\n & mean (left to right)",  
 "95% CPDR bounds"), pch=c(4,16),pt.cex=rep(1.5,4),pt.lwd=rep(2,4)) 
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Chapter 2 Bayesian Basics Part 2 
 
R Code for Exercise 2.1 
 
biasfun = function(mu,n,sig,mu0,sig0){  
       k = n/(n+(sig/sig0)^2) 
      (1-k)*mu0-mu*(1-k)        } 
 
coverfun = function(mu,n,sig,mu0,sig0,alp=0.05){      
    k = n/(n + (sig/sig0)^2) 
    sigstar =  sig*sqrt(k/n); z=qnorm(1-alp/2)       
    a= (   mu-(1-k)*mu0-z*sigstar  ) / k     
    b= (   mu-(1-k)*mu0+z*sigstar  ) /  k      
    u= pnorm((b-mu)/(sig/sqrt(n)))  
    l=  pnorm((a-mu)/(sig/sqrt(n))) 
     u-l        } 
  
X11(w=8,h=5.5); par(mfrow=c(1,1)) 
muvec=seq(-5,5,0.01); mu0=1; sig=1; n=10;  sig0v=c(0.1,0.2,0.5,1) 
 
plot(c(-2,2),c(-1,3),type="n",xlab="mu",ylab="",main=" ") 
abline(1,-1,lty=3); abline(v=0,lty=3); abline(h=0,lty=3) 
lines(muvec,biasfun(mu=muvec,n=n,sig=sig,mu0=mu0,sig0=sig0v[1]),  
     lty=1,lwd=3) 
 
lines(muvec,biasfun(mu=muvec,n=n,sig=sig, mu0=mu0,sig0=sig0v[2]),  
     lty=2,lwd=3) 
lines(muvec,biasfun(mu=muvec,n=n,sig=sig, mu0=mu0,sig0=sig0v[3]),  
     lty=3,lwd=3) 
lines(muvec,biasfun(mu=muvec,n=n,sig=sig, mu0=mu0,sig0=sig0v[4]),  
     lty=4,lwd=3) 
legend(1,2.8,c("sig0=0.1","sig0=0.2","sig0=0.5","sig0=1.0"),   
     lty=1:4,lwd=rep(3,4)) 
 
plot(c(-2,2),c(-2,4),type="n",xlab="mu",ylab="",main=" ") 
abline(v=0,lty=3); abline(h=0,lty=3); lines(muvec, mu0/muvec-1,lty=3) 
lines(muvec, biasfun(mu=muvec,n=n,sig=sig,mu0=mu0, sig0=sig0v[1])/muvec,  
     lty=1,lwd=3) 
lines(muvec, biasfun(mu=muvec,n=n,sig=sig,mu0=mu0, sig0=sig0v[2])/muvec,  
     lty=2,lwd=3) 
lines(muvec, biasfun(mu=muvec,n=n,sig=sig,mu0=mu0, sig0=sig0v[3])/muvec,  
     lty=3,lwd=3) 
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lines(muvec, biasfun(mu=muvec,n=n,sig=sig,mu0=mu0, sig0=sig0v[4])/muvec,  
     lty=4,lwd=3) 
legend(-2,4,c("sig0=0.1","sig0=0.2","sig0=0.5","sig0=1.0"),   
     lty=1:4,lwd=rep(3,4)) 
 
plot(c(-1,3),c(0,1),type="n",xlab="mu",ylab="",main=" ") 
abline(h=c(0,0.95,1),lty=3) 
lines(muvec, coverfun(mu=muvec,n=n,sig=sig,mu0=mu0,sig0=sig0v[1]),  
     lty=1,lwd=3) 
lines(muvec, coverfun(mu=muvec,n=n,sig=sig,mu0=mu0,sig0=sig0v[2]),  
     lty=2,lwd=3) 
lines(muvec, coverfun(mu=muvec,n=n,sig=sig,mu0=mu0,sig0=sig0v[3]),  
     lty=3,lwd=3) 
lines(muvec, coverfun(mu=muvec,n=n,sig=sig,mu0=mu0,sig0=sig0v[4]),  
     lty=4,lwd=3) 
legend(-0.55,0.6,c("sig0=0.1","sig0=0.2","sig0=0.5","sig0=1.0"),   
       lty=1:4,lwd=rep(3,4))  
    
R Code for Exercise 2.2 
 
biasfun = function(sig2,n=10,alp=0,bet=0){  (2*bet+n*sig2)/(2*alp+n-2)-sig2 } 
 
coverfun = function(sig2,n=10,alp=0,bet=0,A=0.05){      
     u = qchisq(A/2,2*alp+n); v = qchisq(1-A/2,2*alp+n) 
      pchisq(v-2*bet/sig2, n) - pchisq(u-2*bet/sig2, n)    } 
 
X11(w=8,h=5.5); par(mfrow=c(1,1)) 
sig2vec=seq(0.01,5,0.01); n=10;  alpv=c(0.1,1,5); betv=c(0.1,1,5) 
 
plot(c(0,5),c(-2,1),type="n",xlab="sigma^2",ylab="",main=" ") 
abline(h=0,lty=3) 
 
lines(sig2vec,biasfun(sig2=sig2vec,alp=0,bet=0), lty=1,lwd=3) 
lines(sig2vec,biasfun(sig2=sig2vec,alp=0,bet=1), lty=2,lwd=3) 
lines(sig2vec,biasfun(sig2=sig2vec,alp=1,bet=0), lty=3,lwd=3) 
lines(sig2vec,biasfun(sig2=sig2vec,alp=1,bet=1), lty=4,lwd=3) 
legend(0,-0.5,c("alp=0, bet=0","alp=0, bet=1","alp=1, bet=0","alp=1, bet=1"), 
                lty=1:4,lwd=rep(3,4)) 
 
plot(c(0,3),c(-1,6),type="n",xlab="sigma^2",ylab="",main=" ") 
abline(h=0,lty=3); abline(v=0,lty=3) 
 



Computer Code 

9 

lines(sig2vec,biasfun(sig2=sig2vec,alp=0,bet=0)/ sig2vec, lty=1,lwd=3) 
lines(sig2vec,biasfun(sig2=sig2vec,alp=0,bet=1)/ sig2vec, lty=2,lwd=3) 
lines(sig2vec,biasfun(sig2=sig2vec,alp=1,bet=0)/ sig2vec, lty=3,lwd=3) 
lines(sig2vec,biasfun(sig2=sig2vec,alp=1,bet=1)/ sig2vec, lty=4,lwd=3) 
legend(1.5,6,c("alp=0, bet=0","alp=0, bet=1","alp=1, bet=0","alp=1, bet=1"), 
                lty=1:4,lwd=rep(3,4)) 
 
plot(c(0,2),c(0,1),type="n",xlab="sigma^2",ylab="",main=" ") 
abline(h=c(0,0.95,1),lty=3) 
 
lines(sig2vec, coverfun(sig2=sig2vec,n=10,alp=0,bet=0,A=0.05), lty=1,lwd=3) 
lines(sig2vec, coverfun(sig2=sig2vec,n=10,alp=0,bet=1,A=0.05), lty=2,lwd=3) 
lines(sig2vec, coverfun(sig2=sig2vec,n=10,alp=1,bet=0,A=0.05), lty=3,lwd=3) 
lines(sig2vec, coverfun(sig2=sig2vec,n=10,alp=1,bet=1,A=0.05), lty=4,lwd=3) 
legend(1,0.6,c("alp=0, bet=0","alp=0, bet=1","alp=1, bet=0","alp=1, bet=1"), 
                lty=1:4,lwd=rep(3,4)) 
 
R Code for Exercise 2.3 
 
n=5; k=3/4; a1=8; b1=25; a2=20; b2=20; y=4; thetav=seq(0,1,0.01)  
prior1=dbeta(thetav,a1,b1); prior2=dbeta(thetav,a2,b2) 
post1=dbeta(thetav,a1+y,b1+n-y); post2=dbeta(thetav,a2+y,b2+n-y) 
prior = k*prior1 + (1-k)*prior2 
 
c1=k*beta(a1+y,b1+n-y)/beta(a1,b1); c2=(1-k)*beta(a2+y,b2+n-y)/beta(a2,b2) 
c=c1/(c1+c2); post=c*post1 + (1-c)*post2; options(digits=4); c # 0.2583 
like=dbeta(thetav,1+y,1+n-y) # likelihood = post. under U(0,1)=beta(1,1) prior 
 
X11(w=8,h=5.5) 
 
plot(c(0,1),c(0,8),type="n",xlab="theta",ylab="density/likelihood") 
lines(thetav,prior,lty=1,lwd=4) 
lines(thetav,like,lty=2,lwd=4) 
lines(thetav,post,lty=3,lwd=4) 
legend(0,8,c("Prior","Likelihood","Posterior"),lty=c(1,2,3),lwd=c(4,4,4)) 
lines(thetav,prior1,lty=1,lwd=2) 
lines(thetav,prior2,lty=1,lwd=2) 
lines(thetav,post1,lty=3,lwd=2) 
lines(thetav,post2,lty=3,lwd=2) 
legend(0.3,8,c("Component priors","Component posteriors"), 
 lty=c(1,3),lwd=c(2,2)) 
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mle=y/n; priormean=k*a1/(a1+b1)+(1-k)*a2/(a2+b2) 
postmean=c*(a1+y)/(a1+b1+n) + (1-c)*(a2+y)/(a2+b2+n) 
points(c(priormean,mle,postmean),c(0,0,0),pch=c(1,2,4),cex=c(1.5,1.5,1.5), 
 lwd=c(2,2,2)) 
c(priormean,mle,postmean) # 0.3068 0.8000 0.4772 
legend(0.7,8,c("   Prior mean","   MLE","   Posterior mean"), 
 pch=c(1,2,4),pt.cex=c(1.5,1.5,1.5),pt.lwd=c(2,2,2)) 
 
R Code for Exercise 2.8 
 
Rfun=function(mu,sig,n){    sig^2/n+4*mu*(   mu*pnorm(-mu/(sig/sqrt(n)))  - 
           (sig/sqrt(n))*dnorm(mu/(sig/sqrt(n)))    )     } 
muvec=seq(-10,10,0.01); options(digits=4) 
 
X11(w=8,h=5.5); par(mfrow=c(1,1));  
 
plot(c(-0.5,4),c(0,3),type="n",xlab="mu",ylab="R(mu)",main=" ") 
 
n=1; sig=1; lines(muvec,Rfun(muvec,sig=sig,n=n),lty=1,lwd=3);  
            abline(v=0,lty=3); abline(h=c(0,sig^2/n),lty=3) 
n=5; sig=2; lines(muvec,Rfun(muvec,sig=sig,n=n),lty=2,lwd=3);  
 abline(h= sig^2/n,lty=3) 
n=5; sig=3; lines(muvec,Rfun(muvec,sig=sig,n=n),lty=3,lwd=3);  
             abline(h= sig^2/n,lty=3) 
legend(0.2,3.05,c("sig=1, n=1","sig=2, n=5","sig=3, n=5"), 

lty=c(1,2,3),lwd=c(2,2,2)) 
 
Ifun = function(mu,sig,n,mu0,sig0){ 
 Rfun(mu=mu,sig=sig,n=n)*dnorm(mu,mu0,sig0)     } 
 
plot(c(-5,10),c(0,1.5),type="n", xlab="mu",ylab="g(mu) = R(mu)*f(mu)", 
 main=" ")  
n=1; sig=1; mu0=0; sig0=1 
lines(muvec, Ifun(mu=muvec,sig=sig,n=n,mu0=mu0, sig0=sig0),lty=1,lwd=3) 
 # Check range over which to integrate the integrand 
integrate(f=Ifun,lower=-7,upper=7, sig=sig,n=n,mu0=mu0, sig0=sig0)$value   
 # 3 
 
n=1; sig=1; mu0=1; sig0=1 
lines(muvec, Ifun(mu=muvec,sig=sig,n=n,mu0=mu0, sig0=sig0),lty=2,lwd=3) 
 # Check range over which to integrate the integrand 
integrate(f=Ifun,lower=-7,upper=7, sig=sig,n=n,mu0=mu0, sig0=sig0)$value   
 # 1.16  
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n=1; sig=1; mu0=5; sig0=1 
lines(muvec, Ifun(mu=muvec,sig=sig,n=n,mu0=mu0, sig0=sig0),lty=3,lwd=3) 
 # Check range over which to integrate the integrand 
integrate(f=Ifun,lower=0,upper=10, sig=sig,n=n,mu0=mu0, sig0=sig0)$value   
 # 0.9994 
 
n=1; sig=1; mu0=0; sig0=0.5 
lines(muvec, Ifun(mu=muvec,sig=sig,n=n,mu0=mu0, sig0=sig0),lty=4,lwd=3) 
 # Check range over which to integrate the integrand 
integrate(f=Ifun,lower=-5,upper=5, sig=sig,n=n,mu0=mu0, sig0=sig0)$value   
 # 1.5 
 
legend(1,1.5,c("mu0=0, sig0=1.0 => r=3.000", "mu0=1, sig0=1.0 => r=1.160", 
 "mu0=5, sig0=1.0 => r=0.999","mu0=0, sig0=0.5 => r=1.500"),  
 lty=c(1,2,3,4),lwd=c(3,3,3,3)); text(5,0.6,"In each case, n=1 and sig=1") 
 
R Code for Exercise 2.9 
 
PELfun=function(ybar,sig,n,sig0,mu0){    
 k=n/(n+sig^2/sig0^2) 
 mustar=(1-k)*mu0+k*ybar 
 sigstar2=k*sig^2/n 
 ybar^2-2*abs(ybar)*mustar+sigstar2 + mustar^2      

} 
 
ybarvec=seq(-10,10,0.01); options(digits=4) 
X11(w=8,h=5.5); par(mfrow=c(1,1));  
 
plot(c(-4,5),c(0,3),type="n",xlab="ybar",ylab="PEL(ybar)", main=" ")  
abline(v=0,lty=3); abline(h=0,lty=3) 
  
n=1; sig=1; mu0=0; sig0=1 
lines(ybarvec,PELfun(ybarvec,sig=sig,n=n,sig0=sig0,mu0=mu0),lty=1,lwd=3);  
 
n=1; sig=1; mu0=1; sig0=1 
lines(ybarvec,PELfun(ybarvec,sig=sig,n=n,sig0=sig0,mu0=mu0),lty=2,lwd=3);  
 
n=1; sig=1; mu0=-0.5; sig0=1 
lines(ybarvec,PELfun(ybarvec,sig=sig,n=n,sig0=sig0,mu0=mu0),lty=3,lwd=3);  
 
n=1; sig=1; mu0=0; sig0=2 
lines(ybarvec,PELfun(ybarvec,sig=sig,n=n,sig0=sig0,mu0=mu0),lty=4,lwd=3);  
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legend(-4,1.5,c("mu0=0, sig0=1","mu0=1, sig0=1","mu0=-0.5, sig0=1", 
 "mu0=0, sig0=2"), lty=c(1,2,3,4), lwd=c(3,3,3,3)) 
 
# Calculate r when n=1, sig=1, mu0=1, sig0=1 (should get 1.16 as before) 
 
Jfun = function(ybar,sig,n,sig0,mu0){ 
  PELfun(ybar=ybar,sig=sig,n=n,sig0=sig0,mu0=mu0)* 
 dnorm(ybar,mu0,sqrt(sig0^2+sig^2/n))   
 } 
 
n=1; sig=1; mu0=1; sig0=1 
 
plot(ybarvec, PELfun(ybar=ybarvec,sig=sig,n=n,sig0=sig0,mu0=mu0)* 
 dnorm(ybarvec,mu0,sqrt(sig0^2+sig^2/n)), 
 type="l", xlab="ybar",ylab="PEL(ybar)*f(ybar)", lwd=3) 
 
integrate(f=Jfun,lower=-10,upper=10, sig=sig,n=n,mu0=mu0, sig0=sig0)$value   
 # 1.16    Correct (same as in last exercise) 
 
R Code for Exercise 2.14 
 
X11(w=8,h=5.5) 
 
muvec <- seq(0,5,0.01) ; Rvec <- 1.5-pnorm(muvec);   
plot(c(-2,5),c(0,1.1),type= "n",xlab="mu",ylab="R(mu)",cex=1.5) 
lines(muvec,Rvec,lwd=2) ; lines(c(-2,0),c(1,1),lwd=2) 
 
yvec <- seq(-30,10,0.01); muhatvec <- (1/3)*(yvec+sqrt(yvec^2 + 12*log(2))) 
plot(yvec,muhatvec,type="l",xlab="y",ylab="Bayes estimate",cex=1.5,lwd=2) 
abline(h=0,lty=2) 
 
(1/3)*(c(-1,0,1)+sqrt(c(-1,0,1)^2 + 12*log(2)))  
# 0.6841672 0.9613513 1.3508339       
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Chapter 3 Bayesian Basics Part 3 
 
R Code for Exercise 3.2 
 
X11(w=8,h=5.5); par(mfrow=c(1,1)); options(digits=7) 
B=1.5-0.5*log(3/2)-0.5+0.5*log(0.5)+log(2)-log(1.5); c(B,1/B)  
 # 0.7383759 1.3543237 
postfunB= function(theta,B=0.7383759){  res=0;  
 if((theta>=1/2)&&(theta<3/2)) res=1-1/(2*theta) 
 if((theta>=3/2)&&(theta<=2))  res=1/theta 
 res/B   } 
 
thetavec = seq(0,2,0.001); postvecB=thetavec;  
for(i in 1:length(thetavec)) postvecB[i]=postfunB(theta=thetavec[i]) 
 
plot(c(0,2),c(0,2),type="n",xlab="theta",ylab="density", main=" ") 
lines(thetavec, postvecB,lwd=3) 
y=0.6; k=1/(log(2)-log(y)) 
 lines(thetavec[thetavec>y],k/ thetavec[thetavec>y], lty=2,lwd=3) 
y=1; k=1/(log(2)-log(y)) 
 lines(thetavec[thetavec>y],k/ thetavec[thetavec>y], lty=3,lwd=3) 
y=1.1; k=1/(log(2)-log(y)) 
 lines(thetavec[thetavec>y],k/ thetavec[thetavec>y], lty=4,lwd=3) 
y=1.4; k=1/(log(2)-log(y)) 
 lines(thetavec[thetavec>y],k/ thetavec[thetavec>y], lty=5,lwd=3) 
 
legend(0,2,c("f(theta|x=1)","f(theta|y=0.6)","f(theta|y=1)","f(theta|y=1.1)", 
        "f(theta|y=1.4)"), lty=c(1,2,3,4,5), lwd=c(3,3,3,3,3)) 
 
C=2-1.5*log(2)-1.5+1.5*log(1.5) 
A=0.5+0.5*log(2)-0.5*log(0.5) 
options(digits=7); c(A,B,C) # 1.19314718 0.73837593 0.06847689 
E0=7/(8*A); E1=1/B; E2=1/(8*C); c(E0,E1,E2)  

# 0.7333546 1.3543237 1.8254333 
 
P0=1/4+(1/4)*(log(2)-log(1/2)) 
P1=0.5*(1.5-0.5*log(1.5)-0.5+0.5*log(0.5)) +0.5*(log(2)-log(1.5)) 
P2=0.5*(2-1.5*log(2)-1.5+1.5*log(1.5)) 
 
P0+P1+P2 #  1   Correct 
c(P0,P1,P2) # 0.59657359 0.36918796 0.03423845 
E0*P0 + E1*P1 + E2*P2 #  1  Correct 
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postfunA= function(theta,A=1.19314718){  res=0;  
 if((theta>=0)&&(theta<1/2)) res=1 
 if((theta>=1/2)&&(theta<=2))  res=1/(2*theta) 
 res/A   } 
 
postfunC= function(theta,C=0.06847689){  res=0;  
 if((theta>=3/2)&&(theta<2)) res=1-3/(2*theta) 
 res/C   } 
 
postvecA=thetavec; postvecC=thetavec; 
 
for(i in 1:length(thetavec)){ postvecA[i]=postfunA(theta=thetavec[i]) 
    postvecC[i]=postfunC(theta=thetavec[i])  } 
 
plot(c(0,2),c(0,3.7),type="n",xlab="theta",ylab="density", main=" ") 
lines(thetavec, postvecA,lty=2,lwd=3) 
lines(thetavec, postvecB,lty=1,lwd=3) 
lines(thetavec, postvecC,lty=3,lwd=3) 
for(y in seq(0.1,1.9,0.1)){ k=1/(log(2)-log(y)) 
 lines(thetavec[thetavec>y],k/ thetavec[thetavec>y], lty=1,lwd=1)  } 
 
legend(0.7,3.6,c("f(theta|x=0)","f(theta|x=1)","f(theta|x=2)","f(theta|y)"), 
        lty=c(2,1,3,1), lwd=c(3,3,3,1))  
 
R Code for Exercise 3.3 
 
Qfun=function(p){ 3*(-1+1/sqrt(1-p)) }; Qfun(0.5)  # 1.242641 
c(Qfun(0.1),Qfun(0.9))  # 0.1622777 6.4868330 
c(0,Qfun(0.8)) # 0.000000 3.708204 
 
R Code for Problem 3.4 
 
fv=rep(NA,5);   fv[1] = (1/3)*(20/47)+(1/4)*(15/47)+(1/5)*(12/47) 
fv[2] = fv[1]; fv[3] = fv[1];    fv[4] = (1/4)*(15/47)+(1/5)*(12/47) 
fv[5] = (1/5)*(12/47); options(digits=5) 
fv  # 0.272695 0.272695 0.272695 0.130851 0.051064 
 
sum(fv)  # 1   (OK) 
sum(fv[4:5]) # 0.18191 
sum((1:5)*fv) # 2.4149 
227/94 #  2.4149 
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R Code for Exercise 3.5 
 
options(digits=4); pbeta(0.4,20.3,20.3) # 0.1004 
pbeta(0.6,20.3,20.3)  - pbeta(0.4,20.3,20.3)  # 0.7993 
 
x=0:2 
(   2*factorial(6+x)*factorial(16-x)/factorial(23)    )/ 
 (   factorial(x)*factorial(2-x) * factorial(6)*factorial(14)/factorial(21)   ) 
   # 0.4743 0.4150 0.1107 
 
7*15/(22^2*23)  # 0.009432 
2 * (7/22 - (  0.009432267  +  (7/22)^2  )   )   # 0.415 
(20.3+20.3+20-1)/(20.3+6-1) # 2.356 
 
R Code for Exercise 3.8 
 
options(digits=5); 1-ppois(2,1) # 0.080301 
p1=exp(-2)/(exp(-2)+8*exp(-4)); c(p1,1-p1) # 0.48015 0.51985 
p1*(1-ppois(2,1))+(1-p1)*(1-ppois(2,2))  # 0.20664 
 
R Code for Exercise 3.9 
 
options(digits=4); mu=2; y = c(2.1, 4.0, 3.7, 5.5, 3.0,     4.6, 8.3, 2.2, 4.1, 6.2);  
n=length(y); ybar=mean(y); s=sd(y); smu=sqrt(mean((y-mu)^2)) 
c(ybar,s,smu) # 4.370 1.901 2.978 
arga=(ybar-mu)/(smu/sqrt(n)); pppa=1-pt(arga,n); c(arga,pppa)  

# 2.51658 0.01528 
argc=(ybar-mu)/(s/sqrt(n)); pppc=1-pt(argc,n-1); c(argc,pppc)  

# 3.942645 0.001696 
 
R Code for Exercise 3.10 
 
y <- 5; k <- 9; options(digits=4) 
nvec <- y:k;    avec <- 1/(nvec+1);  sumavec <- sum(avec); sumavec   # 0.6456 
fny <- avec/sumavec;     rbind(nvec,avec,fny) 
   # nvec 5.0000 6.0000 7.0000 8.0000 9.0000 
   # avec 0.1667 0.1429 0.1250 0.1111 0.1000 
   #  fny 0.2581 0.2213 0.1936 0.1721 0.1549 
nhat <- sum(nvec*fny); nhat    # 6.744 
thhat <- sum(  fny * (y+1)/(nvec+2) ); thhat   # 0.704 
xhat <- sum(  fny * nvec * (y+1)/(nvec+2) ); xhat   # 4.592 
 
thvec <- seq(0,0.99,0.01);  fthyvec <- thvec 
for(i in 1:length(thvec))  fthyvec[i] <- sum( fny * dbeta(thvec[i],y+1,nvec-y+1) ) 
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X11(w=8,h=4); par(mfrow=c(1,1)) 
 
plot(nvec,fny,type="n",xlab="n",ylab="f(n|y)",ylim=c(0,0.4)) 
points(nvec,fny,pch=16,cex=1);   abline(v=nhat) 
 
plot(thvec,fthyvec,type="n",xlab="theta",ylab="f(theta|y) ",ylim=c(0,2.5)) 
lines(thvec,fthyvec,lwd=3);    abline(v=thhat) 
 
R Code for Exercise 3.11 
 
X11(w=8,h=6); par(mfrow=c(1,1)) 
 
ybar=10; s=2; cv=seq(0,20,0.005) 
 
plot(c(4,16),c(0,1),type="n",xlab="Ybar",ylab="f( Ybar | y )", main=" ") 
n=5; rv=(cv-ybar)*sqrt(n)/s; lines(cv, dt(rv,n-1)*sqrt(n)/s,lty=1,lwd=2)  
 
Nvec=c(6,7,10,40)   
for(i in 1:length(Nvec)){ N=Nvec[i];   qv=rv/sqrt(1-n/N) 
 lines(cv, dt(qv,n-1)*sqrt(n)/(s*sqrt(1-n/N)),lty=i+1,lwd=2)    } 
 
legend(4,1, 
   c("N=6 (m=1)","N=7 (m=2)","N=10 (m=5)","N=40 (m=35)","N=infinity (=m)"),  
 lty=c(2:5,1),lwd=2) 
text(6,0.6, 
   "The solid line is also the\nposterior density of mu,\nnamely f( mu | y ).") 
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Chapter 4 Computational Tools 
 
R Code for Section 4.1 
 
qbeta(0.5,6,1)    # 0.8908987 
  
R Code for Exercise 4.1 
 
NR <- function(th,J=5){      
# This function performs the Newton-Raphson algorithm for J iterations 
# after starting at the value th. It outputs a vector of th values of length J+1. 
thvec <- th; for(j in 1:J){   
 num <- th^6-1/2      # theta’s posterior cdf minus 1/2 (numerator) 
 den <- 6*th^5  # theta’s posterior pdf (denominator) 
 th <- th - num/den 
 thvec <- c(thvec,th)  } 
thvec     } 
 
options(digits=4) 
NR(th=1,J=6) # 1.0000 0.9167 0.8926 0.8909 0.8909 0.8909 0.8909 
NR(th=0.8,J=6) # 0.8000 0.9210 0.8933 0.8909 0.8909 0.8909 0.8909 
0.8909-(0.8909^6-0.5)/(6*0.8909^5) # 0.8909 (Check) 
 
R Code for Exercise 4.2 
 
options(digits=6); t=0; tv=t; for(j in 1:7){ t=t-(t^2-exp(t))/(2*t-exp(t)) 
tv=c(tv,t) }; tv  
#  0.000000 -1.000000 -0.733044 -0.703808 -0.703467 -0.703467 -0.703467  
# -0.703467 
# Check: 
   t^2-exp(t)   # 0  
    (-0.703467)^2-exp(-0.703467)   #  -8.03508e-07 
 
t=1; tv=t; for(j in 1:7){ t=t-(t^2-exp(t))/(2*t-exp(t)); tv=c(tv,t) }; tv 
# 1.000000 -1.392211 -0.835088 -0.709834 -0.703483 -0.703467 -0.703467  
# -0.703467 
 
t=-5; tv=t; for(j in 1:7){ t=t-(t^2-exp(t))/(2*t-exp(t)); tv=c(tv,t) }; tv 
# -5.000000 -2.502357 -1.287421 -0.802834 -0.707162 -0.703473 -0.703467  
# -0.703467 
 
tvec=seq(-6,2,0.01); gvec= tvec^2-exp(tvec) 
X11(w=8,h=4.5); par(mfrow=c(1,1)) 
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plot(tvec,gvec,type="l",lwd=2,xlab="t",ylab="g(t)", main="") 
abline(h=0,v=t); points(tv, tv^2-exp(tv),pch=16) 
text( tv[1:4],   tv[1:4]^2-exp(tv[1:4]) + 3,   0:3) 
 
R Code for Exercise 4.3 
 
options(digits=6); p=2/3; pv=p; for(j in 1:7){  
 p = p - (4*p^3-3*p^4-1/2)/(12*p^2-12*p^3);  pv=c(pv,p) }; pv 
# 0.666667 0.614583 0.614272 0.614272 0.614272 0.614272 0.614272 
# 0.614272 
 
p=0.5; pv=p; for(j in 1:7){ p = p - (4*p^3-3*p^4-1/2)/(12*p^2-12*p^3);   
pv=c(pv,p) }; pv # 0.500000 0.625000 0.614306 0.614272 0.614272 0.614272  
# 0.614272 0.614272 
 
p=0.9; pv=p; for(j in 1:7){ p = p - (4*p^3-3*p^4-1/2)/(12*p^2-12*p^3);   
pv=c(pv,p) }; pv  # 0.900000 0.439403 0.649191 0.614501 0.614272 0.614272  
# 0.614272 0.614272 
 
p=0.1; pv=p; for(j in 1:7){ p = p - (4*p^3-3*p^4-1/2)/(12*p^2-12*p^3);   
pv=c(pv,p) }; pv  
# 0.10000 4.69537 3.62690 2.83403 2.25146 1.83195 1.54254 1.36156 
 
p=0.1; pv=p; for(j in 1:20){ p = p - (4*p^3-3*p^4-1/2)/(12*p^2-12*p^3);   
pv=c(pv,p) }; pv 
# 0.10000 4.69537 3.62690 2.83403 2.25146 1.83195 1.54254 1.36156  
# 1.27282 1.24913 1.24749 1.24748 1.24748 1.24748 1.24748 1.24748  
# 1.24748 1.24748 1.24748 1.24748 1.24748 
 
4*(0.614272)^3-3*(0.614272)^4   # 0.499999 
pvec=seq(-0.5,1.4,0.005); Fvec = 4*pvec^3-3*pvec^4 
Fvec[pvec<=0] = 0; Fvec[pvec>=1] = 1 
 
X11(w=8,h=4.5); par(mfrow=c(1,1)) 
 
plot(pvec,Fvec,type="l",lwd=3,xlab="p",ylab="F(p|x)", main=" ") 
abline(h=0.5,v=0.614272,lty=3); points(0.614272,0.5,pch=16, cex=1.2) 
abline(h=c(0,1),lty=3); abline(v=c(0,1),lty=3) 
gvecwrong=4*pvec^3-3*pvec^4-0.5 
 
plot(pvec, gvecwrong,type="n",lwd=2,xlab="p",ylab="g(p) = F(p|x) - 1/2", 

main=" ") 
lines(pvec,Fvec-0.5,lwd=3) 
lines(pvec[pvec<0], gvecwrong[pvec<0],lty=2,lwd=3) 
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lines(pvec[pvec>1], gvecwrong[pvec>1],lty=2,lwd=3) 
abline(v=c(0.614272, 1.24748),lty=3); abline(h=0,lty=3) 
points(c(0.614272, 1.24748),c(0,0),pch=16,cex=1.2) 
abline(h=c(-0.5,0,0.5),lty=3); abline(v=c(0,1),lty=3) 
    
R Code for Exercise 4.4 
 
gfun = function(a,b){  
     g1=pgamma(b,2,1)-pgamma(a,2,1)-0.8; g2=dgamma(b,2,1)-dgamma(a,2,1);  
     c(g1,g2) } 
 
gpfun = function(a,b){   m11=-dgamma(a,2,1); m12=dgamma(b,2,1) 
     m21=exp(-a)*(a-1); m22=exp(-b)*(1-b) 
     matrix(c(m11,m12,m21,m22),nrow=2,byrow=T)   } 
 
gvec=c(0.5,3); gmat=gvec; for(j in 1:7){ 
    a=gvec[1]; b=gvec[2] 
 gvec = gvec - solve(gpfun(a,b)) %*% gfun(a,b) 
 gmat = cbind(gmat,gvec)   } 
 
options(digits=6); gmat 
# [1,]  0.5 0.0776524 0.163185 0.167317 0.16730 0.16730 0.16730 0.16730 
# [2,]  3.0 2.7406883 3.025571 3.079274 3.08029 3.08029 3.08029 3.08029 
lamv=seq(0,5,0.01); fv=dgamma(lamv,2,1) 
 
X11(w=8,h=4.5); par(mfrow=c(1,1)) 
plot(lamv,fv,type="l",lwd=3,xlab="lambda",ylab="f(lambda|x)", main=" ") 
abline(h=c(dgamma(a,2,1)),v=c(a,b),lty=1) 
 
# Checks: 
c(a,b,dgamma(c(a,b),2,1))  # 0.167300 3.080291 0.141527 0.141527 
c(pgamma(a,2,1), pgamma(b,2,1), pgamma(b,2,1) - pgamma(a,2,1)) 
#   0.0125275 0.8125275 0.8000000 
 
R Code for Exercise 4.5 
 
# (a) 
n=5; k=3; c=10;  yo=c(3.1, 8.2, 6.9); yoT=sum(yo); yoT # 18.2 
k/(yoT+(n-k)*c) # 0.078534 
 
# (b) 
lam = 1; lamv = lam; options(digits=5) 
for(j in 1:20){  lam=n/(yoT+(n-k)*(c+1/lam)); lamv=c(lamv,lam)  } 
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lamv 
# 1.000000 0.124378 0.092115 0.083456 0.080431 0.079282 0.078832  
# 0.078653 0.078581 0.078553 0.078542 0.078537 0.078535 0.078535  
# 0.078534 0.078534 0.078534 0.078534 0.078534 0.078534 0.078534 
   
R Code for Exercise 4.6 
 
# (b) 
options(digits=6); yo = c(3.1, 8.2, 6.9); n=5; k = 3; c= 10; sig=3;  
yoT=sum(yo); c(yoT, yoT/3)  # 18.20000  6.06667 
mu=5; muv=mu;   for(j in 1:10){ 
   ej = mu + sig * dnorm((c-mu)/sig)  /  ( 1-pnorm((c-mu)/sig) ) 
   mu =  ( yoT + (n-k)*ej   ) / n     
   muv=c(muv,mu)     } 
 
muv # 5.00000 8.13784 8.37179 8.39570 8.39821 8.39847  
 # 8.39850 8.39850 8.39850 8.39850 8.39850 
 
modeval=muv[length(muv)]; modeval # 8.3985 
 
muvec=seq(0,20,0.001); lvec=muvec 
for(i in 1:length(muvec)){ muval=muvec[i] 
   lvec[i]=(-1/(2*sig^2))*sum((yo-muval)^2) +  
    (n-k)*log(1-pnorm((c-muval)/sig))   } 
iopt=(1:length(muvec))[lvec==max(lvec)]; muopt=muvec[iopt]; muopt # 8.399 
 
X11(w=8,h=6); par(mfrow=c(2,1));  
plot(muvec,exp(lvec),type="l",lwd=2); abline(v=modeval,lty=2,lwd=2) 
plot(muvec,lvec,type="l",lwd=2); abline(v=modeval,lty=2,lwd=2) 
 
R Code for Exercise 4.7 
 
# (a) 
X11(w=8,h=4.5); par(mfrow=c(1,1)); options(digits=4) 
ntrue=100; pitrue=1/3; mutrue=20; deltrue=10; sigtrue=3 
 
set.seed(512); Rvec=rbinom(ntrue,1,pitrue); sum(Rvec) # 29 
yvec=rnorm(ntrue,mutrue+deltrue*Rvec,sigtrue) 
ybar=mean(yvec); ybar # 23.16 
 
hist(yvec,prob=T,breaks=seq(0,50,0.5),xlim=c(10,40),ylim=c(0,0.2), 
 xlab="y", main=" ") 
yv=seq(0,50,0.01); lines(yv,dnorm(yv,mutrue,sigtrue),lty=2,lwd=2) 
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lines(yv,dnorm(yv,mutrue+deltrue, sigtrue),lty=2,lwd=2) 
lines(yv,   (1-pitrue)*dnorm(yv,mutrue,sigtrue)+ 
     pitrue*dnorm(yv,mutrue+deltrue,sigtrue),     lty=1,lwd=2) 
legend(10,0.2,c("Components","Mixture"),lty=c(2,1),lwd=c(2,2)) 
 
# (b) 
evalsfun= function(y=yvec, pii=pitrue, mu=mutrue,del=deltrue,sig=sigtrue){ 
# This function outputs (e1,e2,...,en) 
 term1vals=pii*dnorm(y,mu+del,sig) 
 term0vals=(1-pii)*dnorm(y,mu,sig) 
 term1vals/(term1vals+term0vals) } 
 
EMfun=function(J=20, mu=10, del=1, y=yvec, pii=pitrue, sig=sigtrue){ 
  muv=mu; delv=del;  ybar=mean(y); n=length(y) 
 for(j in 1:J){ 
  evals=evalsfun(y=y, pii=pii, mu=mu, del=del, sig=sig) 
  sumyevals = sum(y*evals); sumevals=sum(evals) 
  mu=(ybar-sumyevals/n) / (1-sumevals/n) 
  del=sumyevals/sumevals - mu 
  muv=c(muv,mu); delv=c(delv,del) 
  } 
 list(muv=muv,delv=delv) 
 } 
EMres=EMfun(J=20, mu=10, del=1,y=yvec,pii=pitrue,sig=sigtrue) 
outmat = cbind(0:20,EMres$muv, EMres$delv)  
print.matrix <- function(m){ write.table(format(m, justify="right"), 
               row.names=F, col.names=F, quote=F)   } 
print.matrix(outmat) 
#   0.000 10.000  1.000 
#   1.000 21.169  3.032 
#   2.000 20.321  7.070 
#   3.000 19.843  9.139 
#   4.000 19.926  9.518 
#   5.000 20.005  9.626 
# ………………………………. 
# 16.000 20.084  9.718 
# 17.000 20.084  9.718 
# 18.000 20.084  9.718 
# 19.000 20.084  9.718 
# 20.000 20.084  9.718 
 
muhat=EMres$muv[21]; delhat=EMres$delv[21];  
c(muhat,delhat) # 20.084  9.718 
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# (c) 
CEMfun=function(J=20, mu=10, del=1, y=yvec, pii=pitrue, sig=sigtrue){ 
  muv=mu; delv=del;  ybar=mean(y); n=length(y) 
 for(j in 1:J){ 
  evals=evalsfun(y=y, pii=pii, mu=mu, del=del, sig=sig) 
  sumyevals = sum(y*evals); sumevals=sum(evals) 
  mu=ybar-del*sumevals/n 
  del=sumyevals/sumevals - mu 
  muv=c(muv,mu); delv=c(delv,del) 
  } 
 list(muv=muv,delv=delv) 
 } 
 
CEMres=CEMfun(J=20, mu=10, del=1,y=yvec,pii=pitrue,sig=sigtrue) 
outmat2 = cbind(0:20, CEMres$muv, CEMres$delv)  
print.matrix(outmat2) 
 
#   0.000 10.000  1.000 
#   1.000 22.505  1.696 
#   2.000 22.566  3.882 
#   3.000 21.905  6.811 
#   4.000 21.139  8.729 
#   5.000 20.611  9.501 
# ……………………………… 
# 16.000 20.084  9.718 
# 17.000 20.084  9.718 
# 18.000 20.084  9.718 
# 19.000 20.084  9.718 
# 20.000 20.084  9.718 
 
# (d) 
X11(w=8,h=9); par(mfrow=c(1,1)) 
logpostfun=function(mu=10,del=10,y=yvec,pii=pitrue,sig=sigtrue){ 
 sum(log(pii*dnorm(y,mu+del,sig)+(1-pii)*dnorm(y,mu,sig)))  } 
mugrid=seq(0,35,0.5); delgrid=seq(0,30,0.5) 
logpostmat=as.matrix(mugrid %*% t(delgrid)) 
dim(logpostmat)  # 41 21 OK 
 
for(i in 1:length(mugrid)) for(j in 1:length(delgrid)) logpostmat[i,j] =  
 logpostfun(mu=mugrid[i],del=delgrid[j],y=yvec,pii=pitrue,sig=sigtrue) 
contour(x=mugrid, y=delgrid, z=logpostmat, nlevels=20,  
 xlab="mu", ylab="delta"); points(muhat,delhat, pch=16,cex=1.2) 
points(10,1,pch=16,cex=1.2) 
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EMres=EMfun(J=20, mu=10, del=1,y=yvec,pii=pitrue,sig=sigtrue) 
CEMres=CEMfun(J=20, mu=10, del=1,y=yvec,pii=pitrue,sig=sigtrue) 
lines(EMres$muv, EMres$delv,lty=1,lwd=3) 
lines(CEMres$muv, CEMres$delv,lty=2,lwd=3) 
 
points(5,30,pch=16,cex=1.2) 
EMres=EMfun(J=50, mu=5, del=30,y=yvec,pii=pitrue,sig=sigtrue) 
CEMres=CEMfun(J=50, mu=5, del=30, y=yvec,pii=pitrue,sig=sigtrue) 
lines(EMres$muv, EMres$delv,lty=1,lwd=3) 
lines(CEMres$muv, CEMres$delv,lty=2,lwd=3) 
 
points(35,20,pch=16,cex=1.2) 
EMres=EMfun(J=50, mu=35, del=20,y=yvec,pii=pitrue,sig=sigtrue) 
CEMres=CEMfun(J=50, mu=35, del=20, y=yvec,pii=pitrue,sig=sigtrue) 
lines(EMres$muv, EMres$delv,lty=1,lwd=3) 
lines(CEMres$muv, CEMres$delv,lty=2,lwd=3) 
legend(21,30,c("EM","ECM"),lty=c(1,2),lwd=c(3,3)) 
# Note 2.  Maximisation of the logposterior density of mu and delta using optim()  
logpostfun2=function(theta=c(10,1),y=yvec,pii=pitrue,sig=sigtrue){ 
 -sum(log(pii*dnorm(y,theta[1]+theta[2],sig)+ 
               (1-pii)*dnorm(y,theta[1],sig)))   
               } 
res=optim(par=c(10,1),fn= logpostfun2)$par; res  # 20.08  9.72 
res=optim(par=c(5,30),fn= logpostfun2)$par; res  # 20.085  9.716 
res=optim(par=c(35,20),fn= logpostfun2)$par; res  # 20.084  9.716 
res=optim(par=res,fn= logpostfun2)$par; res  # 20.084  9.718    
   # Here we fine-tune the answer by starting at the previous solution. 
 
R Code for Section 4.6 
 
gfun = function(t){ 6*t^7 }  # Define the function to be integrated 
integrate(f=gfun,lower=0,upper=1)$value # 0.75        
 
INTEG <- function(xvec, yvec, a = min(xvec), b = max(xvec)){ 
 # Integrates numerically under a spline through the 
 # points given by the vectors xvec and yvec, from a to b. 
 fit <- smooth.spline(xvec, yvec) 
 spline.f <- function(x){predict(fit, x)$y } 
 integrate(spline.f, a, b)$value   } 
 
gfun=function(t){ 6*t^7 } 
tvec <- seq(0,1,0.1);    gvec <- gfun(tvec) 
 INTEG(tvec,gvec,0,1) # 0.755803 
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tvec <- seq(0,1,0.01);    gvec <- gfun(tvec) 
 INTEG(tvec,gvec,0,1)   # 0.75 
tvec <- seq(0,1,0.001);   gvec <- gfun(tvec) 
 INTEG(tvec,gvec,0,1)   # 0.75 
 
R Code for Exercise 4.8 
 
# First declare the function INTEG() as defined in the previous exercise 
mu=8; sig=3; c = 10; options(digits=6) 
PXpos = (1-pnorm((c-mu)/sig)) 
gfun=function(x){ x * dnorm(x,mu,sig) / PXpos } 
integrate(gfun,c,20)$value # 11.7929 
integrate(gfun,c,30)$value # 11.7955 
xvec <- seq(c,20,0.1);    gvec <- gfun(xvec);   INTEG(xvec,gvec,c,20)   # 11.7929 
xvec <- seq(c,30,0.1);    gvec <- gfun(xvec);   INTEG(xvec,gvec,c,30)   # 11.7955 
true=mu + sig*dnorm((c-mu)/sig)/(1-pnorm((c-mu)/sig)); true # 11.7955 
 
R Code for Exercise 4.9 
 
integrate(function(x) {  
 sapply(x, function(x) { 
 integrate(function(t) { 
 sapply(t, function(t) t^t ) 
 }, 0, x^3)$value  })  }, 0, 1) 
# 0.192723 with absolute error < 7.8e-10 
 
# Declare the function INTEG() as defined in the previous exercise 
options(digits=6); X11(w=8,h=6); par(mfrow=c(2,1)) 
 
hfun= function(t){  t^t  } 
tvec=seq(0,1,0.01); hvec=hfun(tvec) 
plot(tvec,hvec,type="l",xlab="t",ylab="h(t)",lwd=2); abline(v=0.8,lty=2) 
 
integrate(f=hfun,lower=0,upper=0.8^3)$value  
              # 0.381116   This is  g(0.8) = area under h(t) to left of 0.8 
integrate(f=hfun,lower=0,upper=1)$value  
 # 0.78343    This is the total areas under h(t) (from 0 to 1) 
 
xvec = seq(0,1,0.01); gvec = rep(NA,length(xvec)) 
for(i in 1:length(xvec)){   xval = xvec[i] 
 gvec[i] = integrate(f=hfun,lower=0,upper=xval^3)$value  } 
INTEG(xvec,gvec)  # 0.192723 
plot(xvec,gvec,type="l",xlab="x",ylab="g(x)",lwd=2) 
points(0.8, 0.381116 , pch=16, cex=1)   
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# Apply INTEG() using different grids  
xvec = seq(0,1,0.001); gvec = rep(NA,length(xvec)) 
for(i in 1:length(xvec)){   xval = xvec[i] 
 gvec[i] = integrate(f=hfun,lower=0,upper=xval^3)$value  } 
INTEG(xvec,gvec)  # 0.192723 
xvec = seq(0,1,0.1); gvec = rep(NA,length(xvec)) 
for(i in 1:length(xvec)){   xval = xvec[i] 
 gvec[i] = integrate(f=hfun,lower=0,upper=xval^3)$value  } 
INTEG(xvec,gvec)  # 0.193053         
 
R Code for Exercise 4.10 
 
help(optim); options(digits=5);  X11(w=8,h=8); par(mfrow=c(3,1)) 
 
# (a) 
fun=function(x){ -x^2 * exp(-5*x) } 
res0=optim(par=0.5,fn=fun)$par; res0 # 0.4 
 # Warning message: 
 # In optim(par = 0.5, fn = fun) : 
 #   one-diml optimization by Nelder-Mead is unreliable: 
 # use "Brent" or optimize() directly 
plot(seq(0,5,0.01), -fun(seq(0,5,0.01)),type="l",lwd=3,xlab="x",ylab="g(x)");  
abline(v=res0); points(res0,  -fun(res0), pch=16, cex=2); text(4,0.02,"(a)",cex=2) 
 
# (b) 
fun=function(x){ -exp(-(x-1)^2) * abs(x)^x/(1+abs(x)) } 
res0=optim(par=1,fn=fun)$par; res0 # 1.5047 
plot(seq(-2,5,0.01), -fun(seq(-2,5,0.01)),type="l",lwd=3, xlab="x",ylab="g(x)");  
abline(v=res0); points(res0,  -fun(res0), pch=16, cex=2); text(4,0.45,"(b)",cex=2) 
 
# (c) 
fun=function(v){ -v[2]^3 * exp(   -v[2]  *  ( (v[1]-1)^2 + (v[1]-3)^2 )   )    } 
res0=optim(par=c(2,2),fn=fun, lower = c(-Inf,0), upper = c(Inf,Inf),  
 method = "L-BFGS-B")$par; res0 # 2.0 1.5 
 
fun2=function(x,y){ y^3 * exp(  -y  *  ( (x-1)^2 + (x-3)^2 )   )    } 
 
plot(c(0.5,3.5),c(0,0.2), type="n",xlab="x",ylab="f(x,y)") 
for(y in seq(0,5,0.5))  
 lines(seq(0,5,0.01),   fun2(x=seq(0,5,0.01),y=y), lty=1)  
abline(v=res0[1]); points(res0[1],fun2(res0[1],res0[2]), pch=16, cex=2);  
lines(seq(0,5,0.01),fun2(x= seq(0,5,0.01), y=res0[2]),lty=1,lwd=3);  
text(3,0.17,"(c)",cex=2) 
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R Code for Exercise 4.11 
 
options(digits=5); a=0.5; b=1; alp=0.05;  
fun=function(v,alp=0.05,a=0.5,b=1){ 
       (pgamma(1/a^2,v[1],v[2])-(1-alp/2))^2 +  
       (pgamma(1/b^2,v[1],v[2])-(alp/2))^2    } 
 
res0=optim(par=c(0.2,6),fn=fun)$par 
res0 # 8.4764 3.7679 
pgamma(c(1/b^2,1/a^2),res0[1],res0[2]) # 0.025048 0.975104 Close 
 
res=optim(par=res0,fn=fun)$par; res # 8.4748 3.7654 
pgamma(c(1/b^2,1/a^2),res[1],res[2]) # 0.025 0.975   Correct 
 
res2=optim(par=c(6,3),fn=fun)$par; res2 # 8.4753 3.7655 
pgamma(c(1/b^2,1/a^2),res2[1],res2[2]) # 0.024992 0.974996   Close 
 
res3=optim(par=res2,fn=fun)$par; res3 # 8.4748 3.7654 
pgamma(c(1/b^2,1/a^2),res3[1],res3[2]) # 0.025 0.975    Correct 
 
par(mfrow=c(3,1));  tv=seq(0,10,0.01) 
 
plot(tv, dgamma(tv,res[1],res[2]),type="l",lwd=2, xlim=c(0,6), 
 xlab="lambda",ylab="density"); abline(v=c(1/a^2,1/b^2)); 
abline(h=0,lty=3) 
 
plot(tv,dgamma(1/tv,res[1],res[2])/tv^2, type="l", lwd=2, xlim=c(0,1.5), 
 xlab="sigma^2",ylab="density");  
abline(v=c(a^2,b^2)); abline(h=0,lty=3) 
 
plot(tv,dgamma(1/tv^2,res[1],res[2])*2/tv^3, type="l", lwd=2,  
xlim=c(0.35,1.4), xlab="sigma",ylab="density");   
abline(v=c(a,b)); abline(h=0,lty=3) 
 
# Check areas under the last curve 
func=function(t){ dgamma(1/t^2,res[1],res[2])*2/t^3  } 
integrate(func,lower=0,upper=Inf)$value # 1 Correct 
integrate(func,lower=0,upper=0.5)$value # 0.025  Correct 
integrate(func,lower=1,upper=Inf)$value # 0.025 Correct             
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Chapter 5 Monte Carlo Basics 
 
R Code for Exercise 5.1 
 
options(digits=4); J = 100; set.seed(221); xv=rgamma(J,3,2) 
xbar=mean(xv); s=sd(xv); ci=xbar + c(-1,1)*qnorm(0.975)*s/sqrt(J) 
c(xbar,s,s^2,ci,ci[2]-ci[1]) # 1.5170 0.8320 0.6921 1.3539 1.6800 0.3261 
 
J = 1000; set.seed(231); xv=rgamma(J,3,2) 
xbar=mean(xv); s=sd(xv); ci=xbar + c(-1,1)*qnorm(0.975)*s/sqrt(J) 
c(xbar,s,s^2,ci,ci[2]-ci[1]) # 1.5199 0.8722 0.7607 1.4658 1.5740 0.1081 
J = 10000; set.seed(211); xv=rgamma(J,3,2) 
xbar=mean(xv); s=sd(xv); ci=xbar + c(-1,1)*qnorm(0.975)*s/sqrt(J) 
c(xbar,s,s^2,ci,ci[2]-ci[1]) # 1.4942 0.8597 0.7391 1.4773 1.5110 0.0337 
 
R Code for Exercise 5.2 
 
X11(w=8,h=4.5);   par(mfrow=c(1,1)); options(digits=4);  
J = 1000; set.seed(221); xv=rgamma(J,3,2) 
xbar=mean(xv); xci=xbar + c(-1,1)*qnorm(0.975)*sd(xv)/sqrt(J) 
xcdr=quantile(xv,c(0.1,0.9)); xden=density(xv) 
yv=xv^2 * exp(-xv) / ( 1 + xv + 1/xv ) 
ybar=mean(yv); yci=ybar + c(-1,1)*qnorm(0.975)*sd(yv)/sqrt(J) 
ycdr=quantile(yv,c(0.1,0.9)); yden=density(yv) 
 
hist(xv,prob=T,breaks=seq(0,7,0.25),xlim=c(0,7),ylim=c(0,0.6),xlab="x", 
    main=""); lines(xden,lty=2,lwd=2) 
xvec=seq(0,10,0.01); lines(xvec,dgamma(xvec,3,2),lty=1,lwd=2) 
abline(v= c(xbar, xci, xcdr), lty=2, lwd=2) 
abline(v=c(3/2,qgamma(c(0.1,0.9),3,2)), lty=1,lwd=2) 
legend(4,0.6,c("MC estimates","True values"),lty=c(2,1),lwd=c(2,2)) 
 
hist(yv,prob=T,breaks=seq(0,0.2,0.005),xlim=c(0,0.2),ylim=c(0,30),xlab="y", 
    main=""); lines(yden,lty=2,lwd=2) 
abline(v= c(ybar, yci, ycdr), lty=2, lwd=2) 
legend(4,0.6,c("MC estimates","True values"),lty=c(2,1),lwd=c(2,2)) 
 
# Repeat with J = 10000 ------------------------------ 
 
J = 10000; set.seed(221); xv=rgamma(J,3,2) 
xbar=mean(xv); xci=xbar + c(-1,1)*qnorm(0.975)*sd(xv)/sqrt(J) 
xcdr=quantile(xv,c(0.1,0.9)); xden=density(xv) 
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yv=xv^2 * exp(-xv) / ( 1 + xv + 1/xv ) 
ybar=mean(yv); yci=ybar + c(-1,1)*qnorm(0.975)*sd(yv)/sqrt(J) 
ycdr=quantile(yv,c(0.1,0.9)); yden=density(yv) 
 
hist(xv,prob=T,breaks=seq(0,9,0.25),xlim=c(0,7),ylim=c(0,0.6),xlab="x", 
    main=""); lines(xden,lty=2,lwd=2) 
xvec=seq(0,10,0.01); lines(xvec,dgamma(xvec,3,2),lty=1,lwd=2) 
abline(v= c(xbar, xci, xcdr), lty=2, lwd=2) 
abline(v=c(3/2,qgamma(c(0.1,0.9),3,2)), lty=1,lwd=2) 
legend(4,0.6,c("MC estimates","True values"),lty=c(2,1),lwd=c(2,2)) 
 
hist(yv,prob=T,breaks=seq(0,0.2,0.005),xlim=c(0,0.2),ylim=c(0,30),xlab="y", 
    main="") 
lines(yden,lty=2,lwd=2); abline(v= c(ybar, yci, ycdr), lty=2, lwd=2) 
legend(4,0.6,c("MC estimates","True values"),lty=c(2,1),lwd=c(2,2)) 
 
R Code for Exercise 5.3 
 
options(digits=10); 
kfun=function(x){ exp(-x)/(x+1) } 
c=integrate(f=kfun,lower=0,upper=Inf)$value; c # 0.5963473624 
ffun=function(x){ (1/ 0.5963473624)*exp(-x)/(x+1) } 
integrate(f=ffun,lower=0,upper=Inf)$value;  # 0.9999999999 
xffun= function(x){ x*(1/0.5963474)*exp(-x)/(x+1) } 
mu= integrate(f=xffun,lower=0,upper=Inf)$value;  mu # 0.6768749849 
 
J=100000; set.seed(413); xv=rgamma(J,1,1) 
num=mean(xv/(xv+1)); den=mean(1/(xv+1)) 
est=num/den; c(num, den, est) # 0.4034510685 0.5965489315 0.6763084254 
err=100* (est-mu)/mu; err # -0.08370222467 
 
plot(c(0,3),c(0,2),type="n",xlab="x",ylab="density"); xvec=seq(0,5,0.01);  
lines(xvec,dgamma(xvec,1,1),lty=1,lwd=3) 
lines(xvec,xvec*dgamma(xvec,1,1),lty=1,lwd=1) 
lines(xvec,ffun(xvec),lty=2,lwd=3); lines(xvec,xvec*ffun(xvec),lty=2,lwd=1) 
points(c(1,mu,est),c(0,0,0),pch=c(16,4,1),lwd=c(2,2,2),cex=c(1.2,1.2,1.2)) 
legend(1.7,2,c(  "f(x) = (1/c)*exp(-x)/(x+1)", "h(x) = exp(-x)" ),   
   lty=c(2,1), lwd=c(3,3)) 
legend(1.7,1.3,c(  "x*f(x)", "x*h(x)" ),  lty=c(2,1), lwd=c(1,1)) 
legend(0.5,2,c("E(x) = area under x*f(x)", "E(x) = area under x*h(x)", 
    "MC estimate of E(x)"), pch=c(4,16,1),pt.lwd=c(2,2,2),pt.cex=c(1.2,1.2,1.2)) 
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R Code for Exercise 5.4 
 
X11(w=8,h=4.5);   par(mfrow=c(1,1)); options(digits=4);  
 
J = 1000; set.seed(221); xv=rgamma(J,3,2); yv = rnorm(xv,sqrt(xv)) 
rv = yv/(xv+sqrt(abs(yv))) 
rbar=mean(rv); rci=rbar + c(-1,1)*qnorm(0.975)*sd(rv)/sqrt(J) 
rcdr=quantile(rv,c(0.1,0.9)); rden=density(rv) 
 
c(rbar,rci,rcdr) # 0.4256  0.4026  0.4486 -0.1025  0.8339 
 
hist(rv,prob=T, breaks=seq(-1,1.8,0.1),xlim=c(-1,1.6),ylim=c(0,1.3),xlab="r", 
    main=""); lines(rden,lty=1,lwd=2); abline(v= c(rbar, rci, rcdr), lty=2, lwd=2) 
 
R Code for Exercise 5.5 
 
X11(w=8,h=4.5); par(mfrow=c(1,1)); options(digits=4) 
 
J=20000; set.seed(162); xv=rgamma(J,3,2); ct=0 
yv= sqrt(xv)*exp(-xv) / sqrt(xv+1) 
for(j in 1:J)  if(yv[j] > 0.3) ct=ct+1     
phat=ct/J; ci=phat+c(-1,1)*qnorm(0.975)*sqrt(phat*(1-phat)/J) 
c(phat,ci) # 0.2117 0.2060 0.2173 
hist(yv,prob=T,breaks=seq(0,0.5,0.005),xlim=c(0,0.4),xlab="y",main=" ") 
abline(v=0.3,lwd=3); lines(density(yv),lwd=3) 
 
R Code for Exercise 5.6 
 
# (a) 
X11(w=8,h=4.5); par(mfrow=c(1,1)) 
plot(seq(0,pi/2,0.01),sin(seq(0,pi/2,0.01)), type="l",lwd=3,xlab="y", ylab="x") 
abline(v=c(0,pi/2),lty=3); abline(h=c(0,1),lty=3) 
text(0.2,0.4,"x = sin(y)"); text(1,0.4,"C"); text(0.35,0.8,"Complement of C") 
text(1.52,0.06,"pi/2") 
 
# (b) 
J=1000; set.seed(213); xv=runif(J,0,1); yv=runif(J,0,pi/2); rv=rep(0,J) 
options(digits=4); for(j in 1:J) if(xv[j]<sin(yv[j])) rv[j]=1 
 
phat=mean(rv); z=qnorm(0.975); pci=phat+c(-1,1)*z*sqrt(phat*(1-phat)/J) 
c(phat,pci,pci[2]-pci[1]) # 0.61800 0.58789 0.64811 0.06023 
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J=10000; set.seed(215); xv=runif(J,0,1); yv=runif(J,0,pi/2); rv=rep(0,J) 
for(j in 1:J) if(xv[j]<sin(yv[j])) rv[j]=1 
 
phat=mean(rv); z=qnorm(0.975); pci=phat+c(-1,1)*z*sqrt(phat*(1-phat)/J) 
c(phat,pci,pci[2]-pci[1]) # 0.63320 0.62375 0.64265 0.01889 
 
R Code for Exercise 5.7 
 
# (a) 
options(digits=5); J = 100; set.seed(221); xv=rgamma(J,3,2) 
xbar=mean(xv); ci=xbar + c(-1,1)*qnorm(0.975)*sd(xv)/sqrt(J) 
c(xbar,ci) # 1.5170 1.3539 1.6800 
 
# (b) 
Jvec=c(100,200,500,1000,10000,100000); K = length(Jvec) 
xbarvec=rep(NA,K); LBvec= rep(NA,K); UBvec= rep(NA,K); 
set.seed(221); 
for(k in 1:K){ J=Jvec[k]; xv=rgamma(J,3,2); xbar=mean(xv) 
  ci=xbar + c(-1,1)*qnorm(0.975)*sd(xv)/sqrt(J) 
  xbarvec[k]=xbar; LBvec[k]=ci[1]; UBvec[k]=ci[2] 
  } 
Wvec=UBvec-LBvec 
print(rbind(Jvec, xbarvec, LBvec,UBvec, Wvec),digits=4) 
 
# Jvec    100.0000 200.0000 500.0000 1000.000 1.000e+04 1.000e+05 
# xbarvec   1.5170   1.4705   1.4299    1.475 1.490e+00 1.502e+00 
# LBvec     1.3539   1.3480   1.3577    1.419 1.473e+00 1.497e+00 
# UBvec     1.6800   1.5930   1.5020    1.530 1.508e+00 1.507e+00 
# Wvec      0.3261   0.2451   0.1443    0.111 3.441e-02 1.073e-02 
 
# (c) 
J=100; M=100; ct=0; set.seed(442); for(m in 1:M){ 
 xv=rgamma(J,3,2) 
 xbar=mean(xv); ci=xbar + c(-1,1)*qnorm(0.975)*sd(xv)/sqrt(J) 
 if((ci[1]<=1.5)&&(1.5<=ci[2])) ct = ct + 1 } 
p=ct/M; ci=p+c(-1,1)*qnorm(0.975)*sqrt(p*(1-p)/J) 
c(ct,p,ci) # 93.00000  0.93000  0.87999  0.98001 
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# (d) 
J=100; Mvec=c(200,500,1000,10000); set.seed(651) 
   for(M in Mvec){ ct=0 
 for(m in 1:M){ 
  xv=rgamma(J,3,2); xbar=mean(xv) 
  ci=xbar + c(-1,1)*qnorm(0.975)*sd(xv)/sqrt(J) 
  if((ci[1]<=1.5)&&(1.5<=ci[2])) ct = ct + 1  
  } 
 p=ct/M; ci=p+c(-1,1)*qnorm(0.975)*sqrt(p*(1-p)/M) 
 print(c(M,p,ci,ci[2]-ci[1]),digits=3)   } 
 
# [1] 200.0000   0.9450   0.9134   0.9766   0.0632 
# [1] 500.000    0.942    0.922    0.962    0.041 
# [1] 1.00e+03   9.49e-01 9.35e-01 9.63e-01 2.73e-02 
# [1] 1.00e+04   9.44e-01 9.40e-01 9.49e-01 9.00e-03 
 
R Code for Exercise 5.9 
 
kfun = function(x){ x^3*exp(-x)/(1 + sqrt(x)) };  options(digits=5) 
xvec=seq(1,41,2); kvec=kfun(xvec); c =sum(kvec); c # 1.051 
fvec=kvec/c; sum(fvec) # 1 
print(rbind(xvec,fvec)[,1:9],digits=3) 
# xvec 1.000 3.000 5.000 7.0000 9.0000 11.0000 13.00000 1.50e+01 1.70e+01 
# fvec 0.175 0.468 0.248 0.0816 0.0214  0.0049  0.00103 2.02e-04 3.78e-05 
sum(xvec*kvec)/sum(kvec)  # 3.6527 
 
# Check that 41 is large enough: 
xvec=seq(1,101,2); kvec=kfun(xvec); sum(xvec*kvec)/sum(kvec)  
      # 3.6527  (same) 
 
# Sample from the distribution 
xvec=seq(1,41,2); kvec=kfun(xvec); J=100000; set.seed(332);  
samp = sample(x=xvec,size=J,replace=TRUE,prob=fvec) 
est =mean(samp); std=sd(samp); ci=est+c(-1,1)*qnorm(0.975)*std/sqrt(J) 
c(est,ci) # 3.6494 3.6374 3.6615 
 



Bayesian Methods for Statistical Analysis 

32 

R Code for Problem 5.10 
 
options(digits=5) 
 
# (a) 
-log(1-0.371) #  0.463624 
J=1000; set.seed(221); uv=runif(J,0,1)  
xv=-log(1-uv)    #  Generate a random sample of size 1000 from the G(1,1) dsn 
est=mean(xv); std=sd(xv); ci=est+c(-1,1)*qnorm(0.975)*std/sqrt(J) 
c(est,ci) # 0.99673 0.93216 1.06130 
 
# (b) 
u=0.371; x=1; xv=x; for(j in 1:7) { x=x-(1-(x+1)*exp(-x)-u)/(x*exp(-x));  xv=c(xv,x)  } 
xv # 1.0000 1.2902 1.2939 1.2939 1.2939 1.2939 1.2939 1.2939 
pgamma(x,2,1)  # 0.371     Just checking that  F(1.293860) = 0.371 
pgamma(1.2939,2,1)  # 0.37101 
 
K=1000; xvec=rep(NA,K); set.seed(332); for(k in 1:K){ 
   u=runif(1); x=1; for(j in 1:10)  x=x-(1-(x+1)*exp(-x)-u)/(x*exp(-x)) 
   xvec[k]=x      }   # Generate a random sample of size 1000 from the G(2,1) dsn 
est=mean(xvec); std=sd(xvec) 
ci=est+c(-1,1)*qnorm(0.975)*std/sqrt(K) 
c(est,ci) # 1.9631 1.8815 2.0446 
 
R Code for Section 5.12 
 
X11(w=8,h=4.5); par(mfrow=c(1,1)) 
 
plot(c(0,1), c(0,6),type="n",xlab="x",ylab="") 
xv=seq(0.001,0.999,0.01); hxv=dbeta(xv,2,2); lines(xv,hxv,lty=2,lwd=3) 
 
kfun=function(x){  dbeta(x,4,8)  }  
      # We could specify any positive function here   (*) 
k0=integrate(f=kfun,lower=0,upper=1)$value   
     # This calculates the normalising constant 
fxv=kfun(xv)/k0;    #  This ensures f(x) as defined at (*) is a proper density  
 
lines(xv,fxv,lty=1,lwd=3) 
c=max(fxv/hxv); c #  2.4472 
lines(xv,c*hxv,lty=3,lwd=3) 
legend(0,6,c("f(x)","h(x)","c*h(x)"),lty=c(1,2,3),lwd=c(3,3,3)) 
text(0.07,3,"c = 2.45") 
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xval=0.4; lines(c(xval,xval),c(0, c*dbeta(xval,2,2)),lty=1,lwd=1) 
points(rep(xval,3),  c(0,kfun(xval)/k0 ,c*dbeta(xval,2,2)) ,  
     pch=rep(16,3), cex=rep(1.2,3)) 
text(0.43,0.05,"P"); text(0.43,2.5,"Q"); text(0.43,3.3,"R");  
c(0,kfun(xval)/k0 ,c*dbeta(xval,2,2))    
     # 0.0000 2.3649 3.5239 2.3649/3.5239 # 0.6711 
text(0.6,5.2,"Probability of accepting 0.4 is p(0.4) = f(0.4)/{c*h(0.4)} \n 
= {distance P to Q} divided by {distance P to R}\n= 2.365/3.524 = 0.671") 
c(0,kfun(xval)/k0 ,c*dbeta(xval,2,2)) # 0.0000 2.3649 3.5239 
 
R Code for Exercise 5.14 
 
# (a) 
y=c(2.1, 3.2, 5.2, 1.7); n=length(y); ybar=mean(y); s=sd(y); s # 1.567 
J=1000; set.seed(144); options(digits=4) 
wv=rt(J,n-1); muv=ybar+s*wv/sqrt(n) 
mubar=mean(muv); muci=mubar + c(-1,1)*qnorm(0.975)*sd(muv)/sqrt(J) 
mucpdr=quantile(muv,c(0.025,0.975)) 
c(mubar,muci,mucpdr) # 3.0770 3.0012 3.1528 0.6848 5.5069 
muhat=ybar; mucpdrtrue= ybar+(s/sqrt(n))*qt(c(0.025,0.975),n-1)   
c(muhat,mucpdrtrue) # 3.050 0.556 5.544 
 
X11(w=8,h=5); par(mfrow=c(1,1)) 
hist(muv,prob=T,xlab="mu",xlim=c(-2,7.5), ylim=c(0,0.5),main="", 
 breaks=seq(-20,20,0.25)) 
muvec=seq(-20,20,0.01);  
postvec=dt(   (muvec-ybar)/(s/sqrt(n)) , n-1 ) / (s/sqrt(n)) 
lines(muvec,postvec, lty=1,lwd=3) 
lines(density(muv),lty=2,lwd=3) 
abline(v=c(mubar,muci,mucpdr),lty=2,lwd=3) 
abline(v=c(ybar, mucpdrtrue)  ,   lty=1,lwd=3) 
legend(-2,0.5,c("Monte Carlo estimates","Exact posterior estimates"), 
 lty=c(2,1),lwd=c(3,3),bg="white") 
 
# (b) 
lamv=rep(NA,J); set.seed(332) 
for(j in 1:J) lamv[j] = rgamma(1,n/2,(n/2)*mean((y-muv[j])^2)) 
 
lambar=mean(lamv); lamci=lambar + c(-1,1)*qnorm(0.975)*sd(lamv)/sqrt(J) 
lamcpdr=quantile(lamv,c(0.025,0.975)) 
c(lambar, lamci, lamcpdr) # 0.39980 0.38040 0.41920 0.03465 1.28283 
lamhat=1/s^2; lamcpdrtrue= qgamma(c(0.025,0.975),(n-1)/2,((n-1)/2)*s^2) 
c(lamhat, lamcpdrtrue) # 0.40706 0.02928 1.26844 
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hist(lamv,prob=T,xlab="lam",xlim=c(0,2.5), ylim=c(0,2),main="", 
 breaks=seq(0,3,0.05)) 
lamvec=seq(0,3,0.01) ; lampostvec= dgamma(lamvec,(n-1)/2,((n-1)/2)*s^2) 
lines(lamvec, lampostvec, lty=1,lwd=3) 
lines(density(lamv),lty=2,lwd=3) 
abline(v=c(lambar, lamci, lamcpdr),lty=2,lwd=3) 
abline(v=c(1/s^2,  lamcpdrtrue),   lty=1,lwd=3) 
legend(1.5,2,c("Monte Carlo estimates","Exact posterior estimates"), 
 lty=c(2,1),lwd=c(3,3),bg="white") 
 
# (c) 
gamv=muv*sqrt(lamv) 
 
gambar=mean(gamv); gamci=gambar + c(-1,1)*qnorm(0.975)*sd(gamv)/sqrt(J) 
gamcpdr=quantile(gamv,c(0.025,0.975)) 
c(gambar, gamci, gamcpdr) # 1.7997 1.7453 1.8540 0.2284 3.5433 
mle=ybar/s; mle # 1.946 
 
gamhat=(ybar/s)*gamma(0.5+(n-1)/2)/(sqrt((n-1)/2)*gamma((n-1)/2)) 
print(c(ybar,s,gamhat),digits=8) # 3.0500000 1.5673757 1.7928178 
intfun=function(lam,gam, ybar=3.05,s=1.5673757,n=4){ 
  dnorm(gam,ybar*sqrt(lam),1/sqrt(n))*dgamma(lam,(n-1)/2,s^2*(n-1)/2)   } 
 
integrate(function(gam) {  
 sapply(gam, function(gam) { 
 integrate(function(lam) { 
 sapply(lam, function(lam) intfun(lam,gam) ) 
 }, 0, Inf)$value  })  }, -Inf, Inf) 
   # 1 with absolute error < 4.7e-07    OK (Just checking) 
 
integrate(function(gam) {  
 sapply(gam, function(gam) { 
 integrate(function(lam) { 
 sapply(lam, function(lam) gam*intfun(lam,gam) ) 
 }, 0, Inf)$value  })  }, -Inf, Inf) 
   # 1.793 with absolute error < 4.7e-06   OK (Agrees with exact calculation) 
 
gamvec=seq(-5,10,0.01); fgamvec=gamvec 
 
for(i in 1:length(gamvec)){ 
 fgamvec[i]=integrate( f=intfun, lower=0, upper=Inf,    
  gam=gamvec[i])$value   } 
 plot(gamvec,fgamvec) # OK 
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L=-0.1; U=4.2  # Testing.... 
integrate(function(gam) {  
 sapply(gam, function(gam) { 
 integrate(function(lam) { 
 sapply(lam, function(lam) intfun(lam,gam) ) 
 }, 0, Inf)$value  })  }, L,U)   
   # 0.9823 with absolute error < 4.3e-08  OK 
 
integrate( f=intfun, lower=0, upper=Inf,  gam=U)$value - 
  integrate( f=intfun, lower=0, upper=Inf,  gam=L)$value   # -0.02074   OK 
 
gfun=function(v){   L=v[1]; U=v[2] 
( integrate(function(gam) {  
 sapply(gam, function(gam) { 
 integrate(function(lam) { 
 sapply(lam, function(lam) intfun(lam,gam) ) 
 }, 0, Inf)$value  })  }, L,U)$value  - 0.95  )^2 + 
(  integrate( f=intfun, lower=0, upper=Inf,  gam=U)$value - 
       integrate( f=intfun, lower=0, upper=Inf,  gam=L)$value   )^2   } 
 
gfun(v=c(-0.1,4.2))  # 0.001473  OK 
gfun(v=c(1,3)) #   0.08562 OK 
 
res0=optim(par=c(0,4),fn=gfun)$par 
res0 # 0.07334 3.59516 
res1=optim(par=res0,fn=gfun)$par 
res1 # 0.07332 3.59518 
res2=optim(par=res1,fn=gfun)$par 
res2 # 0.07332 3.59518   OK   
 
L=res2[1]; U=res2[2]  # Now check... 
 
integrate(function(gam) {  
 sapply(gam, function(gam) { 
 integrate(function(lam) { 
 sapply(lam, function(lam) intfun(lam,gam) ) 
 }, 0, Inf)$value  })  }, L,U)   
   # 0.95 with absolute error < 3.2e-07  
integrate( f=intfun, lower=0, upper=Inf,  gam=L)$value  # 0.06598  
integrate( f=intfun, lower=0, upper=Inf,  gam=U)$value # 0.06598  All OK 
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hist(gamv,prob=T,xlab="gam",xlim=c(-1,6), ylim=c(0,0.6),main="", 
 breaks=seq(-2,7,0.1)) 
lines(density(gamv),lty=2,lwd=3) 
abline(v=c(gambar, gamci, gamcpdr),lty=2,lwd=3) 
points(mle,0,pch=4,lwd=3,cex=2) 
lines(gamvec,fgamvec,lty=1,lwd=3) 
abline(v=c(gamhat,L,U),lty=1,lwd=3) 
legend(3,0.6,c("Monte Carlo estimates","Exact posterior estimates"), 
 lty=c(2,1),lwd=c(3,3),bg="white") 
text(5,0.4,"The cross shows the MLE") 
 
R Code for Exercise 5.15 
 
options(digits=5) 
n=50; y=32;    alp=1;bet=1;     a=alp+y; b=bet+n-y;     m=10;   J=10000 
set.seed(443); tv=rbeta(J,a,b); xv=rbinom(J,m,tv) 
phat=length(xv[xv>=6])/J;  
ci=phat+c(-1,1)*qnorm(0.975)*sqrt(phat*(1-phat)/J) 
c(phat,ci) # 0.70840 0.69949 0.71731 
 
xvec=0:m; fxgiveny= 
   choose(m,xvec)*beta(y+xvec+alp,n-y+m-xvec+bet)/beta(y+alp,n-y+bet) 
sum(fxgiveny)  # 1   Just checking 
sum(fxgiveny[xvec>=6]) # 0.70296 
 
R Code for Exercise 5.16 
 
options(digits=4) 
 
# (a) 
y=c(2.1, 3.2, 5.2, 1.7); n=length(y); ybar=mean(y); s=sd(y); s2=s^2 
J=100; set.seed(254); lamv=rgamma(J,(n-1)/2,s2*(n-1)/2);  
muv=rnorm(J,ybar,1/sqrt(n*lamv)); est0=1/s^2 
est1=mean(lamv); std1=sd(lamv); ci1=est1 + c(-1,1)*qnorm(0.975)*std1/sqrt(J) 
ev=rep(NA,J); for(j in 1:J){ muval=muv[j]; ev[j]=1/mean((y-muval)^2) } 
est2=mean(ev); std2=sd(ev); ci2=est2 + c(-1,1)*qnorm(0.975)*std2/sqrt(J) 
rbind(  c(est0,NA,NA,NA),   c(est1,ci1,ci1[2]-ci1[1]),   c(est2,ci2,ci2[2]-ci2[1]) ) 
#  [1,] 0.4071     NA     NA      NA 
#  [2,] 0.4396 0.3767 0.5026 0.12589 
#  [3,] 0.4150 0.3892 0.4408 0.05166 
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# (b) 
X11(w=8,h=5); par(mfrow=c(1,1)) 
hist(lamv,xlab="lambda",ylab="density",prob=T,xlim=c(0,2.5),  
              ylim=c(0,2.5),main="",breaks=seq(0,4,0.05)) 
lines(density(lamv),lty=1,lwd=3) 
lamvec=seq(0,3,0.01); RBvec=lamvec;  smu2v=1/ev 
for(k in 1:length(lamvec)){  lamval=lamvec[k] 
 RBvec[k]=mean(dgamma(lamval,n/2,(n/2)*smu2v))   } 
lines(lamvec,RBvec,lty=1,lwd=1) 
lines(seq(0,3,0.005),dgamma(seq(0,3,0.005),(n-1)/2,s2*(n-1)/2), lty=3,lwd=3) 
legend(1.2,2,c("Histogram estimate of posterior","Rao-Blackwell estimate", 
 "True marginal posterior"), lty=c(1,1,3),lwd=c(3,1,3)) 
 
R Code for Exercise 5.17 
 
R=function(v){m=length(v); sum(abs(v[-1]-v[-m]))+1}  

# Calculates the runs in vector v 
R(c(1,1,1,0,1)) # 3      testing … 
R(c(1,1)) # 1 
R(c(1,0,1,0,1)) # 5 
R(c(0,0,1,1,1)) # 2    
R(c(1,0,0,1,1,0,0,1,1,1,1,0)) # 6        …. all OK 
 
n=10; J=10000; Iv=rep(0,J); set.seed(214); tv=rbeta(J,8,4) 
for(j in 1:J){ xj=rbinom(n,1,tv[j]); if(R(xj)<=2) Iv[j]=1 } 
p=mean(Iv); ci=p+c(-1,1)*qnorm(0.975)*sqrt(p*(1-p)/J) 
c(p,ci) # 0.09950 0.09363 0.10537 
 
n=20; J=10000; Iv=rep(0,J); set.seed(214); tv=rbeta(J,15,7) 
for(j in 1:J){ xj=rbinom(n,1,tv[j]); if(R(xj)<=2) Iv[j]=1 } 
p=mean(Iv); ci=p+c(-1,1)*qnorm(0.975)*sqrt(p*(1-p)/J) 
c(p,ci) # 0.008800 0.006969 0.010631 
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Chapter 6 MCMC Methods Part 1 
 

R Code for Exercise 6.1 
 
MET <- function(K,x,c){ 
# This function performs the Metropolis algorithm for a simple model. 
# Inputs: K = total number of iterations 
#  x = initial value of x 
#  c = tuning parameter. 
# Outputs: $vec = vector of (K+1) values of x 
#  $ar = acceptance rate 
vec <- x; ct <- 0 
for(j in 1:K){ 
 prop <- runif(1,x-c,x+c) 
 p <- 0 
 if((prop>0) && (prop<1))    p <- (prop/x)^5 
 u <- runif(1) 
 if(u < p){ 
  x <- prop 
  ct <- ct + 1 
  } 
 vec <- c(vec,x) 
 } 
ar <- ct/K 
list(vec=vec,ar=ar) 
} 
 
K <- 500;  X11(w=8,h=4.5); par(mfrow=c(1,1)) 
 
set.seed(316); res <- MET(K=K,x=0.1,c=0.15) 
plot(0:K,res$vec,type="l",xlab="iteration",ylab="x", main="") 
 
hist(res$vec[-(1:101)],prob=T,xlim=c(0.4,1),ylim=c(0,6), 

xlab="x",ylab="density",main="") 
lines(seq(0.4,1,0.01),6*seq(0.4,1,0.01)^5);    res$ar   # 0.64 
 
print(res$vec[1+c(0,1:10,301:310,491:500)], digits=4) 
# [1] 0.1000 0.1000 0.1000 0.1000 0.1000 0.1861 0.2650 0.2650 0.4065 0.4388 
# [11] 0.4388 0.9261 0.9987 0.9987 0.9987 0.9987 0.9725 0.8889 0.8889 0.9672 
# [21] 0.9315 0.8058 0.6811 0.6073 0.4587 0.4353 0.3462 0.3462 0.4177 0.4177 
# [31] 0.4656 
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set.seed(322); res <- MET(K=K,x=0.1,c=0.65) 
plot(0:K,res$vec,type="l",xlab="iteration",ylab="x", main=" ") 
 
hist(res$vec[-(1:101)],prob=T,xlim=c(0.4,1),ylim=c(0,6),xlab="x",  
 ylab="density", main=" ") 
lines(seq(0.4,1,0.01),6*seq(0.4,1,0.01)^5);    res$ar   # 0.208 
 
set.seed(302); res <- MET(K=K,x=0.1,c=0.05) 
plot(0:K,res$vec,type="l",xlab="iteration",ylab="x",main=" ") 
 
hist(res$vec[-(1:101)],prob=T,xlim=c(0.4,1),ylim=c(0,6),xlab="x",  
 ylab="density", main=" ") 
lines(seq(0.4,1,0.01),6*seq(0.4,1,0.01)^5);    res$ar   # 0.83 
 
R Code for Exercise 6.2 
 
MET <- function(K,x,c){ 
# This function performs the Metropolis algorithm to sample from the  
# standard normal dsn. 
# Inputs: K = total number of iterations 
#  x = initial value of x 
#  c = tuning parameter. 
# Outputs: $vec = vector of (K+1) values of x 
#  $ar = acceptance rate. 
vec = x; ct = 0 
for(j in 1:K){ prop = runif(1,x-c,x+c) 
  p = exp(-0.5*(prop^2-x^2));  u = runif(1) 
  if(u <= p){  x = prop;  ct = ct + 1 } 
  vec <- c(vec,x)    } 
ar = ct/K;   list(vec=vec,ar=ar)    } 
 
B=500; J = 10000; K = B + J 
set.seed(117); res <- MET(K=K,x=5,c=2.5);    res$ar   # 0.548381 
X11(w=8,h=4.5); par(mfrow=c(1,1)) 
 
plot(0:K,res$vec,type="l",xlab="iteration",ylab="x",main=" ") 
 
hist(res$vec[-(1:(B+1))],prob=T,xlim=c(-4,4),ylim=c(0,0.5),xlab="x", 

ylab="density",nclass=50, main=" ") 
lines(seq(-4,4,0.01),dnorm(seq(-4,4,0.01)),lwd=2)  
est=mean(res$vec[-(1:(B+1))]); std=sd(res$vec[-(1:(B+1))]) 
ci=est+c(-1,1)*qnorm(0.975)*std/sqrt(10000) 
c(est,std,ci) # 0.03550254 1.00470749 0.01581064 0.05519445 
 



Bayesian Methods for Statistical Analysis 

40 

R Code for Exercise 6.3 
 
# (a)  
MET <- function(Jp,x,h){ 
# This function implements a simple Metropolis algorithm. 
# Inputs: Jp = total number of iterations 
#  x = starting value of x 
#  h = halfwidth of uniform driver. 
# Outputs: $xv  = vector of x-values of length (Jp + 1) 
#  $ar = acceptance rate. 
xv <- x; ct <- 0 
for(j in 1:Jp){ xprop <- runif(1,x-h,x+h) 
  if( (xprop>0) && (xprop<2) ){ 
   p <- xprop^2 / x^2;  u <- runif(1) 
   if(u < p){ x <- xprop; ct <- ct + 1 }  } 
  xv <- c(xv,x)   } 
list(xv=xv,ar=ct/Jp)   } 
 
Jp <- 1100; set.seed(151); res <- MET(Jp=Jp,x=1,h=0.7); res$ar   # 0.5454545 
 
X11(w=8, h=4.5); par(mfrow=c(1,1));  
 
plot(0:Jp,res$x,type="l",xlab="j",ylab="x_j") 
xv <- res$xv[-c(1:101)]; J= length(xv)  
 
hist(xv,xlab="x",prob=T,ylim=c(0,2),nclass=20,ylab="density", main="") 
xvec <- seq(0,2,0.1); fvec <- (3/8)*xvec^2; lines(xvec,fvec) 
 
EXhat <- mean(xv); sdhat <- sqrt(var(xv)); sdhat   # 0.3755086 
EXci <- EXhat + c(-1,1)*qnorm(0.975)*sdhat/sqrt(J) 
c(EXhat,EXci)   # 1.538984 1.515710 1.562258 
 
# (b)    
m <- 20; n <- 50; yv <- rep(NA,m) 
for(k in 1:m){  xvsub <- xv[  ((k-1)*n+1):(k*n)   ] 
   yv[k] <- mean(xvsub)   } 
sdhat2 <- sqrt(n*var(yv));  sdhat2   # 1.15783 
EXci <- EXhat + c(-1,1)*qnorm(0.975)*sdhat2/sqrt(J) 
c(EXhat,EXci)   # 1.538984 1.467222 1.610746 
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# (c)   
R<- 100; m <- 20; n <- 50; J <- 1000; burn <- 100; EX <- 1.5; ct1 <- 0; ct2 <- 0;  
yv <- rep(NA,m); set.seed(214) 
 
for(r in 1:R){ 
  xv  <- MET(Jp=burn+J,x=1,h=0.7)$xv[-c(1:101)] 
  #  xv  <- rbeta(J,3,1)*2      # for use in (d) (see below) 
 for(k in 1:m){  xvsub <- xv[  ((k-1)*n+1):(k*n)   ] 
    yv[k] <- mean(xvsub)  } 
 EXhat <- mean(xv);  sdhat1 <- sqrt(var(xv));  sdhat2 <- sqrt(n*var(yv)) 
 ci1 <- EXhat + c(-1,1)*qnorm(0.975)*sdhat1/sqrt(J) 
 ci2 <- EXhat + c(-1,1)*qnorm(0.975)*sdhat2/sqrt(J) 
 if( (EX >= ci1[1]) && (EX <= ci1[2]))  ct1 <- ct1 + 1 
 if( (EX >= ci2[1]) && (EX <= ci2[2]))  ct2 <- ct2 + 1   } 
date()  # took 2 secs 
 
p1 <- ct1/R; p2 <- ct2/R 
p1ci <- p1 + c(-1,1)*qnorm(0.975)*sqrt(p1*(1-p1)/R) 
p2ci <- p2 + c(-1,1)*qnorm(0.975)*sqrt(p2*(1-p2)/R) 
c(p1,p1ci)   # 0.5200000 0.4220802 0.6179198 
c(p2,p2ci)  # 0.9000000 0.8412011 0.9587989 
 
# (d) 
# Repeat code in (c) but with the line  
# "xv  <- MET(Jp=burn+J,x=1,h=0.7)$xv[-c(1:101)]" 
# replaced by the line "xv  <- rbeta(J,3,1)*2".  
 
# The results should be: 
#  c(p1,p1ci)   # 0.9200000 0.8668275 0.9731725 
#  c(p2,p2ci)  # 0.9000000 0.8412011 0.9587989 
 
R Code for Exercise 6.4 
 
# (a) 
y=c(0.1, 0.2, 1.9, 0.8); n = length(y); ybar=mean(y); c(n,ybar) # 4.00 0.75 
kfun=function(mu){       exp(-0.5*n*(mu-ybar)^2)   /  (1-pnorm(-mu))^n     } 
topfun=function(mu){ mu * kfun(mu) } 
par(mfrow=c(2,1)); muvec=seq(0,5,0.1) 
plot(muvec,kfun(muvec),type="l"); abline(h=0,lty=3)      # OK 
plot(muvec,topfun(muvec),type="l"); abline(h=0,lty=3) # OK 
top=integrate(f=topfun,lower=0,upper=5)$value 
bot=integrate(f=kfun,lower=0,upper=5)$value 
c(bot,top,top/bot) # 4.328041 2.328058 0.537901 
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# (b) 
J=110000; set.seed(551); samp=rnorm(J,ybar,1/sqrt(n)) 
samppos=samp[samp>0]; length(samppos) # 102763 
samppos=samppos[1:100000] 
numer=mean(samppos*(1-pnorm(-samppos))^(-n) ) 
denom=mean( (1-pnorm(-samppos))^(-n) ) 
c(numer,denom,numer/denom) # 1.9900593 3.7059926 0.5369842 
 
# (c) 
MET <- function(K,mu,del,y){ 
# This function implements a simple Metropolis algorithm. 
# Inputs: K = total number of iterations 
#  mu = starting value of mu 
#  del = standard deviation of normal driver 
#  y = data vector 
# Outputs: $muv  = vector of mu-values of length (K + 1) 
#  $ar = acceptance rate 
muv = mu; ct = 0; n=length(y); ybar=mean(y) 
kfun=function(mu,ybar,n){       exp(-0.5*n*(mu-ybar)^2)   /  (1-pnorm(-mu))^n     } 
for(j in 1:K){ muprop = rnorm(1,mu,del) 
  if( muprop>0 ){           
 p=kfun(mu=muprop,ybar=ybar,n=n)/kfun(mu=mu,ybar=ybar,n=n) 
   u=runif(1); if(u < p){ mu = muprop; ct = ct + 1 }       } 
  muv = c(muv,mu)   } 
list(muv=muv,ar=ct/K)   } 
 
K=10100; set.seed(352); res= MET(K=K,mu=1,del=0.5,y=y) 
res$ar # 0.590297 
mean(res$muv)  # 0.5303868  = preliminary estimate 
 
plot(0:K,res$muv,type="l") 
vec1=res$muv[-(1:101)] 
print(acf(vec1)$acf[1:10],digits=2) # Evidence of strong autocorrelation   
 # 1.00 0.78 0.61 0.48 0.39 0.30 0.24 0.19 0.14 0.11 
 
v=vec1[seq(10,10000,10)]  # Take every 10th value only 
print(acf(v)$acf[1:10],digits=2) #  No apparent residual autocorrelation   
# 1.0000  0.0534  0.0014  0.0331 -0.0089 -0.0041 0.0034  0.0087  0.0102  0.0133 
 
J=length(v); J # 1000 
est=mean(v); std=sd(v); ci=est+c(-1,1)*qnorm(0.975)*std/sqrt(J) 
c(est,std,ci) #  0.5296887 0.4039238 0.5046537 0.5547237 
 



Computer Code 

43 

R Code for Exercise 6.5 
 
set.seed(321);       v = rgamma(10000,0.001,0.001)   
              # Large sample from the G(0.001,0.001) distribution. 
mean(v) # 0.5827886   This is clearly wrong since the mean is 0.001/0.001 = 1. 
length(v[v==0]) # 4777   Almost HALF of the values are EXACTLY zero. 
logffun=function(x){ res=-0.5*log(x)-log(4); if(x>1) res=1-x-log(2); res } 
loggfun=function(t,x,del){  
        x*del*log(del)+(x*del-1)*log(t)-t*del-lgamma(max( x*del, 5e-324 )) } 
 
MET <- function(K,x,del){   # This function implements a simple Metropolis alg. 
# Inputs: K = total number of iterations, x = starting value of x,  
# del = tuning constant in driver  
# Outputs: $xv  = vector of x-values of length (K + 1),  $ar = acceptance rate 
xv = x;    ct = 0 
for(j in 1:K){   xp = max(   rgamma(1,x*del,del),   5e-324   )   
  logp = logffun(x=xp) - logffun(x=x) +  
   loggfun(t=x,x=xp,del=del) - loggfun(t=xp,x=x,del=del) 
     p = exp(logp);  u = runif(1);    if(u < p){ x = xp; ct = ct + 1 } 
  xv = c(xv,x)   } 
list(xv=xv,ar=ct/K)   } 
 
X11(w=8,h=4.5); par(mfrow=c(1,1)); K = 10100;  
set.seed(319); res = MET(K=K,x=1,del=1.3); res$ar   # 0.5324752 
plot(0:K,res$xv,type="l",xlab="j",ylab="x_j") 
xv <- res$xv[-c(1:101)]  
 
hist(xv,xlab="x",prob=T,ylim=c(0,2.5),xlim=c(0,5), ylab="density", main="", 

breaks=seq(0,20,0.05)   ) 
xvec=seq(0,10,0.001); fvec=xvec;  
for(i in 1:length(xvec)) fvec[i]=exp(logffun(xvec[i])) 
lines(xvec,fvec,lwd=2) 
 
summary(res$xv) 
#   Min.   1st Qu.    Median      Mean   3rd Qu.      Max.  
#  0.004243 0.309400 1.034000 1.218000 1.738000 9.356000  (OK, as Min > 0) 
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R Code for Exercise 6.6 
 
# NB: Some of this R Code was copied from a previous exercise  
 
y <- 5; k <- 9; options(digits=4) 
nvec <- y:k;    avec <- 1/(nvec+1);  sumavec <- sum(avec); sumavec   # 0.6456 
fny <- avec/sumavec;     rbind(nvec,avec,fny) 
# nvec 5.0000 6.0000 7.0000 8.0000 9.0000 
# avec 0.1667 0.1429 0.1250 0.1111 0.1000 
#  fny 0.2581 0.2213 0.1936 0.1721 0.1549 
 
nhat <- sum(nvec*fny); nhat    # 6.744 
thhat <- sum(  fny * (y+1)/(nvec+2) ); thhat   # 0.704 
xhat <- sum(  fny * nvec * (y+1)/(nvec+2) ); xhat   # 4.592 
thvec <- seq(0,0.99,0.01);  fthyvec <- thvec 
for(i in 1:length(thvec))  fthyvec[i] <- sum(   fny * dbeta(thvec[i],y+1,nvec-y+1)  ) 
 
X11(w=8,h=6); par(mfrow=c(2,1)) 
plot(nvec,fny,type="n",xlab="n",ylab="f(n|y)",ylim=c(0,0.4)) 
points(nvec,fny,pch=16,cex=1);   abline(v=nhat) 
plot(thvec,fthyvec,type="n",xlab="theta",ylab="f(theta|y) ",ylim=c(0,2.5)) 
lines(thvec,fthyvec,lwd=3);    abline(v=thhat) 
 
# Code for Metropolis-Hastings algorithm -------------------------------------------- 
MH = function(Jp,n,th,c,r,y,k){ 
# This function performs the Metropolis-Hastings algorithm for a simple model. 
# Inputs: Jp = total number of iterations 
#  n, th = intial values of n and theta 
#  r, c = tuning parameters for n and theta 
#  y, k = number of successes, maximum value of n 
# Outputs: $nvec = vector of (Jp+1) values of n 
#  $thvec = vector of (Jp+1) values of theta 
#  $nar, $thar = acceptance rates for n and theta. 
nvec = n; thvec = th; nct = 0; thct = 0 
logfun = function(n,th,y){  # Calculates the log of the joint posterior kernel 
 lgamma(n+1) + y*log(th) + (n-y)*log(1-th) - lgamma(n-y+1)     } 
for(j in 1:Jp){ 
 nprop = sample((n-r):(n+r),1) 
 if(nprop >= y)  if(nprop <= k){  
  if(nprop == n)   nct = nct + 1  
  if(nprop != n){ 
       logp1 = logfun(n=nprop,th=th,y=y) - logfun(n=n,th=th,y=y) 
       p1 = exp(logp1);    u <- runif(1) 
       if(u < p1){ n = nprop; nct = nct + 1}        
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       } 
  } 
 thprop = runif(1,th-c,th+c) 
 if(thprop > 0) if(thprop < 1){ 
  logp2 = logfun(n=n,th=thprop,y=y) - logfun(n=n,th=th,y=y) 
  p2 = exp(logp2);    u = runif(1) 
  if(u < p2){ th = thprop; thct = thct + 1}        
  } 
 nvec = c(nvec,n); thvec = c(thvec,th) 
 } 
nar = nct/Jp; thar = thct/Jp;   list(nvec=nvec,thvec=thvec,nar=nar,thar=thar)    }  
# END 
 
X11(w=8,h=5); par(mfrow=c(1,1)) 
Jp = 10100; set.seed(135);   res = MH(Jp=Jp,n=7,th=0.5,c=0.3,r=1,y=5,k=9) 
c(res$nar,res$thar)   # 0.7344 0.5847 
 
plot(0:Jp,res$nvec,type="l", xlab="j",ylab="n_j") 
plot(0:Jp,res$thvec,type="l", xlab="j",ylab="theta_j") 
 
burn = 100; nv0 = res$nvec[-(1:(burn+1))]; thv0 = res$thvec[-(1:(burn+1))] 
nv=nv0[seq(20,10000,20)]; thv=thv0[seq(20,10000,20)]; J=500 
 
plot(1:J,nv,type="l", xlab="j",ylab="n_j") 
plot(1:J,thv,type="l", xlab="j",ylab="theta_j") 
 
par(mfrow=c(2,2));acf(nv0); acf(thv0); acf(nv); acf(thv) 
 
nbar = mean(nv); nci = nbar + c(-1,1)*qnorm(0.975)*sd(nv)/sqrt(J) 
c(nbar,nci)  # 6.708 6.587 6.829 
thbar = mean(thv); thci = thbar + c(-1,1)*qnorm(0.975)*sd(thv)/sqrt(J) 
thcpdr = quantile(thv,c(0.025,0.975)) 
c(thbar,thci,thcpdr)   # 0.7097 0.6943 0.7252 0.3547 0.9886 
 
nvals=5:9; fvals=summary(as.factor(nv)); pvals=fvals/J 
Lvals=pvals-qnorm(0.975)*sqrt(pvals*(1-pvals)/J) 
Uvals=pvals+qnorm(0.975)*sqrt(pvals*(1-pvals)/J) 
 
rbind(nvals,fvals,pvals,Lvals,Uvals) 
# nvals   5.0000   6.0000  7.0000  8.0000  9.0000 
# fvals 128.0000 117.0000 98.0000 87.0000 70.0000 
# pvals   0.2560   0.2340  0.1960  0.1740  0.1400 
# Lvals   0.2177   0.1969  0.1612  0.1408  0.1096 
# Uvals   0.2943   0.2711  0.2308  0.2072  0.1704 
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par(mfrow=c(1,1)) 
hist(nv,prob=T,xlim=c(4,10),ylim=c(0,0.5),xlab="n",breaks=seq(4.5,9.5,1), 
 main="", ylab="density") 
points(nvec,fny,pch=16);   abline(v=nhat) 
for(i in 1:length(nvals)) lines(rep(nvals[i],2),c(Lvals[i],Uvals[i]),lwd=2) 
abline(v=nbar,lty=4); abline(v=nci,lty=2) 
legend(8,0.5,c("True mean","Estimate of mean","95% CI for mean"),lty=c(1,4,2)) 
legend(4,0.5,c("True posterior"),pch=16,cex=1) 
legend(4,0.4,c("95% CI for f(n|y)"),lty=1,lwd=2) 
 
hist(thv,prob=T,xlim=c(0,1),ylim=c(0,3.2),xlab="theta",  

main="", ylab="density") 
lines(thvec,fthyvec,lwd=2);    abline(v=thhat) 
thdensity <- density(  c(thv,1+abs(1-thv)),    from=0, to=1,width=0.2) 
lines(density(thv,from=0,to=1,width=0.2),lty=2,lwd=2) 

# Note: This is the simplest way to estimate the density  
lines(thdensity$x,thdensity$y*2,lty=3,lwd=2) 
   # Note: This density estimate is forced to be higher at theta=1 
abline(v=thbar,lty=4); abline(v=thci,lty=2); abline(v=thcpdr,lty=3) 
legend(0,3.2,c("True mean","Estimate of mean","95% CI for mean", 
  "95% CPDR estimate"),lty=c(1,4,2,3)) 
legend(0,1.6,c("True posterior","Estimate 1","Estimate 2"),lty=c(1,2,3),lwd=2) 
    
R Code for Exercise 6.7 
 
# (a) 
mu0=10; sig0=2; alp=3; bet=6; n=40; options(digits=4) 
set.seed(226); lam=rgamma(1,alp,bet); mu=rnorm(1,mu0,sig0);  
sig=1/sqrt(lam); y=rnorm(n,mu,sig) 
c(lam, sig, sig^2, mu, mean(y), sd(y))  
 # 0.1292  2.7822  7.7405 11.9511 12.2768  2.5919 
 
X11(w=8,h=5); par(mfrow=c(1,1)) 
 
hist(y,prob=T,xlim=c(5,20),ylim=c(0,0.25),breaks=seq(7,17,0.5), main=" ") 
yv=seq(0,20,0.01); lines(yv, dnorm(yv,mu,sig),lwd=3) 
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# (b) 
MH <- function(Jp,  mu, lam,   y,   c, r,  alp=0, bet=0,   mu0=0, sig0=10000  ){ 
# This function implements a Metropolis-Hastings algorithm for the general 
#  normal-normal-gamma model. 
# Inputs: Jp = total number of iterations 
#  mu, lam = starting values of mu and lambda 
#  y = vector of n observations 
#  c, r = tuning parameters for mu and lambda 
#  alp, bet = parameters of lambda’s gamma prior (mean = alp/bet) 
#  mu0, sig0 = mean and standard deviation of mu's normal prior 
# Outputs: $muv, $lamv = (Jp+1)-vectors of values of mu and lambda 
#  $muar, $lamar = acceptance rates for mu  and lambda. 
muv <- mu; lamv <- lam; ybar <- mean(y); n <- length(y); muct <- 0; lamct <- 0 
logpost <- function(n,y,mu,lam,alp,bet,mu0,sig0){    
     (alp + n/2-1)*log(lam) - bet*lam -  

0.5*lam*sum((y-mu)^2) -0.5*(mu-mu0)^2/sig0^2 } 
for(j in 1:Jp){ 
 mup <- runif(1,mu-c,mu+c)     # propose a value of mu   
 q1 <-   
   logpost(n=n,y=y,mu=mup,   lam=lam,alp=alp,bet=bet,mu0=mu0,sig0=sig0)-  
   logpost(n=n,y=y,mu=mu     ,lam=lam,alp=alp,bet=bet, mu0=mu0,sig0=sig0)  
 p1 <- exp(q1)       # acceptance probability 
 u <- runif(1);  if(u < p1){  mu <- mup;   muct <- muct + 1   } 
 lamp <- runif(1,lam-r,lam+r)     # propose a value of lambda  
 if(lamp > 0){  # automatically reject if lamp < 0 
     q2 <-  
   logpost(n=n,y=y,mu=mu,lam=lamp,alp=alp,bet=bet, mu0=mu0,sig0=sig0)-  
   logpost(n=n,y=y,mu=mu,lam=lam     ,alp=alp,bet=bet, mu0=mu0,sig0=sig0)  
         p2 <- exp(q2)     # acceptance probability 
         u <- runif(1);  if(u < p2){  lam <- lamp;   lamct <- lamct + 1   } 
        } 
 muv <- c(muv,mu);  lamv <- c(lamv,lam) 
 } 
list(muv=muv,lamv=lamv,muar=muct/Jp,lamar=lamct/Jp) 
} 
 
Jp <- 6000; set.seed(331) 
res <- MH(Jp=Jp,  mu=0,lam=1,  y=y,  c=0.1,r=0.01,  alp=3,bet=6,    
 mu0=10,sig0=2) 
c(res$muar,res$lamar)  # 0.9193 0.9165 
 
plot(0:Jp,res$muv,type="l",xlab="j",ylab="mu_j"); text(3000,6,"c=0.1, r=0.01") 
plot(0:Jp,res$lamv,type="l",xlab="j",ylab="lambda_j");  
text(3000, 0.6,"c=0.1, r=0.01") 
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res <- MH(Jp=Jp,  mu=0,lam=1,  y=y,  c=0.9,r=0.08,  alp=3,bet=6,    
 mu0=10,sig0=2) 
c(res$muar,res$lamar)  # 0.5890 0.5757 
 
plot(0:Jp,res$muv,type="l",xlab="j",ylab="mu_j"); text(3000,6,"c=0.9, r=0.08") 
 
plot(0:Jp,res$lamv,type="l",xlab="j",ylab="lambda_j");  
text(3000,0.6,"c=0.9, r=0.08") 
 
burn <- 1000;   muv <- res$muv[-(1:(burn+1))];  lamv <- res$lamv[-(1:(burn+1))] 
hist(muv,prob=T,xlab="mu",nclass=20,main="", 
 ylab="density/relative frequency"); lines(density(muv),lwd=2);   
points(mu,0,pch=16,cex=1.5) 
 
hist(lamv,prob=T,xlab="lambda",nclass=20,main="", 
 ylab="density/relative frequency"); lines(density(lamv),lwd=2) 
points(lam,0,pch=16,cex=1.5) 
 
# acf(muv)$acf[1:5] # 1.0000 0.6452 0.4175 0.2744 0.1770  
# acf(lamv)$acf[1:5] # 1.0000 0.6641 0.4535 0.3300 0.2419 
muvb= muv;  lamvb=lamv   # For use later 
 
# (c) 
GS = function(Jp,  mu, lam,   y,   alp=0, bet=0,   mu0=0, sig0=10000  ){ 
# This function implements a Gibbs Sampler for the general  normal-normal-
gamma model. 
# Inputs: Jp = total number of iterations 
#  mu, lam = starting values of mu and lambda 
#  y = vector of n observations 
#  alp, bet = parameters of lambda’s gamma prior (mean = alp/bet) 
#  mu0, sig0 = mean and standard deviation of mu's normal prior 
# Outputs: $muv, $lamv = (Jp+1)-vectors of values of mu and lambda 
muv = mu; lamv = lam; n = length(y); ybar = mean(y); s2 = var(y); sig02 = sig0^2 
for(j in 1:Jp){ 
 sig2=1/lam; k=n/(n+sig2/sig02); sig2star=k*sig2/n;  

mustar=(1-k)*mu0+k*ybar 
 mu = rnorm(1,mustar,sqrt(sig2star)) 
 lam=rgamma(   1,   alp+0.5*n,     bet+0.5*((n-1)*s2+n*(mu-ybar)^2)    ) 
 muv = c(muv,mu);  lamv = c(lamv,lam) } 
list(muv=muv,lamv=lamv)   
} 
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Jp = 6000; set.seed(331) 
res = GS(Jp=Jp,  mu=0,lam=1,  y=y,  alp=3,bet=6,   mu0=10,sig0=2) 
 
plot(0:Jp,res$muv,type="l",xlab="j",ylab="mu_j");  
 
plot(0:Jp,res$lamv,type="l",xlab="j",ylab="lambda_j");  
 
burn <- 1000; muv <- res$muv[-(1:(burn+1))]; lamv <- res$lamv[-(1:(burn+1))] 
 
hist(muv,prob=T,xlab="mu",nclass=20,main="",ylim=c(0,1.1), 
 ylab="density/relative frequency"); lines(density(muv),lwd=2);   
points(mu,0,pch=16,cex=1.5) 
 
hist(lamv,prob=T,xlab="lambda",nclass=20,main="", 
 ylab="density/relative frequency"); lines(density(lamv),lwd=2) 
points(lam,0,pch=16,cex=1.5) 
 
muvc=muv; lamvc=lamv 
 
X11(w=8,h=7); par(mfrow=c(2,2)) 
 
acf(muvb)$acf[1:5] # 1.0000 0.6452 0.4175 0.2744 0.1770 
acf(lamvb)$acf[1:5] # 1.0000 0.6641 0.4535 0.3300 0.2419 
 
acf(muvc)$acf[1:5] # 1.0000000 -0.0004031  0.0079520 -0.0073517  0.0135979 
acf(lamvc)$acf[1:5] # 1.000000  0.002873 -0.011504 -0.006671 -0.001769 
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Chapter 7 MCMC Methods Part 2 
 

R Code for Exercise 7.1 
 
# (a) 
options(digits=5); kfun=function(x){ exp(-x)/(x+1) } 
c=integrate(f=kfun,lower=0,upper=Inf)$value; c # 0.59635 
xkfun =function(x){ x*exp(-x)/(x+1) } 
top=integrate(f=xkfun,lower=0,upper=Inf)$value; top # 0.40365 
EX=top/c; EX # 0.67688 
 
# (b) 
J=1000; xv=rep(NA,J); ct=0; set.seed(331) 
for(j in 1:J){ acc=F; while(acc==F){ ct=ct+1 
 x=rgamma(1,1,1); p=1/(x+1); u=runif(1); if(u<p){ acc=T; xv[j]=x }   }   } 
xbar=mean(xv); ci=xbar + c(-1,1)*qnorm(0.975)*sd(xv)/sqrt(J) 
c(ct,xbar,ci) # 1651.00000    0.68754    0.64016    0.73492 
par(mfrow=c(2,1)); plot(1:J,xv,type="l") 
acf(xv)$acf[1:5] # 1.0000000 -0.0205516 -0.0100987 -0.0040018  0.0732520 
 
# (c) 
MET <- function(K,x,c){ 
# This function applies the Metropolis algorithm to sampling from  
# f(x)~exp(-x)/(x+1),x>0. 
# Inputs: K = total number of iterations 
#  x = intial value of x,         c = standard deviation of normal driver 
# Ouputs: $xv = vector of (K+1) values of x,         $ar = acceptance rate 
xv = x; ct = 0 
for(j in 1:K){  

xp = rnorm(1,x,c) 
 if(xp>0) { 
  q =  (-xp-log(xp+1)) - (-x-log(x+1)); p = exp(q);   u = runif(1) 
  if(u < p){  x = xp; ct = ct + 1 }    
  }    
 xv <- c(xv,x)       } 
ar = ct/K;   list(xv=xv,ar=ar)    } 
K=40500; set.seed(298); res <- MET(K=K,x=1,c=0.6);    res$ar   # 0.53896 
par(mfrow=c(2,2)); plot(0:K, res$xv,type="l") 
acf(res$xv)$acf[1:5] # 1.00000 0.91458 0.83710 0.76808 0.70716 
xv=res$xv[-(1:501)][seq(40,40000,40)];  plot(1:J,xv,type="l") 
acf(xv)$acf[1:5] # 1.0000000  0.0727149 -0.0088327  0.0265807  0.0592275 
xbar=mean(xv); ci=xbar + c(-1,1)*qnorm(0.975)*sd(xv)/sqrt(J) 
c(xbar,ci) # 0.70491 0.65614 0.75368 
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# (d) 
GIBBS <- function(K,x){ 
# This generates a sample using the Gibbs sampler and data augmentation. 
# Inputs:   K = total number of iterations,    x = initial value of x 
# Ouputs: $xv = vector of (K+1) values of x, $wv = vector of (K+1) values of w 
xv = x; wv=NA; for(j in 1:K){  

w=rgamma(1,1,x+1); x=rgamma(1,1,w+1); xv=c(xv,x); wv=c(wv,w) } 
list(xv=xv,wv=wv)    } 
 
K=5100;  set.seed(319); res <- GIBBS(K=K,x=1) 
par(mfrow=c(2,2)); plot(0:K, res$xv,type="l") 
acf(res$xv)$acf[1:5] # 1.0000000  0.0692628  0.0407747  0.0053119 -0.0133717 
xv=res$xv[-(1:101)][seq(5,5000,5)];  plot(1:J,xv,type="l") 
acf(xv)$acf[1:5]  
    # 1.0000e+00 -2.4435e-02  4.5681e-02 -3.1778e-02  2.7116e-05 
xbar=mean(xv); ci=xbar + c(-1,1)*qnorm(0.975)*sd(xv)/sqrt(J) 
c(xbar,ci) # 0.71720 0.66711 0.76729         
 
R Code for Exercise 7.2 
 
# (a) ************************************************** 
options(digits=4) 
n <- 10; a <- 5; b <- 2; lam <- 0.25; sig <- 1/sqrt(lam);   c(sig,sig^2)  # 2 4 
xdat <- 1:n;     set.seed(123); ydat <- rnorm(n,a+b*xdat,sig) 
rbind(xdat,ydat) 
# xdat 1.000 2.00  3.00  4.00  5.00  6.00  7.00  8.00  9.00 10.00 
# ydat 5.879 8.54 14.12 13.14 15.26 20.43 19.92 18.47 21.63 24.11 
 
# (b)  ********************************************************** 
fit <- lm(ydat ~ xdat);   summary(fit) 
#             Estimate Std. Error t value Pr(>|t|)     
# (Intercept)    6.051      1.335    4.53   0.0019 **  
# xdat           1.836      0.215    8.54  2.7e-05 *** 
 
ahat <- coef(fit)[[1]]; bhat <- coef(fit)[[2]] 
sse <- sum((ydat-(ahat+bhat*xdat))^2) 
sig2hat <- sse/(n-2); lamhat <- 1/sig2hat 
c(sse,sig2hat,lamhat)  # 30.532  3.816  0.262 
 
df <- length(ydat)-length(fit$coef) 
aCI <- ahat + c(-1,1)*qt(0.975,df)*sqrt(sig2hat*summary(fit)$cov.unscaled[1,1]) 
aCI # 2.973 9.128  
bCI <- bhat + c(-1,1)*qt(0.975,df)*sqrt(sig2hat*summary(fit)$cov.unscaled[2,2]) 
bCI # 1.340 2.332 
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xxv <- seq(0,n,0.1); nn <- length(xxv) 
Xmat <- cbind(1,xxv) 
muhat <- Xmat %*% fit$coef 
muhatvar <- sig2hat * diag(Xmat %*% summary(fit)$cov.unscaled %*% t(Xmat)) 
df <- length(ydat)-length(fit$coef) 
muhatlb <- muhat - qt(0.975,df) * sqrt(muhatvar) 
muhatub <- muhat + qt(0.975,df) * sqrt(muhatvar) 
 
predlb <- muhat - qt(0.975,df) * sqrt(sig2hat+muhatvar) 
predub <- muhat + qt(0.975,df) * sqrt(sig2hat+muhatvar) 
 
X11(w=8,h=5); par(mfrow=c(1,1))  # Figure 
plot(xdat, ydat, pch=16, xlim=c(0,11),ylim=c(0,35),xlab="x",ylab="y"  ) 
abline(c(a,b),lwd=2);  
lines(c(0,n),c(fit$coef[1], fit$coef[1]+ fit$coef[2]*n),lty=4, lwd=2) 
lines(xxv,muhatlb,lty=3,lwd=2) 
lines(xxv,muhatub,lty=3,lwd=2) 
lines(xxv, predlb,lty=2,lwd=2) 
lines(xxv, predub,lty=2,lwd=2) 
legend(6,12,c("True mean of Y given x","Least squares fit","95% CI for mean", 
  "95% prediction interval"),lty=c(1,4,3,2),lwd=rep(2,4)) 
 
# (c) ********************************************************** 
MH.SLR <-   function(Jp,   x, y,    a, b, lam,     asd, bsd, lamsd){ 
# This function implements a Metropolis Hastings algorithm for a 
# simple linear regression model with uninformative priors. 
# Inputs: Jp = total number of iterations 
#  x = vector of covariates 
#  y = vector of observations 
#  a,b,lam = starting values of a,b,lambda 
#  asd,bsd,lamsd =  st. dev.s of drivers for a,b,lambda. 
# Outputs: $av,$bv,$lamv = (Jp+1)-vectors of values of a,b,lambda 
#  $aar,$bar,$lamar = acceptance rates for a,b,lambda. 
av <- a; bv <- b; lamv <- lam; ybar <- mean(y); n <- length(y) 
act <- 0; bct <- 0; lamct <- 0 
logpost <- function(n, x, y, a, b, lam){ #   logposterior 
     (n/2 - 1) * log(lam)  - 0.5 * lam * sum((y - a - b * x)^2)    } 
for(j in 1:Jp) { 
 ap <- rnorm(1, a, asd)  # propose a value of a 
 k <-  logpost(n=n, x=x, y=y, a=ap,  b=b, lam=lam) - 
  logpost(n=n, x=x, y=y, a=a,  b=b, lam=lam) 
 p <- exp(k)   # acceptance probability 
 u <- runif(1);   if(u < p) {   a <- ap;   act <- act + 1   } 
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 bp <- rnorm(1, b, bsd)  # propose a value of b 
 k <-  logpost(n=n, x=x, y=y, a=a, b=bp, lam=lam) - 
  logpost(n=n, x=x, y=y, a=a, b=b,  lam=lam) 
 p <- exp(k)  # acceptance probability 
 u <- runif(1);  if(u < p) {  b <- bp;  bct <- bct + 1  } 
 lamp <- rnorm(1, lam, lamsd)  # propose a value of lambda  
 if(lamp > 0) { # automatically reject if lamp < 0 
      k <-  logpost(n=n, x=x, y=y, a=a, b=b, lam=lamp) - 
   logpost(n=n, x=x, y=y, a=a, b=b, lam=lam) 
      p <- exp(k) # acceptance probability 
      u <- runif(1);   if(u < p) {  lam <- lamp;   lamct <- lamct + 1  } 
      } 
 av <- c(av, a);   bv <- c(bv, b);   lamv <- c(lamv, lam) 
 } 
list(av = av, bv = bv, lamv = lamv, aar = act/Jp, bar = bct/Jp, lamar = lamct/Jp)    
} 
 
Jp <- 2500; set.seed(441) 
mh <- MH.SLR(Jp=Jp,   x=xdat,y=ydat, a=0,b=0,lam=1,  
  asd=1.2,bsd=0.2,lamsd=0.2) 
c(mh$aar,mh$bar,mh$lamar) #   0.5228 0.5008 0.5132 
 
X11(w=8,h=6); par(mfrow=c(2,2))  # Figure 
plot(0:Jp,mh$av,xlab="j",ylab="a_j",type="l"); abline(h=a) 
plot(0:Jp,mh$bv,xlab="j",ylab="b_j", type="l"); abline(h=b) 
plot(0:Jp,mh$lamv,xlab="j",ylab="lambda_j", type="l"); abline(h=lam) 
hist(mh$bv[-(1:501)],main="",xlab="b") 
 
burn <- 500; J <- Jp - burn;  J # 2000 
av <- mh$av[-c(1:(burn+1))];  abar <-mean(av) 
bv <- mh$bv[-c(1:(burn+1))]; bbar <- mean(bv) 
lamv <- mh$lamv[-c(1:(burn+1))]; lambar <- mean(lamv) 
 
sig2bar <- mean(1/lamv) 
c(abar,bbar,lambar,sig2bar)   # 6.3445 1.7881 0.2758 4.7505 
 
quantile(av,c(0.025,0.975))   # 3.578 8.808 
quantile(bv,c(0.025,0.975))  # 1.392 2.234 
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cpdrLBs <- xxv; cpdrUBs <- xxv;   predLBs <- xxv; predUBs <- xxv; set.seed(171) 
for(i in 1:nn){ 
 mus <- av + bv*xxv[i] 
 cpdrLBs[i] <- quantile(mus,0.025) 
 cpdrUBs[i] <- quantile(mus,0.975) 
 sim <- rnorm(J,mus,1/sqrt(lamv)) 
 predLBs[i] <- quantile(sim,0.025) 
 predUBs[i] <- quantile(sim,0.975)  
 } 
 
X11(w=8,h=5); par(mfrow=c(1,1))  # Figure 
plot(xdat,ydat,pch=16,xlim=c(0,11),ylim=c(0,35),xlab="x",ylab="y"  ) 
abline(c(a,b),lwd=2); lines(c(0,n),c(abar, abar + bbar *n),lty=4, lwd=2);    
lines(xxv,cpdrLBs,lty=3,lwd=2) 
lines(xxv,cpdrUBs,lty=3, lwd=2) 
lines(xxv,predLBs,lty=2, lwd=2) 
lines(xxv,predUBs,lty=2, lwd=2) 
legend(6,12,c("True mean of Y given x","Posterior mean of mean", 
  "95% CPDR for mean","95% prediction interval"),lty=c(1,4,3,2),lwd=rep(2,4)) 
 
# (d)  ********************************************************** 
 
X11(w=8,h=5); par(mfrow=c(1,1))  # Figure 
plot(xdat,ydat,pch=16, xlim=c(0,11),ylim=c(0,35),xlab="x",ylab="y"  ) 
abline(c(a,b),lwd=2)  # True regression line 
# Classical lines 
lines(c(0,n),c(fit$coef[1], fit$coef[1]+ fit$coef[2]*n),lty=2, lwd=2) 
lines(xxv,muhatlb,lty=2, lwd=2);     lines(xxv,muhatub,lty=2, lwd=2) 
lines(xxv, predlb,lty=2, lwd=2);       lines(xxv, predub,lty=2, lwd=2) 
# Bayesian lines 
lines(c(0,n),c(abar,abar+n*bbar),lty=4, lwd=1) 
lines(xxv,cpdrLBs,lty=4, lwd=1);     lines(xxv,cpdrUBs,lty=4, lwd=1) 
lines(xxv,predLBs,lty=4, lwd=1);      lines(xxv,predUBs,lty=4, lwd=1) 
 
legend(6,12,c("True mean of Y given x", 
 "Classical inference","Bayesian inference"),lty=c(1,2,4), lwd=c(2,2,1)) 
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R Code for Exercise 7.3 
 
# (a) ******************************************************** 
nvec <- c(10,30,40,20,15,46,12,37,23,8) 
xvec <- c(0.1,1.4,3.6,3.8,5.2,6.1,8.7,9.1,9.1,13.6) 
yvec <- c(1,0,23,12,8,32,10,35,19,8) 
pvec <- yvec/nvec 
options(digits=4) 
cbind(xvec,nvec,yvec,pvec) 
#       xvec nvec yvec   pvec  
#  [1,]  0.1   10    1 0.1000 
#  [2,]  1.4   30    0 0.0000 
#  [3,]  3.6   40   23 0.5750 
#  [4,]  3.8   20   12 0.6000 
#  [5,]  5.2   15    8 0.5333 
#  [6,]  6.1   46   32 0.6957 
#  [7,]  8.7   12   10 0.8333 
#  [8,]  9.1   37   35 0.9459 
#  [9,]  9.1   23   19 0.8261 
# [10,] 13.6    8    8 1.0000 
 
fit <- glm(pvec~xvec,family=binomial(link=logit),weights=nvec) 
fit$coef        #   -2.1555      0.5028 
summary(fit)$cov.unscaled 
#             (Intercept)      xvec 
# (Intercept)     0.13404 -0.022442 
# xvec           -0.02244  0.004651 
 
alpse <- sqrt(summary(fit)$cov.unscaled[1,1])   
fitalpci <- fit$coef[1] + c(-1,1)*qt(0.975,8)*alpse 
c(alpse,fitalpci)   # 0.3661 -2.9998 -1.3113 
 
betse <- sqrt(summary(fit)$cov.unscaled[2,2])   
fitbetci <- fit$coef[2] + c(-1,1)* qt(0.975,8)*betse 
c(betse,fitbetci)   # 0.0682 0.3456 0.6601 
 
# (b) ***************************************************** 
 
NR.LOGISTIC <- function(m,alp,bet,xv,nv,yv){ 
# Performs logistic regression via the Newton-Raphson algorithm. 
# Inputs: m = number of iterations 
#  alp, bet = starting values of alpha and beta 
#  xv, nv, yv = vectors of covariates, sample sizes and  
#   numbers of successes, respectively. 
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# Outputs: $alpv = vector of (m+1) alpha values 
#  $betv = vector of (m+1) beta values 
  
alpv <- alp; betv <- bet; ve <- c(alp,bet) 
for(t in 1:m){ 
 pv <- 1/(1+exp(-alp-bet*xv)) 
 d1 <-  sum(yv - nv*pv); d2 <-  sum((yv - nv*pv)*xv) 
 d11 <-  -sum(nv*pv*(1-pv));  d12 <-  -sum(nv*pv*(1-pv)*xv) 
 d22 <-  -sum(nv*pv*(1-pv)*xv^2) 
 D <- c(d1,d2) 
 M <- matrix(c(d11,d12,d12,d22),nrow=2) 
 ve <- ve - solve(M) %*% D 
 alp <- ve[1]; bet <- ve[2] 
 alpv <- c(alpv,alp); betv <- c(betv,bet) 
 } 
list(alpv=alpv,betv=betv) 
} 
 
options(digits=4) 
nrres <- NR.LOGISTIC(m=20,alp=0,bet=0,xv=xvec,nv=nvec,yv=yvec) 
nrres 
#    $alpv: [1]  0.000 -1.474 -2.013 -2.148 -2.156 -2.156 .... 
#    $betv:        [1] 0.0000 0.3369 0.4670 0.5008 0.5028 0.5028 .... 
 
NR.LOGISTIC(m=20,alp=0.3,bet=0.3,xv=xvec,nv=nvec,yv=yvec) 
#    $alpv: [1]  0.000 -1.474 -2.013 -2.148 -2.156 -2.156 .... 
#    $betv:        [1] 0.0000 0.3369 0.4670 0.5008 0.5028 0.5028 .... 
 
NR.LOGISTIC(m=20,alp=0.5,bet=0.5,xv=xvec,nv=nvec,yv=yvec) 
# Error in solve.default(M) :  
#   system is computationally singular: reciprocal condition  
# number = 9.01649e-18 
 
alpmle <- nrres$alp[21]; betmle <- nrres$bet[21] 
X <- cbind(1,xvec) 
zmle <- alpmle + betmle*xvec   # linear predictor 
pmle <- 1/(1 + exp(-zmle)) 
wtvec <- nvec*pmle*(1-pmle) 
W <- diag(wtvec) 
varmat <- solve(t(X) %*% W %*% X) 
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varmat  
#          0.13404  -0.022442 
#  -0.02244   0.004651 
 
qt(0.975,8)        # 2.306 
alpmle + c(-1,1)*qt(0.975,8)*sqrt(varmat[1,1]) # -3.000 -1.311 
betmle + c(-1,1)*qt(0.975,8)*sqrt(varmat[2,2]) #  0.3456 0.6601 
 
# (c) **************************************************** 
 
NRMOD.LOGISTIC <- function(m,alp,bet,xv,nv,yv){ 
# Performs logistic regression via a modification of the Newton-Raphson  
# algorithm. 
# Inputs: m = number of iterations 
#  alp, bet = starting values of alpha and beta 
#  xv, nv, yv = vectors of covariates, sample sizes and  
#   numbers of successes, respectively. 
# Outputs: $alpv = vector of (m+1) alpha values 
#  $betv = vector of (m+1) beta values 
alpv <- alp; betv <- bet; ve <- c(alp,bet) 
for(t in 1:m){ 
 pv <- 1/(1+exp(-alp-bet*xv)) 
 d1 <-  sum(yv - nv*pv) 
 d2 <-  sum((yv - nv*pv)*xv) 
 d11 <-  -sum(nv*pv*(1-pv)) 
 d22 <-  -sum(nv*pv*(1-pv)*xv^2) 
 alp <- alp - d1/d11 
 bet <- bet - d2/d22 
 alpv <- c(alpv,alp); betv <- c(betv,bet) 
 } 
list(alpv=alpv,betv=betv) 
} 
 
resnr <- NRMOD.LOGISTIC(m=100,alp=0,bet=0,xv=xvec,nv=nvec,yv=yvec) 
inc=c(1,2,3,4,5,21,22,100,101); rbind(inc-1,resnr$alpv[inc], resnr$betv[inc]) 
# [1,]    0 1.0000  2.00000  3.00000  4.0000 20.0000 21.0000 99.0000 100.0000 
# [2,]    0 0.4564 -0.45034 -0.06132 -0.7294 -1.8585 -1.8619 -2.1555  -2.1555 
# [3,]    0 0.1401  0.09223  0.20571  0.1690  0.4424  0.4532  0.5028   0.5028 
 
resnr <- NRMOD.LOGISTIC(m=100,alp=0.3,bet=0.3,xv=xvec,nv=nvec,yv=yvec) 
rbind(inc-1,resnr$alpv[inc], resnr$betv[inc]) 
# [1,]  0.0  1.00000 2.0000   3.00 4.000e+00   20   21   99  100 
# [2,]  0.3 -1.72625 2.1776 -31.10 4.023e+15  NaN  NaN  NaN  NaN 
# [3,]  0.3 -0.01407 0.6942 -21.36 2.861e+18  NaN  NaN  NaN  NaN 
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resnr <- NRMOD.LOGISTIC(m=100,alp=0.5,bet=0.5,xv=xvec,nv=nvec,yv=yvec) 
rbind(inc-1,resnr$alpv[inc], resnr$betv[inc]) 
# [1,]  0.0  1.000    2.0    3    4   20   21   99  100 
# [2,]  0.5 -4.532  828.1 -Inf  NaN  NaN  NaN  NaN  NaN 
# [3,]  0.5 -1.090 3101.9 -Inf  NaN  NaN  NaN  NaN  NaN 
 
# (d) **************************************************** 
 
xvdata <- c(0.1,1.4,3.6,3.8,5.2,6.1,8.7,9.1,9.1,13.6) 
yvdata <- c(1,0,23,12,8,32,10,35,19,8)           
nvdata <- c(10,30,40,20,15,46,12,37,23,8)  
pvdata <- yvdata/nvdata 
 
MHLR <- function(burn,J,a0,b0,xv,yv,nv,sa,sb){ 
# Performs the Metropolis-Hastings algorithm for a logistic regression model. 
# Inputs:  burn = number of iterations for burn-in 
#  J = required number of Monte Carlo simulations 
#  a0 = starting value of alpha 
#  b0 = starting value of beta 
#   xv = vector of xi values (length n) 
#  yv = vector of yi observations 
#  nv = vector of ni values 
#  sa, sb = standard deviations of the two normal driver fns. 
# Outputs: $av = vector of (burn+J+1) values of alpha (incl. starting value) 
#  $bv = vector of (burn+J+1) values of beta (incl. starting value) 
#  $ara = acceptance rate for alpha (over last J iterations) 
#  $arb = acceptance rate for beta. 
 
logfun <- function(a,b,xv,yv,nv){  
 phatv <- 1/(1+exp(-a-b*xv)) 
 sum( yv*log(phatv) + (nv-yv)*log(1-phatv) ) 
 } 
 
n <- length(yv);   a <- a0;  b <- b0 
its <- burn + J         # total number of iterations 
av <- c(a, rep(NA,its));     
bv <- c(b, rep(NA,its))   # vectors of simulated a & b values 
arav <- c(NA, rep(0,its));   arbv <- c(NA, rep(0,its))  
  # acceptance rate vectors for a and b 
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for(j in 1:its){ 
 a2 <- rnorm(1,a,sa) 
 logpr <- logfun(a=a2,b=b,xv=xv,yv=yv,nv=nv)- 
     logfun(a=a,b=b, xv=xv,yv=yv,nv=nv)  
 pr <- exp(logpr); u <- runif(1) 
 if(u<pr){  a <- a2; arav[j+1] <- 1 } 
 
 b2 <- rnorm(1,b,sb) 
 logpr <- logfun(a=a,b=b2, xv=xv,yv=yv,nv=nv)- 
     logfun(a=a,b=b, xv=xv,yv=yv,nv=nv)  
 pr <- exp(logpr); u <- runif(1) 
 if(u<pr){ b <- b2; arbv[j+1] <- 1 } 
 
 av[j+1] <- a; bv[j+1] <- b 
 } 
 
ara <- sum(arav[(burn+2):(its+1)])/J 
arb <- sum(arbv[(burn+2):(its+1)])/J   # acceptance rates for a & b 
 
list(av=av,bv=bv,ara=ara,arb=arb) 
} 
 
burn <- 500; K <- 10000; its <- burn + K; set.seed(221); date() # 
res <- MHLR(burn=burn,J=K,a0=0,b0=0,xv=xvdata, 
     yv=yvdata,nv=nvdata,sa=0.5,sb=0.05); date() # 10000 Took 1 second 
c(res$ara,res$arb)               # 0.3650 0.5544 
par(mfrow=c(2,1)); plot(res$av,type="l"); plot(res$bv,type="l")   # OK 
 
options(digits=4); J = K; thin=1      
     # thin=1 means no thinning (for experimentation) 
av <- res$av[-(1:(burn+1))][seq(thin,K,thin)]; length(av) # 10000 
acf(av)$acf[1:5] # 1.0000 0.9283 0.8756 0.8324 0.7945     

# (very high autocorrelation)  
ahat <- mean(av); aci <- ahat + c(-1,1) * qnorm(1-0.05/2)*sqrt(var(av)/J) 
acpdr <- quantile(av,c(0.025,0.975)) 
c(ahat,aci,acpdr) #     -2.207 -2.214 -2.199 -2.963 -1.521 
 
bv <- res$bv[-(1:(burn+1))][seq(thin,K,thin)]; length(bv) # 10000 
acf(bv)$acf[1:5] # 1.0000 0.9363 0.8892 0.8481 0.8109 
bhat <- mean(bv); bci <- bhat + c(-1,1) * qnorm(1-0.05/2)*sqrt(var(bv)/J) 
bcpdr <- quantile(bv,c(0.025,0.975)) 
c(bhat,bci,bcpdr)   # 0.5145 0.5132 0.5158 0.3895 0.6605  
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dena <- density(av); denb <- density(bv) 
fit <- glm(pvdata~xvdata,family=binomial(link=logit),weights=nvdata) 
fit$coef #                    -2.1555      0.5028 
 
ase <- sqrt(summary(fit)$cov.unscaled[1,1])   
fitaci <- fit$coef[1] + c(-1,1)*qt(0.975,8)*ase 
c(ase,fitaci)   # 0.3661 -2.9998 -1.3113 
 
bse <- sqrt(summary(fit)$cov.unscaled[2,2])   
fitbci <- fit$coef[2] + c(-1,1)* qt(0.975,8)*bse 
c(bse,fitbci)   # 0.0682 0.3456 0.6601 
 
X11(w=8,h=8); par(mfrow=c(2,2)) 
plot(0:its,res$av,type="l",xlab="j",ylab="a_j") 
 abline(h=c(ahat,aci,acpdr)) 
 abline(h=c(fit$coef[1],fitaci),lty=4) 
   legend(400,0,c("MC est, 95% CI & CPDR", 
    "MLE & classical 95% CI"),lty=c(1,4)) 
plot(0:its,res$bv,type="l", xlab="j",ylab="b_j") 
 abline(h=c(bhat,bci,bcpdr)) 
 abline(h=c(fit$coef[2],fitbci),lty=4) 
   legend(400,0.2,c("MC est, 95% CI & CPDR", 
   "MLE & classical 95% CI"),lty=c(1,4)) 
hist(av,prob=T, xlim=c(-4,0),ylim=c(0,1.5),nclass=20,xlab="a") 
lines(dena$x,dena$y,lwd=2) 
hist(bv,prob=T, xlim=c(0.2,0.8),ylim=c(0,7),nclass=20,xlab="b") 
lines(denb$x,denb$y,lwd=2) 
 
# (e) *************************************************** 
 
xxv <- seq(0,15,1); len <- length(xxv) 
ppv <- xxv; ppci1 <- xxv; ppci2 <- xxv; ppcpdr1 <- xxv; ppcpdr2 <- xxv 
 
for(i in 1:len){ 
 xx <- xxv[i] 
 ppsim <- 1/(1+exp(-av-bv*xx)) 
 pp <- mean(ppsim) 
 ppci <- pp + c(-1,1)*qnorm(0.975)*sqrt(var(ppsim)/J)  
 ppcpdr <- quantile(ppsim,c(0.025,0.975)) 
 ppv[i] <- pp          # MC estimate of E(p|xx) and so indirectly of p at x=xx 
 ppci1[i] <- ppci[1]; ppci2[i] <- ppci[2] 
 ppcpdr1[i] <- ppcpdr[1]; ppcpdr2[i] <- ppcpdr[2] 
 } 
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Xmat <- cbind(1,xxv) 
etahat <- Xmat %*% fit$coef           # NB: fit was created in (a) 
pihat <- 1/(1+exp(-etahat)) 
etahatvar<- diag ( Xmat %*% summary(fit)$cov.unscaled %*% t(Xmat) ) 
df <- length(yvdata)-length(fit$coef)        # 10-2=8 
etahatub <- etahat +  qt(0.975,df) * sqrt(etahatvar) 
etahatlb <- etahat -  qt(0.975,df) * sqrt(etahatvar) 
pihatub <- 1/(1+exp(-etahatub)) 
pihatlb <- 1/(1+exp(-etahatlb)) 
 
X11(w=8,h=5); par(mfrow=c(1,1)) 
plot(c(0,15),c(0,1),type="n",xlab="x",ylab="probability p(x)") 
points(xvdata,pvdata,pch=16);     lines(xxv,ppv) 
lines(xxv,ppci1,lwd=2); lines(xxv,ppci2,lwd=2) 
lines(xxv,ppcpdr1,lty=2,lwd=2); lines(xxv,ppcpdr2,lty=2,lwd=2) 
points(xxv,pihat);        lines(xxv,pihatlb,lty=4);         lines(xxv,pihatub,lty=4) 
legend(8,0.65, c("MC est & 95% CI","95% CPDR","Classical GLM 95% CI"), 
 lty=c(1,2,4)) 
legend(8,0.35,c("Sample proportions","Standard GLM estimates"),pch=c(16,1)) 
 
# pphatv <- 1/(1+exp(-ahat-bhat*xxv)) 
# lines(xxv,pphatv,lty=3)     # This alternative estimate is practically  
             # indistinguishable from ppv and so is not plotted 
 
# (f)  ***************************************************** 
 
p5v <- 1/(1+exp(-av-bv*5)); set.seed(331); dv <- rbinom(J,20,p5v) 
hist(dv,prob=T,breaks=seq(-0.5,20.5,1)) 
summary(as.factor(dv)) 
#3    4    5    6    7    8    9   10   11   12   13   14   15   16   17   18   19  
#1    3   20   75  217  472  845 1188 1562 1733 1546 1123  709  332  131   37    6 
 
dhat <- mean(dv); dci <- dhat + c(-1,1)*qnorm(0.975)*sqrt(var(dv)/J) 
dcpdr <- quantile(dv,c(0.025,0.975)) 
c(dhat,dci,dcpdr)     #  11.81 11.76 11.85  7.00 16.00 
 
dv2 <- dv[dv>=7]; dv3 <- dv2[dv2<=16]; length(dv3)/J    # 0.9727 
dv2 <- dv[dv>=8]; dv3 <- dv2[dv2<=16]; length(dv3)/J    # 0.951 OK (>= 95%) 
dv2 <- dv[dv>=7]; dv3 <- dv2[dv2<=15]; length(dv3)/J    # 0.9395  (too small) 
 
dhat2 <- mean(p5v)      #  alternative method 
qbinom(c(0.025,0.975),20,dhat2)    # 7 16 
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# (g) **************************************************** 
 
Lv <- -av/bv; Lhat <- mean(Lv); Lci <- Lhat + c(-1,1)*qnorm(0.975)*sqrt(var(Lv)/J) 
Lcpdr <- quantile(Lv,c(0.025,0.975)) 
c(Lhat,Lci,Lcpdr)   #   4.279 4.273 4.286 3.584 4.916 
cf <- coef(fit); Lmle <-   -cf[1]/cf[2]; deriv <-   c(  -1/cf[2]  ,   cf[1]/cf[2]^2   ) 
Lvar <- t(deriv) %*% summary(fit)$cov.unscaled %*% deriv 
Lci2 <- Lmle + c(-1,1)*qt(0.975,8) * sqrt(Lvar) 
c(Lmle,Lci2)  #   4.287       3.532       5.042 
 
# (h) **************************************************** 
 
xvdata <- c(0.1,1.4,3.6,3.8,5.2,6.1,8.7,9.1,9.1,13.6) 
yvdata <- c(1,0,23,12,8,32,10,35,19,8)           
nvdata <- c(10,30,40,20,15,46,12,37,23,8)  
pvdata <- yvdata/nvdata 
 
MHLRZC <- function(burn,J,a0,b0,xv,yv,nv,sa,sb){ 
 
# Performs the Metropolis-Hastings algorithm for a logistic regression model 
# modified to have a zero constraint. 
 
# Inputs:  burn = number of iterations for burn-in 
#  J = required number of Monte Carlo simulations 
#  a0 = starting value of alpha 
#  b0 = starting value of beta 
#   xv = vector of xi values (length n) 
#  yv = vector of yi observations 
#  nv = vector of ni values 
#  sa, sb = standard deviations of the two normal driver fns. 
# Outputs: $av = vector of (burn+J+1) values of alpha (incl. starting value) 
#  $bv = vector of (burn+J+1) values of beta (incl. starting value) 
#  $ara = acceptance rate for alpha (over last J iterations) 
#  $arb = acceptance rate for beta. 
 
logfun <- function(a,b,xv,yv,nv){  
 phatv <-  1 - exp(  -a*xv  -   b*xv^2   )             # The main change is here 
 sum( yv*log(phatv) + (nv-yv)*log(1-phatv) )   } 
n <- length(yv);   a <- a0;  b <- b0 
its <- burn + J         # total number of iterations 
av <- c(a, rep(NA,its));    bv <- c(b, rep(NA,its))   # vectors of simulated a & b 
values 
arav <- c(NA, rep(0,its));   arbv <- c(NA, rep(0,its))  
  # acceptance rate vectors for a and b 
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for(j in 1:its){ 
 
 a2 <- rnorm(1,a,sa) 
 if(a2 > 0){ 
      logpr <- logfun(a=a2,b=b,xv=xv,yv=yv,nv=nv)- 
         logfun(a=a,b=b, xv=xv,yv=yv,nv=nv)  
      pr <- exp(logpr); u <- runif(1) 
      if(u<pr){  a <- a2; arav[j+1] <- 1 }      
      } 
 
 b2 <- rnorm(1,b,sb) 
 if(b2 > 0){ 
      logpr <- logfun(a=a,b=b2, xv=xv,yv=yv,nv=nv)- 
          logfun(a=a,b=b, xv=xv,yv=yv,nv=nv)  
      pr <- exp(logpr); u <- runif(1) 
      if(u<pr){ b <- b2; arbv[j+1] <- 1 }      
      } 
 av[j+1] <- a; bv[j+1] <- b  } 
 
ara <- sum(arav[(burn+2):(its+1)])/J 
arb <- sum(arbv[(burn+2):(its+1)])/J   # acceptance rates for a & b 
list(av=av,bv=bv,ara=ara,arb=arb) 
} 
 
burn <- 500; J <- 10000; its <- burn + J; set.seed(111) 
res <- MHLRZC(burn=burn,J=J,a0=0.1,b0=0.01, 
 xv=xvdata,yv=yvdata,nv=nvdata,sa=0.03,sb=0.005) 
 c(res$ara,res$arb)               # 0.5686 0.5637   OK 
par(mfrow=c(2,1)); plot(res$av,type="l"); plot(res$bv,type="l")   # OK 
options(digits=4) 
av <- res$av[-(1:(burn+1))]; ahat <- mean(av) 
aci <- ahat + c(-1,1) * qnorm(1-0.05/2)*sqrt(var(av)/J) 
acpdr <- quantile(av,c(0.025,0.975)) 
c(ahat,aci,acpdr) #     0.10921 0.10842 0.11000 0.03622 0.19256 
 
bv <- res$bv[-(1:(burn+1))]; bhat <- mean(bv) 
bci <- bhat + c(-1,1) * qnorm(1-0.05/2)*sqrt(var(bv)/J) 
bcpdr <- quantile(bv,c(0.025,0.975)) 
c(bhat,bci,bcpdr)   # 0.016683 0.016552 0.016814 0.003641 0.029898  
 
xxv <- seq(0,15,1); len <- length(xxv) 
ppv <- xxv; ppci1 <- xxv; ppci2 <- xxv; ppcpdr1 <- xxv; ppcpdr2 <- xxv 
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for(i in 1:len){ 
 xx <- xxv[i] 
 ppsim <- 1-exp(-av*xx-bv*xx^2) 
 pp <- mean(ppsim) 
 ppci <- pp + c(-1,1)*qnorm(0.975)*sqrt(var(ppsim)/J)  
 ppcpdr <- quantile(ppsim,c(0.025,0.975)) 
 ppv[i] <- pp          # MC estimate of E(p|xx) and so indirectly of p at x=xx 
 ppci1[i] <- ppci[1]; ppci2[i] <- ppci[2] 
 ppcpdr1[i] <- ppcpdr[1]; ppcpdr2[i] <- ppcpdr[2] 
 } 
 
X11(w=8,h=5); par(mfrow=c(1,1)) 
 
plot(c(0,15),c(0,1),type="n",xlab="x",ylab="probability p(x)") 
points(xvdata,pvdata,pch=16);     lines(xxv,ppv) 
lines(xxv,ppci1,lwd=2); lines(xxv,ppci2,lwd=2) 
lines(xxv,ppcpdr1,lty=2,lwd=2); lines(xxv,ppcpdr2,lty=2,lwd=2) 
 
legend(8,0.6,  c("MC est & 95% CI","95% CPDR"),lty=c(1,2)) 
 
R Code for Exercise 7.4 
 
yv <- c(1,1,1,1,1,   1,1,0,0,0);  n <- length(yv); ybar <- mean(yv); ydot <- sum(yv) 
 
MHBD <- function(K,a,b,yv,sa,sb){ 
# Performs a Metropolis-Hastings algorithm for a binary dependence model. 
# Inputs:  K = total number of iterations 
#  a,b = starting values of a and b 
#  yv = vector of 0-or-1 values (y1,...,yn) 
#  sa, sb = standard deviations of the two normal driver fns. 
# Outputs: $av = vector of (K+1) values of a (incl. starting value) 
#  $bv = vector of (K+1) values of b (incl. starting value) 
#  $ara, $arb = acceptance rates for a and b. 
n <- length(yv);  av <- a; bv <- b; cta <- 0; ctb <- 0 
logfun <- function(a,b,yv,n){  
 p1 = (1 + exp(a+b)) / (2 + exp(a+b) + exp(-a))      # p1 
 p2ton <- 1/(1 + exp(-a-b*yv[-n]))      # p2,...,pn 
 pv <- c(p1,p2ton)     # p1,...,pn 
 sum( yv*log(pv) + (1-yv)*log(1-pv) ) } 
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for(j in 1:K){ 
 a2 <- rnorm(1,a,sa) # proposed value of a 
 logpr <- logfun(a=a2,b=b,yv=yv,n=n)-logfun(a=a,b=b,yv=yv,n=n)  
 pr <- exp(logpr); u <- runif(1) 
 if(u<pr){  a <- a2; cta <- cta + 1 } 
 if(sb > 0){ 
    b2 <- rnorm(1,b,sb) # proposed value of b 
    logpr <- logfun(a=a,b=b2,yv=yv,n=n)-logfun(a=a,b=b,yv=yv,n=n)  
    pr <- exp(logpr); u <- runif(1) 
    if(u<pr){ b <- b2; ctb <- ctb + 1 } 
    } 
 av <- c(av,a); bv <- c(bv,b) 
 } 
list(av=av,bv=bv,ara=cta/K,arb=ctb/K)     
} 
 
options(digits=4); set.seed(143); date() #  
res <- MHBD(K=11000,a=0,b=0,yv=yv,sa=1.5,sb=2.2); date() #  Took 2 secs 
c(res$ara,res$arb)  # 0.5575 0.5753 (acceptance rates for a and b) OK 
 
X11(w=8,h=6); par(mfrow=c(2,1));  plot(res$av); plot(res$bv)  # OK 
 
av <- res$av[1002:11001]; bv <- res$bv[1002:11001]; J=1000 
 
abar <- mean(av); bbar <- mean(bv);  
acpdr <- quantile(av,c(0.025,0.975));  
bcpdr <- quantile(bv,c(0.025,0.975)) 
 
rbind(c(abar,acpdr),c(bbar,bcpdr)) 
# [1,] -2.337 -6.3980  0.8313 
# [2,]  5.411  0.9098 11.8691 
 
pr <- length(bv[bv<0])/J; pr # 0.081 
 
X11(w=8,h=6); par(mfrow=c(2,2));   
 
plot(av,type="l",xlab="j",ylab="a_j",cex=1.2) 
plot(bv,type="l",xlab="j",ylab="b_j",cex=1.2)  
 
hist(av,prob=T,xlab="a",ylab="relative frequency",cex=1.2);  
 abline(v=c(abar,acpdr), lty=1,lwd=3); lines(density(av),lwd=2) 
hist(bv,prob=T,xlab="b",ylab="relative frequency",cex=1.2);  
 abline(v=c(bbar,bcpdr), lty=1,lwd=3); lines(density(bv),lwd=2) 
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R Code for Problem 7.5 
 
options(digits=4) 
 
MH = function(B,J=1000,y,a,b,r,t){ 
# This function performs a Metropolis-Hastings algorithm for a model involving 3 
uniforms. 
 
# Inputs: B = burn-in length 
#  J = desired Monte Carlo size 
#  y = (y1,...,yn) = data (yi ~ iid U(a,b)) 
#  a = starting value of a (a ~ U(0,b)) 
#  b = starting value of b (b ~ U(0,1)) 
#  r,t = tuning constants for a & b, respectively 
# Outputs: $av = (1+B+J) vector of a-values 
#  $bv = (1+b+J) vector of b-values 
#  $ar = acceptance rate for a (over last J iterations) 
#  $br = acceptance rate for b (over last J iterations) 
 
av = a; bv = b; an=0; bn=0; miny=min(y); maxy=max(y); n=length(y); 
for(j in 1:(B+J)){ 
 ap = rnorm(1,a,r) 
 if((0<ap)&&(ap<miny)){ 
  p = ((b-a)/(b-ap))^n; u = runif(1) 
  if(u<p){ a=ap; if(j>B) an=an+1 }   } 
 bp = rnorm(1,b,t) 
 if((maxy<bp)&&(bp<1)){ 
  q = (b/bp)*((b-a)/(bp-a))^n; v = runif(1) 
  if(v<q){ b=bp; if(j>B) bn=bn+1 }   } 
 av=c(av,a); bv=c(bv,b) 
 } 
ar = an/J; br=bn/J; list(av=av,bv=bv,ar=ar,br=br)       } 
 
set.seed(337); ydata = runif(20,0.6,0.8); round(ydata,4) 
# [1] 0.7846 0.7572 0.6381 0.7626 0.6105 0.6990 0.7728 0.7113 0.7314 
# [10] 0.7435 0.6324 0.7072 0.7493 0.7979 0.6182 0.7652 0.7883 0.7194 
# [19] 0.6211 0.6054 
summary(ydata) 
#    Min. 1st Qu.  Median    Mean 3rd Qu.    Max.  
#    0.605   0.637   0.725   0.711   0.763   0.798 
 
B = 500; J = 2000; set.seed(232) 
mh = MH(B=B,J=J,y=ydata, a=0.1,b=0.9,r=0.008,t=0.01) 
c(mh$ar,mh$br) # 0.616 0.576 



Computer Code 

67 

X11(w=8,h=7); par(mfrow=c(2,1)) 
plot(0:(B+J),mh$av,type="l",main="",xlab="j",ylab="aj")  
 abline(v=B,lty=3) 
plot(0:(B+J),mh$bv,type="l", main="",xlab="j",ylab="bj")  
 abline(v=B,lty=3) 
alast= mh$av[length(mh$av)]; blast= mh$bv[length(mh$bv)] 
c(alast,blast) # 0.5979 0.8123 
 
B=0; J = 50000; set.seed(230); date() 
mh = MH(B=B,J=J,y=ydata, a=alast,b=blast,r=0.008,t=0.01) 
date() # Takes about 14 seconds 
c(mh$ar,mh$br) # 0.6141 0.5434 
av=mh$av[-1][seq(05,50000,50)]; J = length(av); J #  1000 
bv=mh$bv[-1][seq(50,50000,50)]; 
acf(av)$acf[1:5] # 1  0.04828  0.01193 -0.02745  0.03983    OK 
acf(bv)$acf[1:5] # 1 0.038617 0.007026 0.030259 0.011678   OK 
mv=0.5*(av+bv)  
# acf(mv)$acf[1:5] # 1  -0.001121 -0.020770  0.001872 -0.008731 OK 
 
X11(w=8,h=5); par(mfrow=c(1,1)) 
hist(mv,prob=T,xlab="m",main="", 
 xlim=c(0.65,0.75), ylim=c(0,80)) 
lines(density(mv),lwd=2) 
est=mean(mv); ci=est+c(-1,1)*qnorm(0.975)*sd(mv)/sqrt(J) 
cpdr=quantile(mv,c(0.025,0.975)) 
print(c(est,ci,cpdr),digits=4)  # 0.7013 0.7008 0.7019 0.6837 0.7173  
abline(v= c(est,ci,cpdr),lwd=2) 
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Chapter 8 Inference via WinBUGS 
 
R and WinBUGS Code for Section 8.2 
 
# WinBUGS code ------------------------------------------------------------------------ 
 
model 
{ 
for(i in 1:n){  
 y[i] ~ dnorm(mu, tau)  
 } 
mu ~ dnorm(0,0.0001) 
tau ~ dgamma(0.001, 0.001) 
gam <- mu*sqrt(tau) 
} 
 
list( n=6, y=c(2.4,1.2,5.3,1.1,3.9,2.0) ) 
 
list(tau=1)  
 
# R Code ------------------------------------------------------------------------------------ 
 
out <- read.table(file=file.choose())   # Navigate to and choose ‘out.txt’ 
dim(out) # 2000    2     
gamv <- out[1:1000,2]; muv <- out[1001:2000,2] 
par(mfrow=c(2,1)); hist(muv, breaks=20); hist(gamv, breaks=20)    
 
WinBUGS Code for Exercise 8.1  
 
model{ 
for(i in 1:n){ 
   mu[i] <- a + b*x[i] 
   y[i] ~ dnorm(mu[i],lam) 
   } 
a ~ dnorm(0.0,0.001) 
b ~ dnorm(0.0,0.001) 
lam ~ dgamma(0.001,0.001) 
} 
 
# data 
list(n = 10, x = c(1,2,3,4,5,6,7,8,9,10), y=c(5.879,8.54,14.12, 
13.14,15.26,20.43,19.92,18.47,21.63,24.11)) 
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# inits 
list(a=0,b=0,lam=1) 
 
WinBUGS Code for Exercise 8.2 
 
model 
{ 
for(i in 1:N){ 
   z[i] <- a + b*x[i] 
   logit(p[i])<- z[i] 
   y[i] ~ dbin(p[i],n[i]) 
   } 
a ~ dnorm(0.0,0.001) 
b ~ dnorm(0.0,0.001) 
logit(p5) <- a+5*b 
d ~ dbin(p5,20) 
LD50 <- -a/b 
} 
 
# data 
list(N=10,n=c(10,30,40,20,15,46,12,37,23,8),  
x=c(0.1,1.4,3.6,3.8,5.2,6.1,8.7,9.1,9.1,13.6), 
y=c(1,0,23,12,8,32,10,35,19,8)) 
 
# inits 
list(a=0,b=0) 
  
WinBUGS Code for Exercise 8.3 
 
model 
{ 
for(i in 1:n){  y[i] ~ dunif(a,b) } 
b ~ dunif(0,1) 
a ~ dunif(0,b) 
m <- (a+b)/2 
} 
 
list( n=20, y=c( 0.7846, 0.7572, 0.6381, 0.7626, 0.6105,  
  0.6990, 0.7728, 0.7113, 0.7314, 0.7435, 
  0.6324, 0.7072, 0.7493, 0.7979, 0.6182, 
  0.7652, 0.7883, 0.7194, 0.6211, 0.6054) ) 
 
list(a=0.1, b=0.9) 
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R and WinBUGS Code for Section 8.3  
 
# Contents of file C:/R-3.0.1/BugsCode1.txt for use with R code below --------- 
 
model 
{ 
for(i in 1:n){ y[i] ~ dnorm(mu, tau) } 
mu ~ dnorm(0,0.0001) 
tau ~ dgamma(0.001, 0.001) 
gam <- mu*sqrt(tau) 
}  
 
# R Code ------------------------------------------------------------------------------------------- 
 
install.packages("R2WinBUGS")  
library("R2WinBUGS")   
 
y <- c(2.4,1.2,5.3,1.1,3.9,2.0)   
n <- length(y) 
data <- list("n","y") 
inits <- function(){   list(mu=0, tau=1.0)  } 
parameters <- c("mu", "gam") 
sim  <- bugs(data, inits, parameters,  
 model.file= "C:/R-3.0.1/BugsCode1.txt", 
 n.chains = 1, n.iter = 1500, n.burnin=500, DIC = FALSE, 
     bugs.directory = "C:/WinBUGS14/", 
    working.directory = "C:/R-3.0.1/BugsOut/") 
 
print(sim,digits=4) 
 
# Inference for Bugs model at "C:/R-3.0.1/BugsCode1.txt", fit using WinBUGS, 
#  1 chains, each with 1500 iterations (first 500 discarded) 
#  n.sims = 1000 iterations saved 
#       mean     sd   2.5%    25%   50%    75%  97.5% 
# mu  2.6358 0.8185 0.9424 2.1760 2.645 3.1175 4.2984 
# gam 1.5380 0.6392 0.3774 1.0935 1.521 1.9360 2.9061 
 
par(mfrow=c(2,1)) 
hist(sim$sims.list$mu, breaks=20) 
hist(sim$sims.list$gam, breaks=20) 
 
help(bugs) 
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R and WinBUGS Code for Exercise 8.4 
 
# Classical analysis in R 
# ========================================================== 
 
x <-  
c(362, 385, 432, 341, 382, 409, 498, 387, 473, 513, 582, 474,  
544, 582, 681, 557, 628, 707, 773, 592, 627, 725, 854, 661, 742,  
854, 1023, 789, 878, 1005, 1173, 883, 972, 1125, 1336, 988, 1020,  
1146, 1400, 1006, 1108, 1288, 1570, 1174, 1227, 1468, 1736, 1283 ) 
n <- length(x); n # 48 
 
X11(w=8,h=9); par(mfrow=c(3,2)) 
plot(x,type="l");  abline(v=seq(0,48,4),h=seq(0,2000,100), lty=3) 
plot(log(x),type="l"); abline(v=seq(0,48,4), lty=3) 
plot(diff(log(x)),type="l"); abline(v=seq(0,48,4), lty=3) 
plot(diff(diff(log(x),lag=4)),type="l"); abline(v=seq(0,48,4), lty=3) 
y <- diff(diff(log(x),lag=4)) 
acf(y, lag=24) 
pacf(y,lag=24) 
 
fit1 <- arima( log(x),order=c(0,1,0), seasonal=list(order=c(1,1,0), period=4) ) 
 
tsdiag(fit1); fit1 
#          sar1 
#       -0.4990 
# s.e.   0.1417 
# sigma^2 estimated as 0.001310:  log lik. = 81.12,  aic = -158.24 
 
fit2 <- arima( log(x),order=c(0,1,0), seasonal=list(order=c(0,1,1), period=4) ) 
tsdiag(fit2); fit2 
#          sma1 
#      -0.4927 
# s.e.   0.1201 
# sigma^2 estimated as 0.001306:  log lik. = 81.2,  aic = -158.4 
 
# There’s not much to distinguish the two fits.  
# The second one is marginally better. 
# Let’s now display the diagnostics for that fit (again). 
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fit <- fit2;  tsdiag(fit) 
 
# We see that the residuals from the fit are well-behaved,  
# and their sample ACF is consistent with that of white noise. 
# Let’s also look at some other diagnostics. These turn out to be OK too. 
 
X11(w=8,h=5); par(mfrow=c(2,2)) 
acf(fit$resid, lag=24) 
pacf(fit$resid, lag=24) 
qqnorm(fit$resid) 
hist(fit$resid, nclass=12) 
 
# Check whether to include a mean term 
mean(y) # 0.0008141388 
fit3 <- arima( y, order=c(0,0,0), seasonal=list(order=c(0,0,1), period=4), 
 include.mean=T ); fit3 
#        sma1  intercept 
#       -0.4937    -0.0003   <--------- not significant 
# s.e.   0.1204     0.0031    
# So there’s no need for an intercept term in the model. 
 
# Let’s now make some predictions. 
logxpredict <- predict(fit, n.ahead=12) 
xF <- exp(logxpredict$pred) 
xL <- exp(logxpredict$pred - qnorm(0.975)* logxpredict$se) 
xU <- exp(logxpredict$pred + qnorm(0.975)* logxpredict$se) 
 
cbind(xF, xL, xU) 
#          xF       xL       xU 
# 49 1365.822 1272.412 1466.090 
# 50 1602.240 1449.497 1771.079 
# 51 1916.210 1694.939 2166.367 
# 52 1418.253 1230.895 1634.130 
# 53 1509.806 1264.357 1802.904 
# 54 1771.148 1439.872 2178.641 
# 55 2118.215 1677.977 2673.956 
# 56 1567.764 1213.320 2025.751 
# 57 1668.969 1244.652 2237.940 
# 58 1957.861 1412.873 2713.066 
# 59 2341.516 1640.034 3343.038 
# 60 1733.037 1180.875 2543.381 
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X11(h=5); par(mfrow=c(1,1)); plot(c(0,60),c(0,3800), type="n") 
lines(x, lwd=2);  points(x, lwd=2);   
points((n+1):(n+12), xF, pch=16, cex=1.5);  
lines(n:(n+12), c(x[n],xF), lty=1,lwd=2) 
# points((n+1):(n+12), xL, pch=16);  
lines((n+1):(n+12), xL, lty=2, lwd=2) 
# points((n+1):(n+12), xU, pch=16);  
lines((n+1):(n+12), xU, lty=2, lwd=2) 
abline(v=seq(0,100,4),h=seq(0,4000,100), lty=3)  # OK.... 
 
# Bayesian reanalysis in R and WinBUGS 
# ========================================================== 
 
# Assume that R (v3.0.1) is installed in C:/R-3.0.1 
# and WinBUGS (v4.1.3) is installed in C:/WinBUGS14 
 
install.packages("R2WinBUGS") # Not necessary if done previously 
 
library("R2WinBUGS")  # Necessary every time R is started 
 
# Make the following directory exists:  C:/R-3.0.1/BugsOut/ 
# Create a file called   C:/R-3.0.1/BugsCode2.txt   with the following: 
 
# ---------------------------------------------------------------------- 
model  
{ 
for(t in 1:n) { z[t] <- log(x[t])  } 
for(t in 1:5){ y[t] <- 0; w[t] ~ dnorm(0,tau) } 
for(t in 6:n){ y[t] <- z[t] - z[t-1] - z[t-4] + z[t-5] } 
for(t in 6:N){   # N=n+12=60 
 m[t] <- Phi1*w[t-4]  
 y[t] ~ dnorm(m[t],tau) 
 w[t] <- y[t] - m[t]  
 } 
tau ~ dgamma(0.001,0.001) 
Phi1dum ~ dbeta(1,1);   Phi1 <- 2*Phi1dum-1 
for(k in 1:12) {    
 z[n+k] <- z[n+k-1] + z[n+k-4] - z[n+k-5] + y[n+k]   
 x[n+k] <- exp(z[n+k]) 
 } 
sig2 <- 1/tau 
}    
# ---------------------------------------------------------------------- 
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# NB: We can’t specify  Phi1 ~ dunif(-1,1). This causes an error. 
# Update in March 2014: Phi1 ~ dunif(-1,1) works in WinBUGS 1.4.3. 
 
x <- c(362, 385, 432, 341, 382, 409, 498, 387, 473, 513, 582, 474,  
544, 582, 681, 557, 628, 707, 773, 592, 627, 725, 854, 661, 742,  
854, 1023, 789, 878, 1005, 1173, 883, 972, 1125, 1336, 988, 1020,  
1146, 1400, 1006, 1108, 1288, 1570, 1174, 1227, 1468, 1736, 1283, 
NA,NA,NA,NA,   NA,NA,NA,NA,   NA,NA,NA,NA) 
  
n <- 48;  N <- 60; data <- list("n","N","x") 
inits <- function(){   list(tau=1, Phi1dum=0.5)  } 
parameters <- c("sig2", "Phi1", "x") 
 
sim  <- bugs(data, inits, parameters, n.thin=1, 
 model.file=  "C:/R-3.0.1/BugsCode2.txt", 
 n.chains = 1, n.iter = 6000, n.burnin=1000, DIC = FALSE, 
 bugs.directory = "C:/WinBUGS14/", 
 working.directory =   "C:/R-3.0.1/BugsOut/") 
 
# This starts WinBUGS, runs the BUGS code for 6000 iterations, closes  
# WinBUGS, and creates a number of files in the working directory. These 
# files contain information which can also be accessed within R, as follows. 
 
print(sim,digits=4) 
 
# Inference for Bugs model at "C:/R-3.0.1/BugsCode2.txt", fit using WinBUGS, 
#  1 chains, each with 6000 iterations (first 1000 discarded) 
#  n.sims = 5000 iterations saved 
 
#            mean       sd      2.5%       25%       50%       75%     97.5% 
# sig2     0.0015   0.0003    0.0009    0.0012    0.0014    0.0016    0.0022 
# Phi1    -0.4661   0.1266   -0.6910   -0.5548   -0.4740   -0.3865   -0.1944 
# x[49] 1367.1820  52.6189 1265.0000 1332.0000 1365.0000 1402.0000  
# 1472.0000 
# x[50] 1605.9746  86.2790 1443.0000 1547.0000 1603.0000 1662.0000  
# 1781.0000 
# x[51] 1918.2346 124.7788 1681.9750 1835.0000 1914.0000 2000.0000  
# 2172.0250 
# x[52] 1422.9222 107.4501 1220.9750 1350.0000 1420.0000 1491.0000  
# 1641.0000 
# x[53] 1517.8472 146.0119 1247.9750 1418.7499 1514.0000 1610.0000  
# 1822.0000 
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# x[54] 1783.4306 201.9834 1415.0000 1645.0000 1777.0000 1908.2500  
# 2217.0000 
# x[55] 2133.7016 273.1291 1646.9750 1946.7500 2119.0000 2306.0000  
# 2724.0000 
# x[56] 1584.1955 223.5842 1187.9750 1431.0000 1576.0000 1720.2499  
# 2066.0000 
# x[57] 1693.4548 276.4929 1211.9750 1499.7499 1674.0000 1857.0000  
# 2309.0750 
# x[58] 1992.9153 364.3849 1370.9750 1742.7499 1968.0000 2204.0000  
# 2837.0999 
# x[59] 2388.4000 476.7169 1589.8999 2058.7500 2345.0000 2668.0000  
# 3453.0250 
# x[60] 1775.0647 381.9082 1137.0000 1511.0000 1735.0000 1992.0000  
# 2628.1249 
 
help(bugs)   # To get info on how to do the following... 
 
Phi1v <- sim$sims.list$Phi1; sig2v <- sim$sims.list$sig2 
xm <- sim$sims.list$x 
 
par(mfrow=c(2,2)) 
hist(Phi1v, breaks=20); hist(sig2v, breaks=20) 
hist(xm[,1], breaks=20); hist(xm[,2], breaks=20) 
 
# Let’s now make the forecasts of the series using the BUGS output. 
xF2 <- xF; xL2 <- xL; xU2 <- xU; for(t in 1:12){ 
 xF2[t] <- mean(xm[,t]) 
 xL2[t] <- quantile(xm[,t], 0.025) 
 xU2[t] <- quantile(xm[,t], 0.975)   }  # Calc. estimates 
 
par(mfrow=c(1,1)); plot(c(0,60),c(0,3800), type="n") 
lines(x, lwd=2);  points(x, lwd=2) 
points((n+1):(n+12), xF2, pch=16, cex=1.5);  
lines(n:(n+12), c(x[n],xF2), lty=1,lwd=2) 
lines((n+1):(n+12), xL2, lty=2, lwd=2) 
lines((n+1):(n+12), xU2, lty=2, lwd=2) 
abline(v=seq(0,100,4),h=seq(0,4000,100), lty=3)  #   OK..... 
 
# Next we graph both sets of forecasts together in a single plot,  
# and then produce a close-up in that single plot, as follows: 
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X11(h=5); par(mfrow=c(1,1));  
 
plot(c(0,60),c(0,3800), type="n", xlab="t", ylab="xt") 
lines(x, lwd=2);  points(x, lwd=2) 
points((n+1):(n+12), xF, pch=16, cex=1.5, col="red");  
lines(n:(n+12), c(x[n],xF), lty=1,lwd=2, col="red") 
lines((n+1):(n+12), xL, lty=1, lwd=2, col="red") 
lines((n+1):(n+12), xU, lty=1, lwd=2, col="red") 
abline(v=seq(0,100,4),h=seq(0,4000,100), lty=3) 
points((n+1):(n+12), xF2, pch=16, cex=1.5, col="blue" );  
lines(n:(n+12), c(x[n],xF2), lty=2,lwd=2, col="blue ") 
lines((n+1):(n+12), xL2, lty=2, lwd=2, col="blue ") 
lines((n+1):(n+12), xU2, lty=2, lwd=2, col="blue ") 
legend(0,3000,c("Classical","Bayesian"), lty=c(1,2), 
 lwd=c(2,2), col=c("red", "blue"),   bg="white" ) 
 
par(mfrow=c(1,1)) 
plot(c(40,60),c(1000,3500), type="n", xlab="t", ylab="xt") 
lines(x, lwd=2);  points(x, lwd=2) 
points((n+1):(n+12), xF, pch=16, cex=1.5, col="red");  
lines(n:(n+12), c(x[n],xF), lty=1,lwd=2, col="red") 
lines((n+1):(n+12), xL, lty=1, lwd=2, col="red") 
lines((n+1):(n+12), xU, lty=1, lwd=2, col="red") 
abline(v=seq(0,100,4),h=seq(0,4000,100), lty=3) 
points((n+1):(n+12), xF2, pch=16, cex=1.5, col="blue" );  
lines(n:(n+12), c(x[n],xF2), lty=2,lwd=2, col="blue ") 
lines((n+1):(n+12), xL2, lty=2, lwd=2, col="blue ") 
lines((n+1):(n+12), xU2, lty=2, lwd=2, col="blue ") 
legend(40,3000,c("Classical","Bayesian"), lty=c(1,2), 
 lwd=c(2,2), col=c("red", "blue"),   bg="white" ) 
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Chapter 9 Bayesian Finite Population Theory  
 
R Code for Exercise 9.2 
 
# (a) & (b) 
 
options(digits=5) 
 
kern=function(th,yr){ th^(2+sum(yr))*(1-th)^(2-sum(yr))/(2+sum(yr)) } 
 
kernth0.25 = kern(th=0.25,yr=c(0,0))+ kern(th=0.25,yr=c(0,1))+ 
   kern(th=0.25,yr=c(1,0))+ kern(th=0.25,yr=c(1,1)) 
kernth0.5 = kern(th=0.5,yr=c(0,0))+ kern(th=0.5,yr=c(0,1))+ 
   kern(th=0.5,yr=c(1,0))+ kern(th=0.5,yr=c(1,1)) 
 
postth=c(kernth0.25, kernth0.5)/( kernth0.25 + kernth0.5)  
postth # 0.22946 0.77054 
 
kernyr00 = kern(th=0.25,yr=c(0,0))+ kern(th=0.5,yr=c(0,0)) 
kernyr01 = kern(th=0.25,yr=c(0,1))+ kern(th=0.5,yr=c(0,1)) 
kernyr10 = kern(th=0.25,yr=c(1,0))+ kern(th=0.5,yr=c(1,0)) 
kernyr11 = kern(th=0.25,yr=c(1,1))+ kern(th=0.5,yr=c(1,1)) 
 
postyr =c(kernyr00,kernyr01,kernyr10,kernyr11)/ 

(kernyr00+kernyr01+kernyr10+kernyr11) 
postyr #  0.42493 0.21530 0.21530 0.14448 
 
# (c)  
 
sum(c(9/25,3/19,3/19,1/17)*postyr) # 0.22946  Correct 
sum(c(16/25,16/19,16/19,16/17)*postyr) # 0.77054  Correct 
 
# (d) 
 
probfun=function(y,th){ yT=sum(y); res=0 
 if(yT>0)  res = ((1/3) + (2/3)*y[1]/yT) * th^yT * (1-th)^(4-yT) 
 res } 
mat1=matrix(c(0,0,0,  0,0,1,  0,1,0,   1,0,0,  0,1,1,  1,0,1,  1,1,0,  1,1,1), 
 byrow=T, nrow=8,ncol=3) 
mat2=rbind(mat1,mat1); ymat=cbind(c(rep(0,8),rep(1,8)),  mat2) 
 
ymat   
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#   [1,]    0    0    0    0   
#   [2,]    0    0    0    1 
# ............................... 
#  [15,]    1    1    1    0 
#  [16,]    1    1    1    1 
 
prob0.25=0; for(i in 1:16) prob0.25 = prob0.25 + probfun(y=ymat[i,],th=0.25) 
prob0.5=0; for(i in 1:16) prob0.5 = prob0.5 + probfun(y=ymat[i,],th=0.5) 
 
c(prob0.25,prob0.5) # 0.34180 0.46875 
(prob0.25+prob0.5)/2  # 0.40527 
4*(prob0.25+prob0.5)/2  # 1.6211 
c(97/512, 2*(1-97/512) ) # 0.18945 1.62109 
 
R Code for Exercise 9.4 
 
options(digits=5); X11(w=8,h=5); par(mfrow=c(1,1)) 
 
N=9; n = 3; ys=c(1,3); ysT = sum(ys); d = 2; m = 7; eta=0; tau=0; yrTv=0:100 
kv = ((N-d)/(tau+N))^yrTv *gamma(eta+ysT+yrTv)/ 

( factorial(yrTv) * (ysT+yrTv)^n ) 
c = sum(kv); fv = kv/c 
 
plot(yrTv,fv,pch=16, xlab="nonsample total", 

ylab="predictive density",xlim=c(0,60), main=" ") 
kvigno = ((N-d)/(tau+N))^yrTv *gamma(eta+ysT+yrTv)/( gamma(yrTv+1) * 1) 
cigno = sum(kvigno); fvigno = kvigno/cigno 
points(yrTv,fvigno,pch=1) 
legend(20,0.1,c("Length-bias assumed (Inference is correct)", 
 "SRSWR assumed (Inference is too high)"),pch=c(16,1)) 
c(sum(yrTv*fv), sum(yrTv*fvigno) )  # 5.6302    14.0000 
m*(eta+ysT)/(tau+d) # 14 
 
lamv=seq(0,10,0.01); lamfv=lamv 
for(i in 1:length(lamv)) lamfv[i]=sum(fv*dgamma(lamv[i],eta+ysT+yrTv,tau+N)) 
plot(lamv,lamfv,type="l", lty=1, lwd=3,  

xlab="lambda",ylab="posterior density", main=" ") 
lamfvigno=lamv 
for(i in 1:length(lamv))  
 lamfvigno[i]=sum(fvigno*dgamma(lamv[i],eta+ysT+yrTv,tau+N)) 
# lines(lamv,lamfvigno,lty=2,lwd=1) # Can do as a check on calculations 
lines(lamv,dgamma(lamv,eta+ysT,tau+d),lty=2,lwd=3)  
legend(4,0.5,c("Length-bias assumed (Inference is correct)", 
 "SRSWR assumed (Inference is too high)"),lty=c(1,2),lwd=c(3,3)) 
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R Code for Exercise 9.5 
 
# (a) 
X11(w=8,h=4); par(mfrow=c(1,1)) 
N=7; ys=c(1.6,0.4); ysT=sum(ys); ysbar=mean(ys); n=length(ys); m=N-n 
c(ysT,ysbar,n,m) # 2 1 2 5 
fmufun=function(mu,n,ysT) dgamma(1/mu,n,ysT)/mu^2 
integrate(fmufun,0, Inf,n=n,ysT=ysT)$value  # 1 check 
muv=seq(0.0001,20.0001,0.005); fmuv= fmufun(muv,n=n,ysT=ysT) 
plot(muv,fmuv,type="l",xlim=c(0,20)) # check 
integrate(function(mu,n,ysT) mu*fmufun(mu,n,ysT), 
     0,Inf,n=n,ysT=ysT)$value # 2  check  (posterior mean of mu) 
 
kybarfun=function(ybar,n,N,ysbar) (ybar-(n/N)*ysbar)^(N-n-1) /  ybar^N 
const = integrate(kybarfun, (n/N)*ysbar , Inf,n=n,N=N,ysbar=ysbar)$value 
const #  0.4083333 
ybarv=seq(  (n/N)*ysbar,   (n/N)*ysbar+30,   0.005) 
fybarv= kybarfun(ybarv,n=n,N=N,ysbar=ysbar)/const 
plot(ybarv,fybarv, type="l",xlim=c(0,20))  # check 
(1/const)*integrate(function(ybar,n,N,ysbar) ybar*kybarfun(ybar,n,N,ysbar), 
     (n/N)*ysbar,Inf,n=n,N=N,ysbar=ysbar)$value  
 #  1.714286 (predictive mean of ybar) 
 
# (c) 
c = 1  /  (  7/ysT^n   -   6/(ysT+1)^n   ); c # 0.9230769 
flamfunc=function(lam,n,ysT,c)  c* 
   (  (7/ysT^n)*dgamma(lam,n,ysT)  - (6/(ysT+1)^n)*dgamma(lam,n,ysT+1)  ) 
integrate(flamfunc,0,Inf,n=n,ysT=ysT,c=c)$value # 1   check 
lamv=seq(0,20,0.01) 
plot(lamv,flamfunc(lamv,n=n,ysT=ysT,c=c),type="l")  # OK 
fmufunc=function(mu,n,ysT,c)  c*(1/mu^2)* 
   (  (7/ysT^n)*dgamma(1/mu,n,ysT)  - (6/(ysT+1)^n)*dgamma(1/mu,n,ysT+1)  ) 
 
integrate(fmufunc,0,Inf,n=n,ysT=ysT,c=c)$value # 1   check 
integrate(function(mu,n,ysT,c) mu*fmufunc(mu,n,ysT,c), 
     0,Inf,n=n,ysT=ysT,c=c)$value  # 1.384615     (posterior mean of mu) 
fmuvc=fmufunc(mu=muv,n=n,ysT=ysT,c); plot(muv,fmuvc)  # OK 
 
ybarmin=ysT/N; ybarmin # 0.2857143   Minimum possible value of ybar 
ybarcut=(ysT+1)/N; ybarcut # 0.4285714    Cut-point for ybar 
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f1fun=function(ybar,lam,n,N,m,ysT) (N / (7-6*exp(-lam))) * 
                  7*dgamma(N*ybar-ysT,m,lam)  
f2fun=function(ybar,lam,n,N,m,ysT)   (N / (7-6*exp(-lam))) * 
   (7*dgamma(N*ybar-ysT,m,lam)-6*exp(-lam)*dgamma(N*ybar-ysT-1,m,lam) ) 
 
# Check for particular values of lambda 
lam=0.764 # (example in the range ybarmin to ybarcut) 
p1 = integrate(f1fun, ybarmin,ybarcut, lam=lam,n=n,N=N,m=m,ysT=ysT)$value 
p2 = integrate(f2fun, ybarcut, Inf,        lam=lam,n=n,N=N,m=m,ysT=ysT)$value 
c(p1,p2,p1+p2) # 0.001921853 0.998078147 1.000000000  OK 
 
lam=3.214   # (example in the range ybarcut to infinity) 
p1 = integrate(f1fun, ybarmin,ybarcut, lam=lam,n=n,N=N,m=m,ysT=ysT)$value 
p2 = integrate(f2fun, ybarcut, Inf,        lam=lam,n=n,N=N,m=m,ysT=ysT)$value 
c(p1,p2,p1+p2) # 0.2298026 0.7701974 1.0000000    OK 
 
g1fun=function(ybar,n,N,m,ysT,c)  
    integrate(function(lam,ybar,n,N,m,ysT,c)         
                     f1fun(ybar,lam,n,N,m,ysT)*flamfunc(lam,n,ysT,c), 
                     0,Inf, ybar=ybar, n=n,N=N,m=m,ysT=ysT,c=c)$value  
g2fun=function(ybar,n,N,m,ysT,c) 
    integrate(function(lam,ybar,n,N,m,ysT,c)         
                     f2fun(ybar,lam,n,N,m,ysT)*flamfunc(lam,n,ysT,c), 
                     0,Inf, ybar=ybar, n=n,N=N,m=m,ysT=ysT,c=c)$value  
 
# Check: 
g1fun(ybar=0.4,n,N,m,ysT,c)  # 0.4119163    OK 
g2fun(ybar=0.6,n,N,m,ysT,c)  # 1.274185     OK 
 
ybarv1=seq(ybarmin,ybarcut,length.out=400); fybarv1=ybarv1 
for(j in 1:length(ybarv1)) fybarv1[j] =  
       g1fun(ybar=ybarv1[j],n=n,N=N,m=m,ysT=ysT,c=c) 
 
ybarv2=c( seq(ybarcut,1,length.out=200), seq(1,2,length.out=200),    
                 seq(2,3,length.out=200), seq(3,5,length.out=200), 
                 seq(5,10,length.out=200), seq(10,50,length.out=200) , 
                 seq(50,1000,length.out=200), seq(1000,10000,length.out=200)    ) 
fybarv2=ybarv2 
for(j in 1:length(ybarv2)) fybarv2[j] =  
       g2fun(ybar=ybarv2[j],n=n,N=N,m=m,ysT=ysT,c=c) 
 
plot(c(0,5),c(0,1.5),type="n") 
lines(ybarv1, fybarv1,lty=1,lwd=2) 
lines(ybarv2, fybarv2,lty=1,lwd=2)   # OK 
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# Check 
INTEG <- function(xvec, yvec, a = min(xvec), b = max(xvec)){ 
# Integrates numerically under a spline through the points given by  
# the vectors xvec and yvec, from a to b. 
fit <- smooth.spline(xvec, yvec); spline.f <- function(x){predict(fit, x)$y } 
integrate(spline.f, a, b)$value   } 
INTEG(seq(0,1,0.01),seq(0,1,0.01)^2,0,1)  # 0.3333333    check 
 
prob1=INTEG(ybarv1,fybarv1,ybarmin,ybarcut) 
prob2=INTEG(ybarv2,fybarv2,ybarcut,10000) 
c(prob1,prob2,prob1+prob2)  # 0.02880659 0.97119399 1.00000058   OK 
INTEG(c(ybarv1,ybarv2),c(fybarv1,fybarv2),ybarmin,10000) # 1.000004  OK 
 
X11(w=8,h=6); par(mfrow=c(2,1)) 
plot(ybarv1, ybarv1* fybarv1, xlim=c(0,1))  # OK 
plot(ybarv2, ybarv2* fybarv2, xlim=c(0,20))  # OK 
 
term1 =  INTEG(ybarv1, ybarv1*fybarv1,ybarmin,ybarcut)    
term2 = INTEG(ybarv2, ybarv2*fybarv2,ybarcut,10000)    
ybarhatc =  term1 + term2; c(term1, term2, ybarhatc)  
    # 0.01139601 1.17546200 1.18685801   (predictive mean of ybar) 
 
X11(w=8,h=8); par(mfrow=c(1,1))  # Produce final plots 
plot(c(0,5),c(0,1.3),type="n",xlab="mu & ybar", 
     ylab="posterior & predictive density") 
lines(muv,fmuv,lty=4,lwd=3,col="green") # mu under SRS 
lines(muv,fmuvc,lty=2,lwd=3, col="red") # mu under length-biased sampling 
lines(ybarv,fybarv, lty=3,lwd=3, col="blue") # ybar under SRS 
lines(ybarv1, fybarv1,lty=1,lwd=3); lines(ybarv2, fybarv2,lty=1,lwd=3) 
abline(v=(n/N)*ysbar,lty=3); (n/N)*ysbar # 0.2857143 
legend(2,1.3,c("f(mu|D) under SRSWR in (a)", 
 "f(mu|D) under length-biased sampling in (c)", 
 "f(ybar|D) under SRSWR in (a)", 
 "f(ybar|D) under length-biased sampling in (c)"), 
 lty=c(4,2,3,1),lwd=rep(3,4),col=c("green","red","blue","black")) 
text(3.5,0.75,"The dotted vertical line shows the minimum possible") 
text(3.5,0.68," value of ybar which is (n*ysbar+0)/N = 0.286") 
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R Code for Exercise 9.6 
 
Qfun = function(p=0.5,lam=1){ 
 c1 = (7-7*exp(-lam))/(7-6*exp(-lam)) 
 if(p <= c1)  c2 =  1- (p/7) * (7-6*exp(-lam))    
 if(p > c1) c2 =  7 - 6*exp(-lam) - p*(7-6*exp(-lam))   
 -(1/lam)*log(c2)     } 
 
# Check: 
pvec=seq(0,1,0.001); Qvec=pvec 
for(i in 1:length(pvec)) Qvec[i] = Qfun(p=pvec[i],lam=1.3) 
plot(pvec,Qvec);  plot(Qvec,pvec)   # OK 
 
GS = function(J=1000,N=7,n=2,m=5, ysT=2, lam=1,y0=1,y4=1){ 
lamv=lam; y0v=y0; y4v=y4;  for(j in 1:J){  
  lam=rgamma(1,N,ysT+y0+y4) 
  y0=rgamma(1,m-1,lam) 
  u=runif(1); y4=Qfun(p=u,lam=lam) 
  lamv=c(lamv,lam); y0v=c(y0v,y0); y4v=c(y4v,y4)   } 
list(lamv=lamv, y0v=y0v, y4v=y4v)   } 
 
X11(w=8,h=9); par(mfrow=c(3,3));  set.seed(321); date() 
res= GS(J=21000,N=7,n=2,m=5, ysT=2, lam=1,y0=1,y4=1); date()  # took 3 secs 
plot(res$lamv,type="l"); plot(res$y0v,type="l"); plot(res$y4v,type="l")   # OK 
 
lamv=res$lamv[-(1:1001)]; y0v=res$y0v[-(1:1001)]; y4v=res$y4v[-(1:1001)];  
acf(lamv); acf(y0v); acf(y4v) # high serial correlation, so need to thin out 
inc= seq(10,20000,10); lamvec=lamv[inc]; y0vec=y0v[inc]; y4vec=y4v[inc]; 
acf(lamvec); acf(y0vec); acf(y4vec)  # OK 
J = length(lamvec); J # 2000 
 
N=7;n=2;m=5; ysT=2; muvec=1/lamvec; ybarvec=(1/N)*(ysT+y0vec+y4vec) 
ybarhat=mean(ybarvec);  
ybarci=ybarhat+c(-1,1)*qnorm(0.975)*sd(ybarvec)/sqrt(J) 
c(ybarhat, ybarci, ybarci[2]-ybarci[1]) # 1.204519 1.151619 1.257419 0.105800 
 
evec=(1/N)*( ysT+ y4vec + (m-1)/lamvec ) 
ebar=mean(evec); eci= ebar+c(-1,1)*qnorm(0.975)*sd(evec)/sqrt(J) 
c(ebar,eci,eci[2]-eci[1]) # 1.2091236 1.1581903 1.2600569 0.1018666 
 
muhat=(N/(N-1))*ybarhat 
muci=muhat + c(-1,1)*qnorm(0.975)*sd(  (N/(N-1))*ybarvec ) / sqrt(J) 
c(muhat, muci) # 1.405272 1.343556 1.466989 
mugrid=seq(0.001,10.001,0.01) 
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fmuhat=mugrid; for(i in 1:length(mugrid))   
 fmuhat[i] = mean( dgamma(1/mugrid[i], N, N*ybarvec )/mugrid[i]^2 ) 
 
X11(w=8,h=5) 
 
hist(muvec,prob=T, xlim=c(0,5),ylim=c(0,1),breaks=seq(0,80,0.1), 

xlab="mu", main="") 
lines(mugrid,fmuhat,lwd=2); abline(v= c(muhat, muci), lwd=2) 
 
hist(ybarvec,prob=T, xlim=c(0,5),ylim=c(0,1.2),breaks=seq(0,80,0.1), 
 xlab="ybar", main=" ") 
lines(density(ybarvec),lwd=2); abline(v= c(ybarhat, ybarci), lwd=2) 
 
R Code for Exercise 9.7 
 
GS = function(J=1000,N=7,n=3,m=4, ys=c(1.6,0.4,0.7),  
 lam=1,yrT=1,w=rep(1,3)){ 
ysT=sum(ys); lamv=lam; yrTv=yrT; wmat=w;  for(j in 1:J){  
  lam=rgamma(1,N,ysT+yrT);   
  yrT=rgamma(1,m,lam+sum(w)) 
  for(i in 1:n) w[i] = rgamma(1,1,sum(ys[i:n])) 
  lamv=c(lamv,lam); yrTv=c(yrTv,yrT); wmat=rbind(wmat,w)    

} 
list(lamv=lamv, yrTv=yrTv, wmat=wmat)    
} 
 
set.seed(321); date() 
res=GS(J=11000,N=7,n=3,m=4, ys=c(1.6,0.4,0.7), lam=1,yrT=1,w=rep(1,3)) 
date()  # took 4 secs 
 
X11(w=8,h=9); par(mfrow=c(3,3));   
 
plot(res$lamv,type="l"); plot(res$yrTv,type="l"); plot(res$wmat[,1],type="l")    
 
lamv=res$lamv[-(1:1001)]; yrTv=res$yrTv[-(1:1001)];  
wmat=res$wmat[-(1:1001),]  
acf(lamv); acf(yrTv); acf(wmat[,1]) #  
inc= seq(5,10000,5); lamvec=lamv[inc]; yrTvec=yrTv[inc]; wmatrix=wmat[inc,]; 
acf(lamvec); acf(yrTvec); acf(wmatrix[,1])  # OK 
J = length(lamvec); J # 2000 
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N=7;n=3;m=4; ys=c(1.6,0.4,0.7); ysT=sum(ys);  
muvec=1/lamvec; ybarvec=(1/N)*(ysT+yrTvec) 
wTvec=apply(wmatrix,1,sum) 
yrThat=mean(m/(lamvec+wTvec)) 
yrTci=yrThat+c(-1,1)*qnorm(0.975)*sd(m/(lamvec+wTvec))/sqrt(J) 
c(yrThat,yrTci) # 1.0131279 0.9930648 1.0331911 
ybarhat=(1/N)*(ysT+yrThat) 
ybarci=(1/N)*(ysT+yrTci) 
c(ybarhat,ybarci) # 0.5304468 0.5275807 0.5333130 
 
muhat=(N/(N-1))*ybarhat 
muci=muhat + c(-1,1)*qnorm(0.975)*sd(  (N/(N-1))*ybarvec ) / sqrt(J) 
c(muhat, muci) # 0.6188547 0.6136692 0.6240401 
 
mugrid=seq(0.001,10.001,0.01) 
fmuhat=mugrid; for(i in 1:length(mugrid))   
 fmuhat[i] = mean( dgamma(1/mugrid[i], N, N*ybarvec )/mugrid[i]^2 ) 
 
ybargrid=seq(0,10,0.01) 
fybarhat= ybargrid; for(i in 1:length(ybargrid))   
     fybarhat[i] = mean(  dgamma(N*ybargrid[i]-ysT, m, lamvec+wTvec )*N  ) 
 
X11(w=8,h=5); par(mfrow=c(1,1)) 
 
hist(muvec,prob=T, xlim=c(0,3),ylim=c(0,2.5),breaks=seq(0,80,0.1), 
 xlab="mu", main="") 
lines(mugrid,fmuhat,lwd=2); abline(v= c(muhat, muci), lwd=2) 
 
hist(ybarvec,prob=T, xlim=c(0.3,1.2),ylim=c(0,7),breaks=seq(0,80,0.025), 
 xlab="ybar", main="") 
lines(ybargrid, fybarhat,lwd=2); abline(v= c(ybarhat, ybarci), lwd=2) 
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Chapter 10 Normal Finite Population Models 
 
R Code for Exercise 10.1 
 
ys=c(5.7,9.6,8.3); ysbar=mean(ys); ysbar # 7.866667 
sig=2; n=3; N=7; m=N-n; mu0=10; sig0=3/qnorm(0.975);  
k=n/(n+sig^2/sig0^2); q=(n+m*k)/N 
c(m,mu0,sig0,k,q) # 4.0000000 10.0000000  1.5306404  0.6373060  0.7927463 
mustar=(1-k)*mu0+k*ysbar; sigstar2=k*sig^2/n 
c(mustar,sqrt(sigstar2)) # 8.6404139 0.9218141 
a=mustar; b2=sigstar2+sig^2/m;  c=(n*ysbar+m*a)/N; d2=(m/N)^2*b2 
c(a,sqrt(b2),c,sqrt(d2)) # 8.6404139 1.3600519 8.3088080 0.7771725 
HPDR=c+c(-1,1)*qnorm(0.975)*sqrt(d2); HPDR # 6.785578 9.832038 
 
X11(w=8,h=7); par(mfrow=c(1,1)) 
plot(c(4,15),c(0,0.6),type="n",xlab="mu, yrbar, ybar", 
 ylab="density, likelihood", main="") 
v=seq(0,20,0.01) 
lines(v,dnorm(v,ysbar,sig/sqrt(n)),lty=1,lwd=3,col="black")  
 # likelihood function (i) 
 
lines(v,dnorm(v,mu0,sig0),lty=2, lwd=2,col="red") # prior (ii) 
lines(v,dnorm(v,mustar,sqrt(sigstar2)),lty=2,lwd=3, col="red") # posterior (iii) 
 
lines(v,dnorm(v,mu0,sig0^2+sig^2/m),lty=3,lwd=2, col="blue")   
 # prior pdf of yrbar (iv) 
lines(v,dnorm(v,a,sqrt(b2)),lty=3,lwd=3, col="blue")   
 # predictive pdf of yrbar (v) 
 
lines(v,dnorm(v,mu0,sig0^2+sig^2/N),lty=4,lwd=2, col="green")   
 # prior pdf of ybar (vi) 
lines(v,dnorm(v,c,sqrt(d2)),lty=4,lwd=3, col="green")   
 # predictive pdf of ybar (vii) 
abline(v=c(c,HPDR),lty=1,lwd=1) 
legend(3.8,0.6,c("(i) Likelihood","(ii) Prior","(iii) Posterior"), 
 lty=c(1,2,2), lwd=c(3,2,3), col=c("black","red","red")) 
legend(10,0.6,c("(iv) Prior pdf of yrbar","(v) Predictive pdf for yrbar", 
  "(vi) Prior pdf of ybar","(vii) Predictive pdf for ybar"), 
    lty=c(3,3,4,4), lwd=c(2,3,2,3), col=c("blue","blue","green","green")) 
text(12.5,0.38, "The thin vertical lines show the predictive") 
text(12.5,0.345,"mean and 95% HPDR bounds for ybar") 
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R Code for Exercise 10.3 
 
options(digits=4) 
sig0=0.08; sig1=1.2; ys = c(2.1,2.0,2.3,4.9,0.2); n=length(ys) 
xs=c(0,0,0,1,1); xr = c(0,0,0,0,1,   1,1,1,1,1,   1,1); m=length(xr); N = n+m 
n1=sum(xs);  n0=n-n1;    m1=sum(xr); m0=m-m1 
c(n,n0,n1,    m,m0,m1,   N) # 5  3  2     12  4  8     17 
ysT=sum(ys); ys1T=sum(ys*xs); ys0T=ysT-ys1T 
ysbar=ysT/n; ys1bar=ys1T/n1;   ys0bar=ys0T/n0 
c(ys0T,ys1T,ysT,   ys0bar,ys1bar,ysbar)  
 # 6.400  5.100 11.500  2.133  2.550  2.300 
 
D = 1/(   n0/ sig0^2 + n1/ sig1^2   ); betahat = D*(ys0T/ sig0^2 + ys1T/ sig1^2 ) 
estar=(1/N)*(  ysT+m*betahat  );     
vstar=(1/N^2)*(m0* sig0^2+m1* sig1^2-D*m^2) 
c(D,betahat,estar,vstar) # 0.002127 2.134564 2.183222 0.038890 
hpdr=estar+c(-1,1)*qnorm(0.975)*sqrt(vstar);   c(hpdr) # 1.797 2.570 
 
R Code for Exercise 10.5 
 
# (a)  
 
options(digits=4); N = 15; ys = c(5.6,2.3,8.4,5.1,4.3); n = length(ys) 
est=mean(ys);  ss2=var(ys);   varybar=(ss2/n)*(1-n/N);    tval= qt(0.975,n-1) 
cpdr=est+c(-1,1)*tval*sqrt(varybar) 
 
c(est,ss2,sqrt(ss2), varybar, sqrt(varybar),  tval,   cpdr)  
   # 5.1400 4.9030 2.2143 0.6537 0.8085 2.7764 2.8951 7.3849 
 
# (b) 
 
NNGFPM= function(eta=0, tau=0, alp=0.05, 
  ys= c(5.6,2.3,8.4,5.1,4.3), X=rep(1,15) ,  N=15, sigma=diag(rep(1,N))   )   
{ 
 
# This function performs inference under the normal-normal-gamma  
# finite population model. 
 
# Inputs: eta, tau,     alp,  ys,   X,  N,  sigma 
 
# Outputs: A list with $a, $b and $c indicating    (ybar-a)/b given ys ~  t(c) 
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p=ncol(cbind(NA,X))-1;    n = length(ys);   c=2*eta+n-p 
 
ysT=sum(ys); Xs=cbind(NA,X)[1:n,][,-1]; Xr=cbind(NA,X)[(n+1):N,][,-1]  
sigmass=sigma[1:n,1:n];   sigmarr=sigma[(n+1):N,(n+1):N] 
sigmasr=sigma[1:n,(n+1):N];   sigmars=t(sigmasr) 
D=solve(t(Xs)%*%solve(sigmass)%*%Xs) 
beta=D%*%t(Xs)%*%solve(sigmass)%*%ys 
A=Xr-sigmars%*%solve(sigmass)%*%Xs;       oner=rep(1,N-n) 
 
a=(1/N)*(     ysT     +     t(oner)%*%     
   (     Xr%*%beta   +   sigmars%*%solve(sigmass)%*%(ys-Xs%*%beta)      )     ) 
 
b2=(1/(c*N^2)) * ( 2*tau + t(ys-Xs%*%beta)%*%solve(sigmass)%*%  
 (ys-Xs%*%beta)  ) *  t(oner)%*% 
 ( sigmarr-sigmars%*%solve(sigmass)%*%sigmasr + 
 A%*%D%*%t(A))   %*%  oner 
 
b=sqrt(b2); cpdr=a+c(-1,1)*qt(1-alp/2,c)*b 
list(a=a,b=b,c=c,beta=beta, cpdr=cpdr)    
} 
 
# Test function by using it to check (a): 
 
res= NNGFPM();  c(res$a,res$b,res$c,res$beta, res$cpdr)  
    # 5.1400 0.8085 4.0000 5.1400 2.8951 7.3849     Same as in (a) OK 
 
# Apply function with covariate info: 
 
xvec=c(9.3, 4.6, 15.0,11.2, 7.8,    2.4, 6.6, 3.0, 2.1, 7.3,      5.5, 8.0, 2.4, 4.2, 5.5) 
res= NNGFPM(X=xvec, sigma=diag(xvec))  
c(res$a,res$b,res$c,res$beta,res$cpdr)  
 # 3.3945 0.1159 4.0000 0.5365 3.0725 3.7164 
 
c(mean(xvec), mean(xvec[1:5]), mean(xvec[6:15]) ) # 6.327 9.580 4.700 
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# (c) 
 
ys= c(5.6,2.3,8.4,5.1,4.3); ysbar=mean(ys); n = 5; N = 15; options(digits=4) 
 
GIBBS = function(J=1000,ys= c(5.6,2.3,8.4,5.1,4.3),  
 bet=1, lam=1,   bet0=10,  sig0=1.5,   eta=8, tau=4) 
{ 
betv=bet; lamv=lam;  sig02=sig0^2;   n=length(ys); ysbar=mean(ys);      
for(j in 1:J){ 
 klam=n/(n+1/(lam*sig02));     sig2lam=klam/(n*lam) 
 betlam=(1-klam)*bet0+klam*ysbar;     
 bet=rnorm(1,betlam,sqrt(sig2lam)) 
 s2bet=mean((ys-bet)^2); lam=rgamma(1,eta+n/2,tau+n*s2bet/2) 
 betv=c(betv,bet); lamv=c(lamv,lam)     } 
list(betv=betv,lamv=lamv)    
} 
 
set.seed(641);  res=GIBBS(J=10100); X11(w=8,h=5.5); par(mfrow=c(2,2)) 
plot(res$betv,type="l"); plot(res$lamv,type="l") 
hist(res$betv[-c(1:101)],prob=T,nclass=30);  
hist(res$lamv[-c(1:101)],prob=T,nclass=30) # Fig. 10.2 
 
betvec=res$betv[-c(1:101)][seq(10,10000,10)]; J = length(betvec); J # 1000 
lamvec=res$lamv[-c(1:101)][seq(10,10000,10)] 
acf(res$betv); acf(res$lamv);    acf(betvec); acf(lamvec) # Fig. 10.3 
 
betbar=mean(betvec); betci=betbar+c(-1,1)*qnorm(0.975)*sd(betvec)/sqrt(J) 
c(betbar,betci) # 5.766 5.731 5.801 
 
set.seed(121);   yrbarvec=rnorm(J, betvec, 1/sqrt((N-n)*(lamvec))  ) 
yrbarbar=mean(yrbarvec);  
yrbarci= yrbarbar+c(-1,1)*qnorm(0.975)*sd(yrbarvec)/sqrt(J) 
yrbarcpdr=quantile(yrbarvec, c(0.025,0.975)) 
c(yrbarbar,yrbarci,yrbarcpdr) # 5.762 5.718 5.806 4.458 7.380 
 
ybarvec=(1/N)*(   n*ysbar + (N-n)*yrbarvec   ) 
ybarbar=mean(ybarvec);  
ybarci= ybarbar+c(-1,1)*qnorm(0.975)*sd(ybarvec)/sqrt(J) 
ybarcpdr=quantile(ybarvec, c(0.025,0.975)) 
c(ybarbar,ybarci,ybarcpdr) # 5.555 5.526 5.584 4.685 6.633 
ybarci[2]-ybarci[1] # 0.05849 
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evec=(1/N)*(n*ysbar + (N-n)*betvec );    vvec=(N-n)/(N^2*lamvec) 
ebar=mean(evec);   eci=ebar+c(-1,1)*qnorm(0.975)*sd(evec)/sqrt(J) 
 
Lfun=function(L){    (  0.025-mean(pnorm(   (L-evec)/sqrt(vvec)    )    )    )^2   } 
     L = optim(par=3,fn=Lfun)$par;  L # 4.707  (ignore warning message) 
     mean(    pnorm(   (L-evec)/sqrt(vvec)      ))   # 0.025 OK 
 
Ufun=function(U){    (  0.975-mean(pnorm(   (U-evec)/sqrt(vvec)    )    )    )^2   } 
     U = optim(par=7,fn=Ufun)$par;  U # 6.542   (ignore warning message) 
     mean(    pnorm(   (U-evec)/sqrt(vvec)      ))   # 0.975    OK 
 
ecpdr=c(L,U);   c(ebar,eci,ecpdr)  # 5.557 5.534 5.581 4.707 6.542 
eci[2]-eci[1] # 0.04642 
 
X11(w=8,h=7); par(mfrow=c(1,1)) 
hist(ybarvec,prob=T,nclass=20,xlim=c(3.5,8), 
 xlab="ybar",ylab="density/relative frequency",main="") 
lines(density(ybarvec),lty=2,lwd=3,col="blue") 
abline(v=c(ybarbar,ybarci,ybarcpdr),lty=2,lwd=3,col="blue") 
 
ybarv=seq(3,8,0.01); fv=rep(NA,length(ybarv)) 
for(i in 1:length(ybarv))    fv[i] = mean(dnorm(ybarv[i], evec, sqrt(vvec))) 
lines(ybarv,fv,lty=1,lwd=2,col="red") 
abline(v=c(ebar,eci,ecpdr),lty=1,lwd=2,col="red") 
 
legend(3.4,0.9,c("Histogram","Rao-Blackwell"), 
 lty=c(2,1), lwd=c(3,2),col=c("blue","red"), bg="white") 
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Chapter 11 Transformations and Other Topics 
 
R Code for Exercise 11.1 
 
options(digits=4) 
 
# Define 3 psi functions ----------------- 
PSI1FUN = function(y){  quantile(y,0.5) } 
PSI2FUN = function(y){ ynew=sort(y[y>4]); nnew=length(ynew);  
   if(nnew<2)    res=NA 
   if(nnew>=2)   res = 100*mean(   (ynew[-1]-ynew[-nnew])  /  ynew[-nnew]  )   
   res   } 
PSI3FUN = function(y,mu,lam){  q = qnorm(0.75); sum(y[y>(mu+q/sqrt(lam))]) } 
 
# Test 3 psi functions ------------------------- 
PSI1FUN(y=c(1,2,7)) # 2 OK 
PSI1FUN(y=c(1,2,7,8)) # 4.5 OK 
PSI2FUN(y=c(5,12,6)) # 60      Correct: 100* (1/2) * ( (6-5)/5 + (12-6)/6 )  = 60 
PSI2FUN(y=c(5,3,6)) # 20      Correct: 100* (6-5)/5 = 20 
PSI2FUN(y=c(5,2,3)) # NA      Correct 
PSI2FUN(y=c(4,4,-3)) # NA      Correct 
set.seed(311); PSI3FUN(y=rnorm(100,10,1),mu=10,lam=1) # 267 ~ 25*10,  OK 
 
# Perform inference on 3 psi functions ---------------------------------------- 
ys= c(2.1, 5.2, 3.0, 7.7, 9.3); ysbar=mean(ys); n=length(ys); ss2=var(ys); N = 20 
options(digits=4); J=1000; set.seed(232) 
lamvec=rgamma(  J, (n-1)/2,  ((n-1)/2) *ss2 )    
muvec = rnorm(J,ysbar,1/sqrt(n*lamvec)) 
yrmat=matrix(NA, nrow=J, ncol=N-n) 
for(j in 1:J)   yrmat[j,] = rnorm(N-n,muvec,1/sqrt(lamvec))    
psi1vec=rep(NA,J); psi2vec=rep(NA,J); psi3vec=rep(NA,J)  
for(j in 1:J){   yrj = yrmat[j,] 
 psi1vec[j] = PSI1FUN(y=c(ys, yrj)) 
 psi2vec[j] = PSI2FUN(y= c(ys, yrj)) 
 psi3vec[j] = PSI3FUN(y= c(ys, yrj), mu=muvec[j], lam=lamvec[j])   } 
cbind( summary(psi1vec), summary(psi2vec),  
 summary(psi3vec), summary(psi3vec[psi3vec!=0])   ) 
# Min.    3.14  4.44   0.0   9.3 
# 1st Qu. 5.28  7.65  37.9  40.3 
# Median  5.77  9.38  59.5  60.6 
# Mean    5.84  9.97  58.3  60.7 
# 3rd Qu. 6.41 11.50  79.6  80.7 
# Max.    9.09 28.10 156.0 156.0 
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X11(w=9,h=6.5); par(mfrow=c(2,1)) 
psivec=psi1vec; J = length(psivec) 
psibar=mean(psivec); psici=psibar+c(-1,1)*qnorm(0.975)*sd(psivec)/sqrt(J) 
fpsi=density(psivec);  psimode=fpsi$x[fpsi$y==max(fpsi$y)] 
psimedian=quantile(psivec,0.5);  psicpdr=quantile(psivec,c(0.025,0.975)) 
c(psibar,psici,psimode,psimedian,psicpdr) 
# 5.842 5.790 5.893 5.528 5.769 4.308 7.528 
hist(psivec, prob=T, xlab="psi1",xlim=c(0,10),ylim=c(0,0.6), 
 breaks=seq(0,10,0.25), main="Monte Carlo inference on psi1")   
lines(fpsi,lwd=3) 
abline(v= c(psibar, psici, psicpdr, psimedian, psimode) , 
 lty=c(1,1,1,1,1,2,2), lwd=rep(2,7)) 
legend(0,0.6, 
c("Posterior mean, 95% CI \n & 95% CPDR","Posterior mode & median"), 
 lty=c(1,2), lwd=c(2,2), bg="white") 
 
psivec=psi2vec; J = length(psivec) 
psibar=mean(psivec); psici=psibar+c(-1,1)*qnorm(0.975)*sd(psivec)/sqrt(J) 
fpsi=density(psivec);  psimode=fpsi$x[fpsi$y==max(fpsi$y)] 
psimedian=quantile(psivec,0.5);  psicpdr=quantile(psivec,c(0.025,0.975)) 
c(psibar,psici,psimode,psimedian,psicpdr) 
# 9.975  9.775 10.175  8.150  9.377  5.522 17.770 
hist(psivec, prob=T, xlab="psi2",xlim=c(2,30),ylim=c(0,0.17), 
 breaks=seq(0,30,0.5),main="Monte Carlo inference on psi2") 
lines(fpsi,lwd=3) 
abline(v= c(psibar, psici, psicpdr, psimedian, psimode) , 
 lty=c(1,1,1,1,1,2,2), lwd=rep(2,7)) 
legend(15,0.15, 
 c("Posterior mean, 95% CI & 95% CPDR","Posterior mode & median"), 
 lty=c(1,2), lwd=c(2,2), bg="white")  # End of first 2 graphs 
 
psivec=psi3vec  # Start of next 2 graphs 
psibar=mean(psivec); psici=psibar+c(-1,1)*qnorm(0.975)*sd(psivec)/sqrt(J) 
fpsi=density(psivec);  psimode=fpsi$x[fpsi$y==max(fpsi$y)] 
psimedian=quantile(psivec,0.5);  psicpdr=quantile(psivec,c(0.025,0.975)) 
c(psibar,psici,psimode,psimedian,psicpdr) 
# 58.31  56.48  60.15  62.29  59.48   0.00 114.87 
 
hist(psivec, prob=T, xlab="psi3",xlim=c(0,160),ylim=c(0,0.022), 
 breaks=seq(0,200,5), main="Monte Carlo inference on psi3") 
lines(fpsi,lwd=3) 
abline(v= c(psibar, psici, psicpdr, psimedian, psimode) , 
 lty=c(1,1,1,1,1,2,2), lwd=rep(2,7)) 



Bayesian Methods for Statistical Analysis 

92 

legend(100,0.022, 
 c("Posterior mean, 95% CI \n& 95% CPDR"),lty=1,lwd=2,bg="white") 
legend(-5,0.022,c("Posterior mode \n& median"), lty=2, lwd=2, bg="white") 
 
length(psi3vec[psi3vec!=0]) # 960 
length(psi3vec[psi3vec==0]) # 40      40/1000 = 4% 
psivec=psi3vec[psi3vec!=0];  J=length(psivec); J # 960  Condition on psi > 0 
psibar=mean(psivec); psici=psibar+c(-1,1)*qnorm(0.975)*sd(psivec)/sqrt(J) 
fpsi=density(psivec);  psimode=fpsi$x[fpsi$y==max(fpsi$y)] 
psimedian=quantile(psivec,0.5);  psicpdr=quantile(psivec,c(0.025,0.975)) 
c(psibar,psici,psimode,psimedian,psicpdr) 
# 60.74  58.99  62.49  62.45  60.59  11.72 114.96 
 
hist(psivec, prob=T, xlab="psi3, psi4",xlim=c(0,160),ylim=c(0,0.022), 
 breaks=seq(0,200,5), 
 main="Monte Carlo inference on psi4 = (psi3 given psi3 != 0)") 
lines(fpsi,lwd=3) 
abline(v= c(psibar, psici, psicpdr, psimedian, psimode), 
 lty=c(1,1,1,1,1,2,2), lwd=rep(2,7)) 
legend(100,0.022, 
 c("Posterior mean, 95% CI \n& 95% CPDR"),lty=1,lwd=2,bg="white") 
legend(-5,0.022,c("Posterior mode \n& median"), lty=2, lwd=2, bg="white")      
  
R Code for Exercise 11.2 
 
# Data generation used to set up exercise -------------------------------------------- 
 
options(digits=4); X11(w=8,h=6); par(mfrow=c(2,2)) 
N=200; n=50; set.seed(432); Z=rnorm(N,3,2); S=sample(1:N,n) 
ZS=Z[S];  Y=exp(Z);   YS=exp(ZS); YBAR=mean(Y); YBAR # 114.2 
hist(Z,prob=T); hist(Y,prob=T); hist(ZS,prob=T); hist(YS,prob=T)  
 # preliminary plots 
 
X11(w=8,h=4); par(mfrow=c(1,2)) 
hist(Z,prob=T,xlim=c(-4,10), ylim=c(0,0.25),breaks=seq(-3,12,0.5)) 
    lines(seq(-5,12,0.01),dnorm(seq(-5,12,0.01),3,2),lwd=3) 
hist(Y,prob=T,xlim=c(0,600),ylim=c(0,0.08), breaks=seq(0,5000,10));  
 yg=seq(0.1,700,0.5);   lines(yg ,dnorm(  log(yg),3,2)/yg, lwd=3) 
 
format(list(YS=YS),digits=3)  # "28.374, 69.857, 22.721, …,  24.451, 86.987"  
 
# Look at given data and the log of that data  (load data etc.)  ------------------ 
 
N = 200; n = 50; m = N-n;  options(digits=4) 
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ys = c( 28.374, 69.857, 22.721, 57.593, 126.965,   
 17.816, 16.078, 0.803, 3.164, 3.544,  
 2.123, 2.353, 184.539, 59.856, 63.701,   
 585.684, 29.094, 79.245, 18.105, 1.623,  
 5.513, 1.629, 63.654, 22.060, 187.463,   
 5.051, 34.299, 27.475, 0.746, 34.016,  
 8.547, 1.081, 3.151, 55.569, 2.593,    
 522.377, 1.660, 130.435, 1.246, 169.462,  
 3.444, 6.376, 18.735, 51.312, 33.920,   
 350.346, 475.795, 4.972, 24.451, 86.987) 
 
summary(ys) 
#    Min. 1st Qu.  Median    Mean 3rd Qu.    Max.  
#    0.7     3.5    23.6    74.2    63.7   586.0 
 
skewness=mean(   (ys-mean(ys))^3  ) /  (  mean((ys-mean(ys))^2)  )^(3/2) 
skewness # 2.662 
 
zs=log(ys); par(mfrow=c(1,2)) 
hist(ys,prob=T); hist(zs,prob=T) # preliminary plots 
hist(ys,prob=T,xlim=c(0,600),ylim=c(0,0.045),  
 breaks=seq(0,700,10), main="Sample values");  
hist(zs,prob=T,xlim=c(-2,8), ylim=c(0,0.35),  
 breaks=seq(-3,10,0.5),  main="Log of sample values"); 
# Finite population inference using original scale and design-based approach 
# (same as the 'exact' Bayesian approach without Monte Carlo)   ----------------- 
ysbar=mean(ys); sy=sd(ys); ybarhat=ysbar 
ybarci=ybarhat+c(-1,1)*qt(0.975,n-1)* (sy/sqrt(n)) * sqrt(1-n/N) 
inf.original=c(ybarhat,ybarci);  
c(inf.original, YBAR) # 74.15    41.36 106.94    114.24 
 
# Finite population inference via Bayesian approach using log transformation  
# (and a 'crude' approach which makes no use of Rao-Blackwell ideas etc.) ---- 
 
zsbar=mean(zs); sz=sd(zs); J=1000;    set.seed(142); 
lamvec=rgamma(J,(n-1)/2,(sz^2)*(n-1)/2) 
muvec=rnorm(J,zsbar,1/sqrt(n*lamvec));    yrbarvec=rep(NA,J) 
 
for(j in 1:J){ zr=rnorm(m,  muvec[j], 1/sqrt(lamvec[j]) ) 
  yr=exp(zr); yrbarvec[j] = mean(yr)       } 
 
ybarvec=(1/N)*(n*ysbar+m*yrbarvec);      ybarhat=mean(ybarvec) 
ybarci=ybarhat+c(-1,1)*qnorm(0.975)*sd(ybarvec)/sqrt(J)  
ybarcpdr=quantile(ybarvec,c(0.025,0.975)) 
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inf.transform = c(ybarhat,ybarci,ybarcpdr) 
c(inf.transform,YBAR) # 110.83 104.64 117.02  49.26 302.05 114.24 
 
summary(ybarvec)  
 #   Min. 1st Qu.  Median    Mean 3rd Qu.    Max.  
 #    37.0    70.6    89.4   111.0   122.0  2080.0 
 
par(mfrow=c(1,1)); hist(ybarvec,prob=T) # preliminary plot 
hist(ybarvec,prob=T,xlim=c(0,600),ylim=c(0,0.015),  
 breaks=seq(0,3000,10), main=" ");  
abline(v=inf.transform,lty=1,lwd=2); points(YBAR,0,pch=16) 
legend(310,0.015,c("Inference using log transformation"),lty=c(1),lwd=c(2)) 
text(450,0.01, 
     "The dot shows 114.2, the true value \nof the finite population mean") 
lines(density(ybarvec),lwd=2)       
 
par(mfrow=c(1,1)); hist(ys,prob=T) # preliminary plot 
hist(ys,prob=T,xlim=c(0,600),ylim=c(0,0.045), breaks=seq(0,700,10), main=" ");  
abline(v=inf.original,lty=2,lwd=2); abline(v=inf.transform,lty=1,lwd=2) 
points(YBAR,0,pch=16) 
legend(310,0.04,c("Inference using original scale",  
 "Inference using log transformation"), lty=c(2,1),lwd=c(2,2)) 
text(450,0.02, 
   "The dot shows 114.2, the true value \nof the finite population mean") 
 
# Repeat with 'less extreme' lognormal data ----------------------------------------- 
 
N=200; n=50; set.seed(432); Z=rnorm(N,2,1); S=sample(1:N,n)  # <- difference 
ZS=Z[S];  Y=exp(Z);   YS=exp(ZS); YBAR=mean(Y) 
X11(w=8,h=6); par(mfrow=c(2,2)); 
hist(Z,prob=T); hist(Y,prob=T); hist(ZS,prob=T); hist(YS,prob=T)  
 # preliminary plots 
ys = YS;   zs=log(ys);  
skewness=mean(   (ys-mean(ys))^3  ) /  (  mean((ys-mean(ys))^2)  )^(3/2) 
skewness # 1.549 
ysbar=mean(ys); sy=sd(ys); ybarhat=ysbar 
ybarci=ybarhat+c(-1,1)*qt(0.975,n-1)* (sy/sqrt(n)) * sqrt(1-n/N) 
inf.original =c(ybarhat,ybarci);  
c(inf.original, YBAR) # 10.541  8.177 12.906 11.698 
 
zsbar=mean(zs); sz=sd(zs); J=1000;    set.seed(142); 
lamvec=rgamma(J,(n-1)/2,(sz^2)*(n-1)/2) 
muvec=rnorm(J,zsbar,1/sqrt(n*lamvec));    yrbarvec=rep(NA,J) 
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for(j in 1:J){ zr=rnorm(m,  muvec[j], 1/sqrt(lamvec[j]) ) 
  yr=exp(zr); yrbarvec[j] = mean(yr)       } 
 
ybarvec=(1/N)*(n*ysbar+m*yrbarvec);      ybarhat=mean(ybarvec) 
ybarci=ybarhat+c(-1,1)*qnorm(0.975)*sd(ybarvec)/sqrt(J)  
ybarcpdr=quantile(ybarvec,c(0.025,0.975)) 
inf.transform = c(ybarhat,ybarci,ybarcpdr) 
c(inf.transform,YBAR) # 11.006 10.904 11.108  8.478 15.016 11.698 
 
X11(w=8,h=4); par(mfrow=c(1,1)) 
hist(ys,prob=T) # preliminary plot 
hist(ys,prob=T,xlim=c(0,40),ylim=c(0,0.2), breaks=seq(0,40,1), main=" ");  
abline(v=inf.original,lty=2,lwd=2); abline(v=inf.transform,lty=1,lwd=2) 
points(YBAR,0,pch=16) 
legend(20,0.2, 
   c("Inference using original scale", "Inference using log transformation"), 
 lty=c(2,1),lwd=c(2,2)) 
text(30,0.1, 
   "The dot shows 11.7, the true value \nof the finite population mean") 
 
R Code for Exercise 11.3 
 
# (a) 
 
X11(w=8,h=4); par(mfrow=c(1,1)); options(digits=4) 
 
N=100; n=20; mu=10; sig=2; lam=1/sig^2; gam=mu/sig 
set.seed(332); y=rnorm(N,mu,sig); # hist(y,prob=T) 
hist(y,prob=T,xlab="value", xlim=c(0,20), ylim=c(0,0.4), breaks=seq(0,20,0.5), 
 main=" ") 
lines(seq(0,20,0.1),dnorm(seq(0,20,0.1),mu,sig),lwd=3) 
  
ys=y[1:n] 
hist(ys,prob=T,xlab="value", xlim=c(0,20), ylim=c(0,0.4), breaks=seq(0,20,0.5), 
 main=" ") 
lines(seq(0,20,0.1),dnorm(seq(0,20,0.1),mu,sig),lwd=3) 
 
ysbar=mean(ys); sys=sd(ys); gammle=ysbar/sys 
ybar=mean(y); sy=sd(y); ygam=ybar/sy; c(ybar,sy,ygam) # 9.932 1.907 5.207 
c(lam,ysbar,sys, gam, gammle) # 0.250 10.516  1.749  5.000  6.011 
 
J=1000;  set.seed(171);  
lamv=rgamma(J,(n-1)/2,sys^2*(n-1)/2); muv=rnorm(J,ysbar,1/sqrt((n*lamv))) 
gamv=muv*sqrt(lamv) 
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gambar=mean(gamv);  gamint=quantile(gamv,c(0.025,0.975)) 
c(gambar, gamint) # 5.925 4.115 7.963 
 
hist(gamv,prob=T,xlab="gamma", xlim=c(2,10), ylim=c(0,0.5),  
 breaks=seq(0,12,0.25), main=" ") 
abline(v=c(gambar, gamint),lwd=3); lines(density(gamv),lwd=3) 
points(c(gam,gammle),c(0,0),pch=c(16,1)) 
legend(7,0.5,c("True value of gamma","MLE of gamma"), 

pch=c(16,1),bg="white") 
 
# (b) Follows on from (a) 
 
K = 100; J=1000; gambarvec=rep(NA,K); gammlevec=rep(NA,K);  
gamlie=rep(0,K);  
 
set.seed(143);  for(k in 1:K){  
 y=rnorm(N,mu,sig); s=1:n; ys=y[s];  ysbar=mean(ys); sys=sd(ys) 
 lamv=rgamma(J,(n-1)/2,sys^2*(n-1)/2);  
 muv=rnorm(J,ysbar,1/sqrt((n*lamv))) 
 gamv=muv*sqrt(lamv);  gambar=mean(gamv);    
 gammlevec[k]=ysbar/sys 
 gamint=quantile(gamv,c(0.025,0.975));   gambarvec[k]=gambar  
 if((gamint[1]<=gam)&&(gam<=gamint[2])) gamlie[k]=1    } 
 
Eest=mean(gambarvec);  
Eci=Eest+c(-1,1)*qnorm(0.975)*sd(gambarvec)/sqrt(K) 
Cest=mean(gamlie); Cci=Cest+c(-1,1)*qnorm(0.975)*sqrt(Cest*(1-Cest)/K) 
c(Eest,Eci,Cest,Cci) # 5.2226 4.9986 5.4466 0.9100 0.8539 0.9661 
Emleest=mean(gammlevec) 
Emleci=Emleest+c(-1,1)*qnorm(0.975)*sd(gammlevec)/sqrt(K) 
c(Emleest,Emleci) # 5.298 5.070 5.526 
 
Biasest=Eest-gam; Biasci=Eci-gam 
Biasmleest=Emleest-gam; Biasmleci=Emleci-gam 
c(Biasest,Biasci, Biasmleest,Biasmleci)  
 # 0.222583 -0.001418  0.446583  0.298019  0.070493  0.525544 
c(Biasest,Biasci, Biasmleest,Biasmleci)/gam  
      # 0.0445165 -0.0002836  0.0893166  0.0596037  0.0140986  0.1051088 
 
# hist(gambarvec,prob=T) 
hist(gambarvec,prob=T,xlab="gammabar, gammahat", xlim=c(2,12),  
 ylim=c(0,0.6), breaks=seq(0,12,0.5), main= "") 
abline(v=c(Eest,Eci), lty=1, lwd=3); abline(v=c(Emleest,Emleci), lty=2, lwd=3)   
lines(density(gambarvec),lty=1,lwd=3); lines(density(gammlevec),lty=2,lwd=3) 
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points(gam,0,pch=16) 
legend(6.5,0.6,c("Bayesian estimates \n(MC with J=1000)", "ML estimates"), 
 lty=c(1,2), lwd=c(3,3)) 
 
# (c)   
 
K = 5000; J=1000; gambarvec=rep(NA,K);  
gammlevec=rep(NA,K); gamlie=rep(0,K);  
 
set.seed(213);  for(k in 1:K){  # Takes a few seconds 
 y=rnorm(N,mu,sig); s=1:n; ys=y[s];  ysbar=mean(ys); sys=sd(ys) 
 lamv=rgamma(J,(n-1)/2,sys^2*(n-1)/2);  
 muv=rnorm(J,ysbar,1/sqrt((n*lamv))) 
 gamv=muv*sqrt(lamv);   

gambar=mean(gamv);   gammlevec[k]=ysbar/sys 
 gamint=quantile(gamv,c(0.025,0.975));   gambarvec[k]=gambar  
 if((gamint[1]<=gam)&&(gam<=gamint[2])) gamlie[k]=1    } 
 
Eest=mean(gambarvec);  
Eci=Eest+c(-1,1)*qnorm(0.975)*sd(gambarvec)/sqrt(K) 
Cest=mean(gamlie); Cci=Cest+c(-1,1)*qnorm(0.975)*sqrt(Cest*(1-Cest)/K) 
c(Eest,Eci,Cest,Cci) # 5.162 5.136 5.187 0.951 0.945 0.957 
Emleest=mean(gammlevec) 
Emleci=Emleest+c(-1,1)*qnorm(0.975)*sd(gammlevec)/sqrt(K) 
c(Emleest,Emleci) # 5.230 5.204 5.256 
 
Biasest=Eest-gam; Biasci=Eci-gam 
Biasmleest=Emleest-gam; Biasmleci=Emleci-gam 
c(Biasest,Biasci, Biasmleest,Biasmleci)  
 # 0.1616 0.1359 0.1872 0.2301 0.2041 0.2561 
c(Biasest,Biasci, Biasmleest,Biasmleci)/gam  
 # 0.03231 0.02718 0.03745 0.04602 0.04081 0.05122 
 
#    hist(gambarvec,prob=T) 
hist(gambarvec,prob=T,xlab="gammabar, gammahat", xlim=c(2,12),  
 ylim=c(0,0.6), breaks=seq(2,12,0.25), main= "") 
abline(v=c(Eest,Eci), lty=1, lwd=3); abline(v=c(Emleest,Emleci), lty=2, lwd=3)   
lines(density(gambarvec),lty=1,lwd=3); lines(density(gammlevec),lty=2,lwd=3) 
points(gam,0,pch=16) 
legend(6,0.6,c("Bayesian estimates \n(MC with J=1000)", "ML estimates"), 
 lty=c(1,2), lwd=c(3,3)) 
 
hist(gambarvec,prob=T,xlab="gammabar, gammahat", xlim=c(4.5,6),  
 ylim=c(0,0.6), breaks=seq(2,12,0.25), main= "") 
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abline(v=c(Eest,Eci), lty=1, lwd=3); abline(v=c(Emleest,Emleci), lty=2, lwd=3)   
lines(density(gambarvec),lty=1,lwd=3); lines(density(gammlevec),lty=2,lwd=3) 
points(gam,0,pch=16) 
 
# (d) 
 
psifun=function(y){ max(y)/median(y) }  # Function for the quantity of interest 
N=100; n=20; mu=10; sig=2; set.seed(119); y=rnorm(N,mu,sig)    
ybar=mean(y); sy=sd(y); psi=psifun(y=y) 
c(ybar,sy,min(y),max(y), median(y), psi)  

# 9.675  2.159  3.678 15.622 10.171  1.536 
 
hist(y,prob=T,xlab="value", xlim=c(0,20), ylim=c(0,0.4), breaks=seq(0,20,0.5), 
 main="") 
lines(seq(0,20,0.1),dnorm(seq(0,20,0.1),mu,sig),lwd=3) 
 
set.seed(421); ys=sample(y,n) 
ys=y[s];  ysbar=mean(ys); sy=sd(ys); sy2=var(ys) 
c(ysbar,sy, sy2) # 9.438 2.448 5.994 
 
hist(ys,prob=T,xlab="value", xlim=c(0,20), ylim=c(0,0.4), breaks=seq(0,20,0.5), 
 main="") 
lines(seq(0,20,0.1),dnorm(seq(0,20,0.1),mu,sig),lwd=3) 
 
set.seed(323); J=1000;   
lamv=rgamma(J,(n-1)/2,sy2*(n-1)/2); muv=rnorm(J,ysbar,1/sqrt((n*lamv))) 
psiv=rep(NA,J);  
for(j in 1:J){ yrsim=rnorm(N-n,muv,1/sqrt(lamv));   ysim=c(ys,yrsim);  
  psiv[j]=psifun(y=ysim)            } 
 
psibar=mean(psiv);  psiint=quantile(psiv,c(0.025,0.975)) 
c(psibar,psiint)  # 1.715 1.456 2.078 
summary(psiv) 
#    Min. 1st Qu.  Median    Mean 3rd Qu.    Max.  
#    1.37    1.60    1.69    1.72    1.81    2.34 
 
#         hist(psiv,prob=T) 
hist(psiv,prob=T,xlab="psi", xlim=c(1.3,2.4), ylim=c(0,4),breaks=seq(1,2.5,0.05), 
 main="") 
abline(v=c(psibar,psiint),lwd=3); den=density(psiv) 
lines(den,lwd=3); points(psi,0,pch=16) 
 
psimedian=median(psiv) 
psimode=den$x[den$y==max(den$y)] 
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c(psibar,psimedian,psimode) # 1.715 1.688 1.659 
 
# (e)  Follows on from (d) 
 
K = 100; J=1000; psibarvec=rep(NA,K); LBvec= psibarvec; UBvec=LBvec;   
alp=0.05 
set.seed(411);  
 
date() #    
for(k in 1:K){  
 ys=sample(y,n);  ysbar=mean(ys); sy2=var(ys) 
 lamv=rgamma(J,(n-1)/2,sy2*(n-1)/2);  
 muv=rnorm(J,ysbar,1/sqrt((n*lamv))) 
 psiv=rep(NA,J); for(j in 1:J){  
  yrsim=rnorm(N-n,muv,1/sqrt(lamv)) 
  ysim=c(ys,yrsim) 
  psiv[j]=psifun(y=ysim)         
  } 
 psibarvec[k] = mean(psiv);    
 LBvec[k]=quantile(psiv,alp/2);  UBvec[k]=quantile(psiv,1-alp/2)   
 };    
date() #    Simulation with K=100 & J=1000  takes 12 seconds 
 
ct=0; for(k in 1:K) if((LBvec[k]<=psi)&&(psi<=UBvec[k])) ct=ct+1 
 
# hist(psibarvec,prob=T) 
hist(psibarvec,prob=T,xlab="psibar", xlim=c(1.2,2), ylim=c(0,6.5),  
 breaks=seq(1.2,2,0.025), main= "") 
points(psi,0,pch=16) 
 
# Characteristics of posterior mean estimate -------------- 
Eest=mean(psibarvec); Eci=Eest+c(-1,1)*qnorm(0.975)*sd(psibarvec)/sqrt(K) 
Cest=ct/K; Cci=Cest+c(-1,1)*qnorm(0.975)*sqrt(Cest*(1-Cest)/K) 
c(Eest,Eci,Cest,Cci) # 1.6168 1.5962 1.6374 0.9100 0.8539 0.9661 
Biasest=Eest-psi; Biasci=Eci-psi; c(Biasest,Biasci)  #  0.08084 0.06024 0.10144 
c(Biasest,Biasci)/psi  # 0.05263 0.03922 0.06604 
abline(v=c(Eest,Eci), lty=1, lwd=3);   lines(density(psibarvec),lty=1,lwd=3) 
 
# (f)  Follows on from (e)  
 
K = 100; J=1000; LBvec= rep(NA,K); UBvec=LBvec;  alp=0.05 
psimodevec= LBvec; psimedianvec= LBvec; set.seed(411);  
 
date() #    
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for(k in 1:K){  
 ys=sample(y,n);  ysbar=mean(ys); sy2=var(ys) 
 lamv=rgamma(J,(n-1)/2,sy2*(n-1)/2);  
 muv=rnorm(J,ysbar,1/sqrt((n*lamv))) 
 psiv=rep(NA,J); for(j in 1:J){  
  yrsim=rnorm(N-n,muv,1/sqrt(lamv)) 
  ysim=c(ys,yrsim) 
  psiv[j]=psifun(y=ysim)         
  } 
 psimedianvec[k] = median(psiv) 
 den=density(psiv);  psimodevec[k]=den$x[den$y==max(den$y)] 
 LBvec[k]=quantile(psiv,alp/2);  UBvec[k]=quantile(psiv,1-alp/2)   
 }    
date() #    Simulation with K=100 & J=1000  takes 12 seconds 
ct=0; for(k in 1:K) if((LBvec[k]<=psi)&&(psi<=UBvec[k])) ct=ct+1 
 
# hist(psimedianvec,prob=T)  
hist(psimedianvec,prob=T,xlab="psimedian", xlim=c(1.2,2),  
 ylim=c(0,6),breaks=seq(1.2,2,0.025), main= "") 
points(psi,0,pch=16) 
 
# Characteristics of posterior median estimate ----------------- 
Eest=mean(psimedianvec);  
Eci=Eest+c(-1,1)*qnorm(0.975)*sd(psibarvec)/sqrt(K) 
Cest=ct/K; Cci=Cest+c(-1,1)*qnorm(0.975)*sqrt(Cest*(1-Cest)/K) 
c(Eest,Eci,Cest,Cci) # 1.5947 1.5741 1.6153 0.9100 0.8539 0.9661 
Biasest=Eest-psi; Biasci=Eci-psi; c(Biasest,Biasci)  # 0.05873 0.03813 0.07934 
c(Biasest,Biasci)/psi  # 0.03824 0.02483 0.05165 
abline(v=c(Eest,Eci), lty=1, lwd=3);   lines(density(psimedianvec),lty=1,lwd=3) 
 
# hist(psimodevec,prob=T)  
hist(psimodevec,prob=T,xlab="psimode", xlim=c(1.2,2),  
 ylim=c(0,6),breaks=seq(1.2,2,0.025), main= "") 
points(psi,0,pch=16) 
 
# Characteristics of posterior mode estimate -------------------- 
Eest=mean(psimodevec); Eci=Eest+c(-1,1)*qnorm(0.975)*sd(psibarvec)/sqrt(K) 
Cest=ct/K; Cci=Cest+c(-1,1)*qnorm(0.975)*sqrt(Cest*(1-Cest)/K) 
c(Eest,Eci,Cest,Cci) # 1.5579 1.5373 1.5785 0.9100 0.8539 0.9661 
Biasest=Eest-psi; Biasci=Eci-psi; c(Biasest,Biasci)   

# 0.021933 0.001332 0.042534 
c(Biasest,Biasci)/psi  # 0.0142795 0.0008672 0.0276917 
abline(v=c(Eest,Eci), lty=1, lwd=3);   lines(density(psimodevec),lty=1,lwd=3) 
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Chapter 12 Biased Sampling and Nonresponse 
 
R Code for Exercise 12.2 
 
# Preliminary: Data generation and description =========== 
 
X11(w=8,h=4);  par(mfrow=c(1,1));       options(digits=4);      
N=500; n=100; mu=10; sig=2; a=-15;   b=1.4;  
set.seed(421); y=rnorm(N,mu,sig)   # N finite population values 
p=1/(1+exp(-(a+b*y)))  # N probabilities of response (logistic) 
plot(y,p) # OK 
 
set.seed(123); R=rbinom(N,1,p) # N response indicators 
set.seed(421); s=sort(sample(1:N,n))    # n sample labels 
 
r = (1:N)[-s]    # N-n nonsample labels 
ys=y[s]    # n sample values 
yr=y[r]   # N-n nonsample values 
Rs = R[s]  # n sample response indicators 
Rr = R[r]  # N-n nonsample response indicators 
 
no = sum(Rs); nu = n-no; c(no,nu)  

#   34 66     numbers of observed and unobserved units 
o = s[Rs==1]   # labels of observed sample values 
u = s[Rs==0]   # labels of unobserved sample values 
   
rbind(s[1:10],Rs[1:10]) 
# [1,]    6    7   14   17   22   37   39   48   66    69 
# [2,]    0    0    1    0    1    0    0    0    1     1 
o[1:5]  # 14 22 66 69 78        Correct 
u[1:5]  # 6  7 17 37 39       Correct 
 
yo = y[o]; yu = y[u] 
ybar=mean(y); ysbar=mean(ys); yrbar=mean(yr);  
yobar=mean(yo); yubar=mean(yu) 
c(ybar,ysbar,yrbar,yobar,yubar) #   10.095  9.907 10.143 11.938  8.860 
 
# Plot population and sample values ------------------------------- 
par(mfrow=c(1,2)) 
hist(y,prob=T,xlab="value", main="Population", 
 xlim=c(3,17),ylim=c(0,0.25), breaks=seq(0,20,1)) 
lines(seq(0,20,0.1),dnorm(seq(0,20,0.1),mu,sig),lwd=3) 
points(ybar,0,pch=16)    
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hist(ys,prob=T,xlab="value", main="Sample", 
 xlim=c(3,17),ylim=c(0,0.25), breaks=seq(0,20,1)) 
lines(seq(0,20,0.1),dnorm(seq(0,20,0.1),mu,sig),lwd=3) 
points(ysbar,0,pch=16) 
 
# Plot observed and unobserved sample values ------------------------------- 
par(mfrow=c(1,2)) 
hist(yo,prob=T,xlab="value", main="Observed", 
 xlim=c(3,17),ylim=c(0,0.35), breaks=seq(0,20,1)) 
lines(seq(0,20,0.1),dnorm(seq(0,20,0.1),mu,sig),lwd=3) 
points(yobar,0,pch=16) 
hist(yu,prob=T,xlab="value", main="Unobserved", 
 xlim=c(3,17),ylim=c(0,0.35), breaks=seq(0,20,1)) 
lines(seq(0,20,0.1),dnorm(seq(0,20,0.1),mu,sig),lwd=3) 
points(yubar,0,pch=16) 
 
# Plot probabilities of response in population -------------- 
par(mfrow=c(1,1)) 
plot(y,p,xlab="y",ylab="p",main="") 
points(y[R==0], p[R==0],pch=4,cex=1.5) 
text(8,0.8,"The crosses represent nonrespondents") 
 
# Plot probabilities of response in sample and follow-up subsample -------------- 
par(mfrow=c(1,1)); plot(ys,p[s],xlab="y",ylab="p",main="") 
points(ys[Rs==0], p[s][Rs==0],pch=4,cex=1.5) 
 
nf=15; set.seed(112); followup = sort(sample(1:nu, nf))    # Follow up sample 
f=u[followup]  # pop. labels of follow-up units 
yf=y[f]  # The follow-up sample vector 
yfbar=mean(yf); yfbar  # 8.601     mean of follow-up values 
points(yf, p[f], pch=16)  # OK 
text(8,0.8,"The crosses represent nonrespondents") 
text(8,0.7,"The dots represent follow-up units") 
 
# Print data -------------------------------------------------- 
s   # [1]   6   7  14  17  22  37  39  48  66  69  73  77  78 103 105 106 117……… 
o  # [1]  14  22  66  69  78 141 152 156 172 228 230 232 …… 
f  # [1]   17  73  77 128 145 163 187 196 253 271 318 357 436 438 481 
 
paste(as.character(round(yo,2)), collapse=", ") 
# 12.57, 13.35, 11.47, 14.81, 13.25, 14.09, 11.55, 11.32,13.2,11.28,9.7,12.18,  
# 11.49, 10.52,  9.93, 11.84, 12.2, 10.57, 11.9, 14.75, 10.34, 14.37, 12.13, 8.56,  
# 11.91, 11.79, 11.45, 14.98,  10.57, 12.28, 9.91, 10.94, 13.28, 11.43 
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paste(as.character(round(yf,2)), collapse=", ") 
# 5.4, 9.41, 7.03, 8.88, 11.47, 7, 9.44, 8.58,9.27,8.18,8.62,8.73,7.33,9.81, 9.88 
 
# (a) =================================== 
yo = c(12.57, 13.35, 11.47, 14.81, 13.25, 14.09, 11.55, 11.32, 13.2, 11.28, 9.7,  
12.18, 11.49, 10.52,  9.93, 11.84, 12.2, 10.57, 11.9, 14.75, 10.34, 14.37, 12.13,  
8.56, 11.91, 11.79, 11.45, 14.98,  10.57, 12.28, 9.91, 10.94, 13.28, 11.43) 
no=length(yo); N=500;  ybarhata = mean(yo); so=sd(yo)  
ybarcpdra=ybarhata+c(-1,1)*qt(0.975,no-1)*(so/sqrt(no))*sqrt(1-no/N) 
c(no,so,ybarhata, ybarcpdra) # 34.000  1.552 11.939 11.416 12.461 
 
# (b) =================================== 
yf = c(5.4,9.41,7.03,8.88,11.47,7,9.44,8.58,9.27,8.18,8.62,8.73,7.33, 9.81,9.88) 
yof=c(yo,yf); nof=no+nf;  ybarhatb = mean(yof);sof=sd(yof) 
ybarcpdrb=ybarhatb+c(-1,1)*qt(0.975,nof-1)*(sof/sqrt(nof))*sqrt(1-nof/N) 
c(nof,sof,ybarhatb, ybarcpdrb) # 49.000  2.168 10.917 10.326 11.509 
 
# (c) ============================================ 
# Plot observed and follow-up sample values separately 
par(mfrow=c(1,2)) 
hist(yo,prob=T,xlab="value", main="Initially observed", 
 xlim=c(3,17),ylim=c(0,0.35), breaks=seq(0,20,1));  
points(mean(yo),0,pch=16); 
hist(yf,prob=T,xlab="value", main="Follow-up", 
 xlim=c(3,17),ylim=c(0,0.35), breaks=seq(0,20,1));  
points(mean(yf),0,pch=16) 
 
WinBUGS code for Exercise 12.2 
 
model 
{ 
for(i in 1:n){ 
   zs[i] <- a + b*ys[i] 
   logit(ps[i])<- zs[i] 
   rs[i] ~ dbern(ps[i]) 
   ys[i] ~ dnorm(mu,lam) 
   } 
a ~ dnorm(0.0,0.001) 
b ~ dnorm(0.0,0.001) 
mu ~ dnorm(0.0,0.001) 
lam ~ dgamma(0.001,0.001) 
ysT <- sum(ys[]) 
meanyrT <- nr*mu 
precyrT <- lam/nr 
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yrT ~ dnorm(meanyrT,precyrT) 
ybar <- (ysT+yrT)/(n+nr) 
} 
 
# data 
list(  n=100, nr=400, 
 rs=c( 1,1,1,1,1,1,1,1,1,1,  1,1,1,1,1,1,1,1,1,1, 
  1,1,1,1,1,1,1,1,1,1,  1,1,1,1,0,0,0,0,0,0, 
  0,0,0,0,0,0,0,0,0,0,  0,0,0,0,0,0,0,0,0,0,   
  0,0,0,0,0,0,0,0,0,0,  0,0,0,0,0,0,0,0,0,0,   
  0,0,0,0,0,0,0,0,0,0,  0,0,0,0,0,0,0,0,0,0), 
 
ys=c(  
12.57, 13.35, 11.47, 14.81, 13.25,  14.09, 11.55, 11.32, 13.2, 11.28,  
9.7, 12.18, 11.49, 10.52, 9.93,   11.84, 12.2, 10.57, 11.9, 14.75,  
10.34, 14.37, 12.13, 8.56, 11.91,  11.79, 11.45, 14.98, 10.57, 12.28,  
9.91, 10.94, 13.28, 11.43, 5.4,   9.41, 7.03, 8.88, 11.47, 7,  
9.44, 8.58, 9.27, 8.18, 8.62,   8.73, 7.33, 9.81, 9.88, NA,  
NA, NA, NA, NA, NA,   NA, NA, NA, NA, NA,  
NA, NA, NA, NA, NA,   NA, NA, NA, NA, NA,  
NA, NA, NA, NA, NA,   NA, NA, NA, NA, NA,  
NA, NA, NA, NA, NA,   NA, NA, NA, NA, NA,  
NA, NA, NA, NA, NA,   NA, NA, NA, NA, NA)    ) 
 
# inits 
list(a=0,b=0,mu=0,lam=1) 
 
WinBUGS Code for Example 12.4  
 
model;    
{ 
   ysT~ dbin(omega,n) 
   omega <- (p*lam)/(1-p+lam*p) 
   lam ~ dgamma(eta,tau) 
   p ~ dbeta(alpha,beta) 
} 
 
# data 
list(ysT=4941,n=9453,eta=0.000001, 
tau=0.000001,alpha=830,beta=1395) 
 
# inits 
list(p=0.5,lam=1) 
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R Code for Example 12.4  
 
# Need to run BUGS code above first, using coda to create output in data.txt 
 
options(digits=3);   0.33*0.28/(0.72*0.67) # 0.192 
0.523*(1-0.373)/(0.373*(1-0.523))  # 1.84 
0.592/(1.84-1.84*0.592+0.592) # 0.441 
CIomega = 0.592+c(-1,1)*1.96*sqrt(0.592*(1-0.592)/4299)  
CIp = (CIomega/(1.84-1.84*CIomega+CIomega)) 
c(CIomega, CIp)  # 0.577 0.607 0.426 0.456 
 
out=read.table(file=file.choose())  # choose data.txt from BUGS run 
lamvec = out[1:10000,2]; options(digits=5) 
lambar=mean(lamvec); lamvar=var(lamvec) 
taufit=lambar/lamvar;  etafit=lambar*taufit 
c(lambar, lamvar, etafit, taufit)    

# 1.8432e+00 7.8849e-03 4.3087e+02 2.3376e+02 
summary(lamvec) 
#    Min. 1st Qu.  Median    Mean 3rd Qu.    Max.  
#    1.55    1.78    1.84    1.84    1.90    2.20 
X11(w=8,h=4); par(mfrow=c(1,1)) 
lamv <- seq(1.4,2.4,0.001) 
fv <- dgamma(lamv,431,234) 
hist(lamvec,prob=T,xlim=c(1.4,2.4),ylim=c(0,5),xlab="lambda",cex=1.5, 
 breaks=seq(1,3,0.025), main="") 
lines(lamv,fv,lwd=3) 
     
WinBUGS Code for Example 12.5 
 
model;    
{ 
   ysT~ dbin(omega,n) 
   omega <- (p*lam)/(1-p+lam*p) 
   lam ~ dgamma(eta,tau) 
   p ~ dbeta(alpha,beta) 
} 
 
# data 
list(ysT=2544,n=4299,eta=431, 
tau=234,alpha=1,beta=1) 
 
# inits 
list(p=0.5,lam=1)    
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R Code for Exercise 12.3 
 
MH = function(J=100,   n=9453, ysT=4941,   alp=830, bet=1395,     
 p=0.5,    phi0=0.1,   lam0=1,       phisd=0.1, lamsd=0.1,  
 eta=1, tau=1,     del=1, gam=1,    c=0.2,   N=200000 ){ 
phi=phi0; lam=lam0;  phiv=phi; lamv=lam; phict=0; lamct=0; pv=NA; yrTv=NA 
for(j in 1:J){ 
 q=p*(1-phi*lam)/(  p*(1-phi*lam) + (1-p)*(1-phi)  ) 
 yrT=rbinom(1,N-n,q); yT=ysT+yrT;  p=rbeta(1,alp+yT,bet+N-yT) 
 phinew=rnorm(1,phi,phisd) 
 if((phinew>0)&&(phinew<c)){ 
  logprobnum=(del-1)*log(phinew)+(gam-1)*log(1- phinew/c)+ 
      n*log(phinew) +yrT*log(1- phinew*lam)+(N-n-yrT)*log(1-phinew) 
  logprobden=(del-1)*log(phi)+(gam-1)*log(1-phi/c)+ 
   n*log(phi) +yrT*log(1-phi*lam)+(N-n-yrT)*log(1-phi) 
  logprob= logprobnum- logprobden; prob=exp(logprob) 
  u=runif(1); if(u<=prob){ phict=phict+1; phi=phinew }      } 
 lamnew=rnorm(1,lam,lamsd) 
 if((lamnew>0)&&(lamnew<(1/c))){ 
    logprobnum=  (eta-1)*log(lamnew)+(tau-1)*log(1- lamnew*c)+ 
   ysT*log(lamnew)+yrT*log(1-phi*lamnew) 
  logprobden=  (eta-1)*log(lam)+(tau-1)*log(1-lam*c)+ 
   ysT*log(lam)+yrT*log(1-phi*lam) 
  logprob= logprobnum- logprobden; prob=exp(logprob) 
  u=runif(1); if(u<=prob){ lamct=lamct+1; lam=lamnew }      } 
 phiv=c(phiv,phi); lamv=c(lamv,lam); pv=c(pv,p); yrTv=c(yrTv,yrT)  } 
phiar=phict/J; lamar=lamct/J 
list(pv=pv, yrTv=yrTv, phiv=phiv, lamv=lamv, phiar=phiar, lamar=lamar)   }  
        # end fn 
X11(w=8,h=6);     par(mfrow=c(2,2));     options(digits=5); N=200000 
 
# A ---------------------------------- 
 
set.seed(531); res=MH(J=2000,   n=9453, ysT=4941,   alp=830, bet=1395,     
 p=0.5,    phi0=0.1,   lam0=1,       phisd=0.0007, lamsd=0.04,  
 eta=1, tau=1,     del=1, gam=1,    c=0.2,   N=N ) 
c(res$phiar,res$lamar)  # 0.513 0.536    OK 
plot(res$pv); plot(res$yrTv); plot(res$phiv); plot(res$lamv)   # Has burnt in OK 
p0=res$pv[2001]; lam0=res$lamv[2001]; phi0=res$phiv[2001]  

# record last values 
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set.seed(131); K=10000; date() # 
res=MH(J=K,   n=9453, ysT=4941,   alp=830, bet=1395,     
 p=p0,    phi0=phi0,   lam0=lam0,   phisd=0.0006, lamsd=0.04, 
 eta=1, tau=1,     del=1, gam=1,    c=0.2,   N=N  ); date()  #  
c(res$phiar,res$lamar)  # 0.5548 0.5707     OK 
plot(res$pv); plot(res$yrTv); plot(res$phiv); plot(res$lamv)   # OK 
    
# Example of optional thinning to reduce serial correlation: 
# acf(res$pv[-1]); acf (res$yrTv[-1]); acf (res$phiv[-1]); acf (res$lamv[-1])   
# skip=10; inc=1+seq(skip,K,skip); J=length(inc); J # 1000 
# pv= res$pv[inc]; yrTv= res$yrTv[inc]; phiv=res$phiv[inc]; lamv=res$lamv[inc] 
# acf(pv); acf(yrTv); acf(phiv); acf(lamv)  # better 
 
skip=1; inc=1+seq(skip,K,skip); J=length(inc); J # 10000  (Just use whole sample) 
pv= res$pv[inc]; yrTv= res$yrTv[inc]; phiv=res$phiv[inc]; lamv=res$lamv[inc] 
hist(pv,prob=T); hist(yrTv,prob=T); hist(phiv,prob=T); hist(lamv,prob=T);  # OK 
 
# Calculate estimates (Note we could improve these via Rao-Blackwell): 
phat=mean(pv); pcpdr=quantile(pv,c(0.025,0.975)); pse=sd(pv) 
lamhat=mean(lamv); lamcpdr=quantile(lamv,c(0.025,0.975)); lamse=sd(lamv) 
phihat=mean(phiv); phicpdr=quantile(phiv,c(0.025,0.975)); phise=sd(lamv) 
n= 9453; ysT=4941;  ybarv=(1/N)*(ysT+yrTv);   
ybarhat=mean(ybarv);  ybarcpdr=quantile(ybarv,c(0.025,0.975));  
ybarse=sd(ybarv) 
print(cbind(c(phihat, phise ,phicpdr), c(lamhat, lamse ,lamcpdr), 
 c(phat, pse,pcpdr), c(ybarhat,ybarse, ybarcpdr)), digits=4) 
 
# B ---------------------------------- 
 
# phi  lam  p  ybar 
#             0.03597  1.84686  0.37259  0.37259  mean 
#             0.08789  0.08789  0.01017  0.01022     se 
# 2.5%   0.03449  1.68272  0.35266  0.35250     LB 
# 97.5% 0.03749  2.02311  0.39190  0.39202     UB 
 
# Repeat above exactly from A to B but after setting  N=400000. Results: 
#        0.01803  1.83548  0.37394  0.373948 
#        0.08546  0.08546  0.00981  0.009832 
# 2.5%  0.01731  1.68407  0.35413  0.354113 
# 97.5% 0.01878  2.00923  0.39122  0.391193 
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# Repeat above exactly from A to B but after setting N=40000. Results: 
#        0.18123  1.81588  0.375693  0.375834 
#        0.07579  0.07579  0.009203  0.009399 
# 2.5%  0.17492  1.66922  0.357356  0.357050 
# 97.5% 0.18813  1.97208  0.393969  0.394500 
   
# Now calculate new prior from posterior of lambda (based on 1st run above): 
c(lamhat,lamse) # 1.846864 0.087889 
fun=function(etatau, c=0.2, est=lamhat, se=lamse){ 
 (est-(1/c)*etatau[1]/sum(etatau))^2+ 
      (  se^2 - (1/c^2)*prod(etatau)/( sum(etatau)^2*(1 + sum(etatau)) )   )^2    } 
etataunew0 = optim(par=c(2,5), fn=fun)$par 
etataunew = optim(par= etataunew0, fn=fun)$par 
 
etanew=etataunew[1]; taunew=etataunew[2]  
c(etanew, taunew) # 278.10 474.79 
(1/0.2)*etanew/(etanew+taunew) # 1.8469 
sqrt((1/0.2^2)*etanew*taunew/((etanew+taunew)^2*(etanew+taunew+1))) 
      # 0.087889 OK 
 
# Now run MCMC with new prior and data:  ------------------------------ 
par(mfrow=c(2,2));    N=200000 
 
# C ----------------------------------------------------------- 
 
set.seed(531); res=MH(J=2000,   n=4299, ysT=2544,   alp=1, bet=1,     
 p=0.5,    phi0=0.1,   lam0=1,       phisd=0.0007, lamsd=0.04,  
 eta=etanew, tau=taunew,     del=1, gam=1,    c=0.2,   N=N ) 
c(res$phiar,res$lamar)  # 0.4295 0.5485   OK 
plot(res$pv); plot(res$yrTv); plot(res$phiv); plot(res$lamv)   # Has burnt in OK 
p0=res$pv[2001]; lam0=res$lamv[2001]; phi0=res$phiv[2001]  
     # record last values 
 
set.seed(131); K=10000; date() # 
res=MH(J=K,   n=4299, ysT=2544,   alp=1, bet=1,     
 p=p0,    phi0=phi0,   lam0=lam0,   phisd=0.0004, lamsd=0.05, 
 eta= etanew, tau= taunew,     del=1, gam=1,    c=0.2,   N=N  ); date()  #  
c(res$phiar,res$lamar)  # 0.5473 0.5908   OK 
plot(res$pv); plot(res$yrTv); plot(res$phiv); plot(res$lamv)   # OK 
 
skip=1; inc=1+seq(skip,K,skip); J=length(inc); J # 10000  (Just use whole sample) 
pv= res$pv[inc]; yrTv= res$yrTv[inc]; phiv=res$phiv[inc]; lamv=res$lamv[inc] 
hist(pv,prob=T); hist(yrTv,prob=T); hist(phiv,prob=T); hist(lamv,prob=T);  # OK 
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# Calculate estimates (Note we could improve these via Rao-Blackwell): 
 
phat=mean(pv); pcpdr=quantile(pv,c(0.025,0.975)); pse=sd(pv) 
lamhat=mean(lamv); lamcpdr=quantile(lamv,c(0.025,0.975)); lamse=sd(lamv) 
phihat=mean(phiv); phicpdr=quantile(phiv,c(0.025,0.975)); phise=sd(lamv) 
n= 9453; ysT=4941;  ybarv=(1/N)*(ysT+yrTv);   
ybarhat=mean(ybarv);  ybarcpdr=quantile(ybarv,c(0.025,0.975));  
ybarse=sd(ybarv) 
print(cbind(c(phihat, phise ,phicpdr), c(lamhat, lamse ,lamcpdr), 
 c(phat, pse,pcpdr), c(ybarhat,ybarse, ybarcpdr)), digits=4) 
 
# D ------------------------------------------------- 
 
# phi  lam  p  ybar 
#        0.01570  1.84272  0.44049  0.45248 mean 
#        0.08792  0.08792  0.01408  0.01403 se 
# 2.5%   0.01495  1.67553  0.41344  0.42555 LB 
# 97.5% 0.01656  2.01139  0.46602  0.47799 UB 
  
# Repeat above exactly from C to D but with N=400000. Results: 
#        0.007863  1.83516  0.44193  0.44792 
#        0.087755  0.08776  0.01375  0.01372 
# 2.5%  0.007482  1.66809  0.41563  0.42160 
# 97.5% 0.008299  2.00048  0.46819  0.47409 
 
# Repeat above exactly from C to D but with N=40000. Results: 
#        0.07888  1.82895  0.44228  0.50220 
#        0.08162  0.08162  0.01359  0.01337 
# 2.5%  0.07538  1.66402  0.41490  0.47517 
# 97.5% 0.08278  1.99275  0.47007  0.52985 
 
# Repeat above exactly from C to D but with N=20000 and 15000 to produce  
# extra graphs. We omit the code for the case N = 15000, c=0.5  and the case  
# N = 15000, c = 1 
 
# (e) 
MH2 = function(J=100,   n=9453, ysT=4941,   alp=830, bet=1395,     
 p0=0.5, phi0=0.1, lam0=1,      psd=0.1, phisd=0.1, lamsd=0.1,  
 eta=1, tau=1,     del=1, gam=1,    c=0.2,   N=200000 ){ 
p=p0; phi=phi0; lam=lam0;    pv=p; phiv=phi; lamv=lam;  pct=0; phict=0;  
lamct=0;   
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for(j in 1:J){ 
 pnew=rnorm(1,p,psd) 
 if((pnew >0)&&(pnew <1)){ 
  logprobnum=(alp-1+ysT)*log(pnew)+(bet-1+n-ysT)*log(1-pnew) + 
   (N-n)*log((1-pnew)*(1-phi)+pnew*(1-phi*lam)) 
  logprobden=(alp-1+ysT)*log(p)+(bet-1+n-ysT)*log(1-p) + 
   (N-n)*log((1-p)*(1-phi)+p*(1-phi*lam)) 
  logprob= logprobnum- logprobden; prob=exp(logprob) 
  u=runif(1); if(u<=prob){ pct=pct+1; p=pnew }      } 
 
 phinew=rnorm(1,phi,phisd) 
 if((phinew>0)&&(phinew<c)){ 
    logprobnum=(del-1+n)*log(phinew)+(gam-1)*log(1- phinew/c)+ 
   (N-n)*log((1-p)*(1-phinew)+p*(1-phinew*lam)) 
  logprobden=(del-1+n)*log(phi)+(gam-1)*log(1-phi/c)+ 
   (N-n)*log((1-p)*(1-phi)+p*(1-phi*lam)) 
  logprob= logprobnum- logprobden; prob=exp(logprob) 
  u=runif(1); if(u<=prob){ phict=phict+1; phi=phinew }      } 
 
 lamnew=rnorm(1,lam,lamsd) 
 if((lamnew>0)&&(lamnew<(1/c))){ 
    logprobnum=  (eta-1+ysT)*log(lamnew)+(tau-1)*log(1- lamnew*c)+ 
   (N-n)*log((1-p)*(1-phi)+p*(1-phi*lamnew)) 
  logprobden=  (eta-1+ysT)*log(lam)+(tau-1)*log(1- lam*c)+ 
   (N-n)*log((1-p)*(1-phi)+p*(1-phi*lam)) 
  logprob= logprobnum- logprobden; prob=exp(logprob) 
  u=runif(1); if(u<=prob){ lamct=lamct+1; lam=lamnew }      } 
 
 pv=c(pv,p); phiv=c(phiv,phi); lamv=c(lamv,lam)  } 
 
par=pct/J; phiar=phict/J; lamar=lamct/J 
list(pv=pv, phiv=phiv, lamv=lamv, par=par, phiar=phiar, lamar=lamar)   }  

# end fn 
 
X11(w=8,h=6);      par(mfrow=c(2,2))  
N=200000; n = 4299; ysT=2544;   K=2000 
set.seed(531); res=MH2(J=K,   n=4299, ysT=2544,   alp=1, bet=1,     
 p0=0.5,   phi0=0.1,   lam0=1,      psd=0.008,  phisd=0.0007, lamsd=0.04,  
 eta= etanew, tau= taunew,     del=1, gam=1,    c=0.2,   N=N ) 
c(res$par, res$phiar,res$lamar)  # 0.6580 0.4135 0.6045  OK 
plot(res$pv); plot(res$phiv); plot(res$lamv)   # Has burnt in OK 
p0=res$pv[2001]; lam0=res$lamv[2001]; phi0=res$phiv[2001]  

# record last values 
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set.seed(131); K=10000; par(mfrow=c(2,2)); date() # 
res=MH2(J=K,   n=4299, ysT=2544,   alp=1, bet=1,     
 p0=p0,   phi0=phi0,   lam0=lam0, psd=0.008,   phisd=0.0006,  
 lamsd=0.04, 
 eta= etanew, tau= taunew,     del=1, gam=1,    c=0.2,   N=N  ); date()  #  
c(res$par, res$phiar,res$lamar)  # 0.6825 0.4315 0.6643    OK 
plot(res$pv); plot(res$phiv); plot(res$lamv)   # OK 
 
skip=1; inc=1+seq(skip,K,skip); J=length(inc); J  

# 10000  (Just use whole sample) 
pv= res$pv[inc]; phiv=res$phiv[inc]; lamv=res$lamv[inc] 
par(mfrow=c(2,2)); hist(pv,prob=T); hist(phiv,prob=T); hist(lamv,prob=T);   

# OK 
 
# Calculate estimates  
phat=mean(pv); pcpdr=quantile(pv,c(0.025,0.975)); pse=sd(pv) 
lamhat=mean(lamv); lamcpdr=quantile(lamv,c(0.025,0.975)); lamse=sd(lamv) 
phihat=mean(phiv); phicpdr=quantile(phiv,c(0.025,0.975)); phise=sd(lamv) 
 
# Generate sample from predictive dsn of finite population mean 
zv=pv*(1-phiv*lamv)/( pv*(1-phiv*lamv) + (1-pv)*(1-phiv)  ) 
set.seed(331); yrTv = rbinom(J, N-n, zv);   ybarv=(1/N)*(ysT+yrTv) 
ybarhat=mean(ybarv);  ybarcpdr=quantile(ybarv,c(0.025,0.975));  
ybarse=sd(ybarv) 
 
# Print out inferences 
print(cbind(c(phihat, phise ,phicpdr), c(lamhat, lamse ,lamcpdr), 
 c(phat, pse,pcpdr), c(ybarhat,ybarse, ybarcpdr)), digits=4) 
#        0.01567  1.8491   0.43973  0.43973 
#        0.08660  0.0866   0.01387  0.01382 
# 2.5%  0.01491  1.6844   0.41331 0.41346 
# 97.5% 0.01650  2.0278   0.46689  0.46673 
  
RBest=mean(zv); RBci=RBest+c(-1,1)*qnorm(0.975)*sd(zv)/sqrt(J) 
c(RBest,RBci)  #   0.43639 0.43612 0.43667                  
(1/N)*(ysT+(N-n)*RBest)  # 0.43973 
(1/N)*(ysT+(N-n)*RBci)  # 0.43946 0.44000 
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Appendix A Additional Exercises 
 

R Code for Exercise A.1 
 
# (a) 
options(digits=4) 
INTEG <- function(xvec, yvec, a = min(xvec), b = max(xvec)){ 
# Integrates numerically under a spline through the points given by  
# the vectors xvec and yvec, from a to b. 
fit <- smooth.spline(xvec, yvec) 
spline.f <- function(x){predict(fit, x)$y } 
integrate(spline.f, a, b)$value   } 
INTEG(seq(0,1,0.01), seq(0,1,0.01)^2, 0,1)   # 0.3333 correct 
 
X11(w=8,h=6);     par(mfrow=c(2,2));  
set.seed(221); m=rgamma(1,1,1); v=m^2; n=100; y=rnorm(n,m,m); c(m,v)  

# 0.7071 0.5000 
hist(y,prob=T,xlim=c(-2,4),ylim=c(0,0.8), breaks=seq(-2,4,0.25), 
 main="(a) Histogram of 100 y-values") 
yvec=seq(-2,4,0.01); lines(yvec,dnorm(yvec,m,m),lwd=3) 
abline(v=c(m,m+c(-1,1)*qnorm(0.975)*m), lwd=3) 
 
LOGPOST=function(m=2,n=10,y=c(2,1)){  
 -m-n*log(m)-(1/(2*m^2))*sum((y-m)^2)    } 
LOGPOST()  # -9.056    OK 
 
METALG = function(J=1000,y,m0=1,mdel=0.4){ 
m=m0; mv=m; mct=0;  n=length(y); for(j in 1:J){ 
 mcand=runif(1,m-mdel,m+mdel) 
 if(mcand>0){ logprob=LOGPOST(m= mcand,n=n,y=y)- 
      LOGPOST(m=m,n=n,y=y) 
   prob=exp(logprob) 
   u=runif(1); if(u<=prob){ mct=mct+1; m= mcand }   
   } 
 mv=c(mv,m)     
 } 
list(mv=mv,mar=mct/J)     } 
 
set.seed(312); res=METALG(J=10100,y=y,m0=1,mdel=0.11); res$mar # 0.5528 
plot(res$mv,type="l",main="(b) Trace of 10100 m-values");  
 
acf(res$mv, main="(c) Sample ACF of 10000 m-values") 
acf(res$mv, plot=F)[1:5]  # 0.628 0.404 0.259 0.157 0.100 
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mv=res$mv[-(1:101)][seq(10,10000,10)];  
acf(mv, main="(d) Sample ACF of 1000 m-values") 
acf(mv,plot=F)[1:5] # -0.014 -0.001  0.006  0.018  0.014 
J=length(mv); J # 1000 
 
mbar=mean(mv); mci=mbar+c(-1,1)*qnorm(0.975)*sd(mv)/sqrt(J) 
mcpdr=quantile(mv,c(0.025,0.975));  
mvec=seq(0.5,1,0.01); kvec=mvec;  
 for(i in 1:length(mvec)) kvec[i] =  exp(LOGPOST(m=mvec[i],n=n,y=y)) 
k0=INTEG(mvec,kvec); postvec=kvec/k0;   k0 # 6.269e-11 
mhat=INTEG(mvec,mvec*postvec);  
c(mbar,sd(mv),mhat,mci,mcpdr)  
 # 0.73769 0.04305 0.73935 0.73502 0.74036 0.66197 0.82984 
 
fun=function(q,p=0.025){ (INTEG(mvec,postvec,0,q)-p)^2 }  
LB0 = optim(par=0.5,fn=fun)$par;  LB = optim(par= LB0,fn=fun)$par 
fun=function(q,p=0.975){ (INTEG(mvec,postvec,0,q)-p)^2 }  
UB0 = optim(par=0.8,fn=fun)$par;  UB = optim(par= UB0,fn=fun)$par 
c(LB,UB) # 0.6609 0.8305 
INTEG(mvec,postvec,0,LB) # 0.025 
INTEG(mvec,postvec,UB,1) # 0.025 OK      (Ignore all the warnings) 
 
par(mfrow=c(2,1)) 
hist(mv,prob=T,xlim=c(0.6,0.9),ylim=c(0,10), breaks=seq(0.5,1,0.01), 
 xlab="x",main="(e) Histogram of 1000 m-values") 
lines(mvec,postvec,lty=1,lwd=3) 
lines(density(mv),lty=2,lwd=3) 
abline(v=c(mbar,mci,mcpdr),lwd=2) 
points(c(mhat,LB,UB),c(0,0,0),pch=16) 
points(m,0,pch=4,lwd=3) 
 
# Prediction of c ----------------------- 
set.seed(332); cv=rnorm(J,mv,mv/sqrt(10)) 
cbar=mean(cv); cci=cbar+c(-1,1)*qnorm(0.975)*sd(cv)/sqrt(J) 
ccpdr=quantile(cv,c(0.025,0.975)) 
c(cbar,sd(cv),cci,ccpdr)  # 0.7410 0.2253 0.7270 0.7549 0.3063 1.1893 
 
hist(cv,prob=T,xlim=c(0,1.6),ylim=c(0,2.5), breaks=seq(0,1.6,0.05), 
 xlab="c",main="(f) Histogram of 1000 c-values") 
cvec=seq(0,1.5,0.01); fcvec=seq(0,1.5,0.01);  for(i in 1:length(cvec)) 
 fcvec[i]=mean(dnorm(cvec[i],mv,mv/sqrt(10))) 
lines(cvec,fcvec,lty=1,lwd=3); lines(density(cv),lty=2,lwd=3) 
abline(v=c(cbar,cci,ccpdr),lwd=2) 
points(mhat,0,pch=16) 
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# (b) 
X11(w=8,h=6);     par(mfrow=c(2,2));  
y = c(3.4, 6.3, 1.0, 2.9, 1.8,   2.0, 0.5, 7.9, 4.8, 6.5); n = 10; ybar=mean(y);  
ybar # 3.71 
hist(y,prob=T,xlim=c(0,10),ylim=c(0,0.6), breaks=seq(0,10,0.5), 
 main="(a) Histogram of 10 y-values") 
 
set.seed(312); res=METALG(J=10100,y=y,m0=1,mdel=1); res$mar # 0.5954 
plot(res$mv,type="l",main="(b) Trace of 10100 m-values");  
acf(res$mv, main="(c) Sample ACF of 10000 m-values") 
acf(res$mv,plot=F)[1:5]  # 0.710 0.513 0.374 0.270 0.195 
acf(mv, main="(d) Sample ACF of 1000 m-values") 
mv=res$mv[-(1:101)][seq(10,10000,10)];  
acf(mv,plot=F)[1:5]  # 0.056  0.001 -0.006 -0.027  0.035 
J=length(mv); J # 1000 
 
mbar=mean(mv); mci=mbar+c(-1,1)*qnorm(0.975)*sd(mv)/sqrt(J) 
mcpdr=quantile(mv,c(0.025,0.975));  
mvec=seq(1.8,5,0.01); kvec=mvec;  
 for(i in 1:length(mvec)) kvec[i] =  exp(LOGPOST(m=mvec[i],n=n,y=y)) 
k0=INTEG(mvec,kvec); postvec=kvec/k0;   k0 # 3.317e-08 
mhat=INTEG(mvec,mvec*postvec);  
c(mbar,sd(mv),mhat,mci,mcpdr)  

#  2.8907 0.4823 2.9071 2.8608 2.9206 2.1456 3.9827 
 
fun=function(q,p=0.025){ (INTEG(mvec,postvec,1.8,q)-p)^2 }  
LB0 = optim(par=2.1,fn=fun)$par;  LB = optim(par= LB0,fn=fun)$par 
fun=function(q,p=0.975){ (INTEG(mvec,postvec,1.8,q)-p)^2 }  
UB0 = optim(par=4.1,fn=fun)$par;  UB = optim(par= UB0,fn=fun)$par 
c(LB,UB) # 2.143 4.033 
INTEG(mvec,postvec,1.8,LB) # 0.025 
INTEG(mvec,postvec,UB,5) # 0.025 OK      (Ignore all the warnings) 
 
par(mfrow=c(2,1)) 
hist(mv,prob=T,xlim=c(1,5),ylim=c(0,1), breaks=seq(1,5,0.2), 
 xlab="x",main="(e) Histogram of 1000 m-values") 
lines(mvec,postvec,lty=1,lwd=3) 
lines(density(mv),lty=2,lwd=3) 
abline(v=c(mbar,mci,mcpdr),lwd=2) 
points(c(mhat,LB,UB),c(0,0,0),pch=16) 
points(m,0,pch=4,lwd=3) 
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# Prediction of c = (1/40)(y11+...+y50)     (new definition)  ----------------------- 
set.seed(332); cv=rnorm(J,mv,mv/sqrt(40)) 
cbar=mean(cv); cci=cbar+c(-1,1)*qnorm(0.975)*sd(cv)/sqrt(J) 
ccpdr=quantile(cv,c(0.025,0.975)) 
c(cbar,sd(cv),cci,ccpdr)  # 2.8985 0.6594 2.8577 2.9394 1.8105 4.3925 
 
hist(cv,prob=T,xlim=c(1,6), ylim=c(0,0.7), breaks=seq(1,6,0.25), 
 xlab="c",main="(f) Histogram of 1000 c-values") 
cvec=seq(1,6,0.01); fcvec=seq(1,6,0.01);  for(i in 1:length(cvec)) 
 fcvec[i]=mean(dnorm(cvec[i],mv,mv/sqrt(40))) 
lines(cvec,fcvec,lty=1,lwd=3) 
lines(density(cv),lty=2,lwd=3) 
abline(v=c(cbar,cci,ccpdr),lwd=2) 
points(mhat,0,pch=16) 
 
# Now perform inference on the finite population mean,  
#  a=(1/50)*(10*ybar +40*c) 
av=(1/50)*(10*ybar+40*cv) 
abar=mean(av); aci=abar+c(-1,1)*qnorm(0.975)*sd(av)/sqrt(J) 
acpdr=quantile(av,c(0.025,0.975)) 
c(abar,sd(av),aci,acpdr)  # 3.0608 0.5276 3.0281 3.0935 2.1904 4.2560 
 (1/50)*(10*ybar+40*mbar)  # 3.055   RB estimate of predictive mean of a 
(1/50)*(10*ybar+40*mci)   # 3.031 3.078  RB CI for predictive mean of a 
 (1/50)*(10*ybar+40*mhat)   # 3.068   Exact predictive mean of a 
 
X11(w=8,h=4); par(mfrow=c(1,1)) 
 
hist(av,prob=T,xlim=c(1.5,5.5), ylim=c(0,1), breaks=seq(1,6,0.2), xlab="c",  
 main="(g) Histogram of 1000 a-values (finite population mean)") 
avec=seq(1,6,0.01); favec=seq(1,6,0.01);  for(i in 1:length(avec)) 
 favec[i]=  
      mean(  dnorm(  avec[i],  (1/50)*(  10*ybar+40*mv),   mv*sqrt(40)/50   )  ) 
lines(avec,favec,lty=1,lwd=3); lines(density(av),lty=2,lwd=3) 
abline(v=c(abar,aci,acpdr),lwd=2) 
points(  (1/50)*(10*ybar+40*mbar)  ,0.1,pch=1,cex=1, lwd=2) 
points(  (1/50)*(10*ybar+40*mci)  ,c(0.06,0.14), pch=1,cex=1, lwd=2) 
points(  (1/50)*(10*ybar+40*mhat)  ,0,pch=4,lwd=2,cex=2) 
points(ybar,0,cex=1,lwd=2,pch=16) 
legend(3.9,1, c("Histogram density estimate","Rao-Blackwell estimate"),  
 lty=c(2,1), lwd=c(3,3), bg="white") 
legend(3.83,0.67,c("Sample mean","Rao-Blackwell estimate & 95% CI", 
 "Exact predictive mean"),  
 pch=c(16,1,4), pt.cex=c(1,1,2), pt.lwd= c(2,2,2),    bg="white") 
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R Code for Exercise A.2 
 
# (a) 
options(digits=4); n = 100;  X11(w=8,h=4);     par(mfrow=c(1,1));  
set.seed(192); a=rgamma(1,1,1); b=runif(1,0,10); y=rgamma(n,a,b);  
m=a/b; v=a/b^2; c(a,b,m,v) # 1.46321 5.52763 0.26471 0.04789 
 
hist(y,prob=T,xlim=c(0,1.5),ylim=c(0,3), breaks=seq(0,1.5,0.05), 
 main="(a) Histogram of 100 y-values") 
yvec=seq(0,1.5,0.01); lines(yvec,dgamma(yvec,a,b),lwd=3) 
abline(v=m,lwd=3) 
 
sumlogy=sum(log(y)); sumy=sum(y)  # sufficient statistics 
LOGPOST=function(a=1,b=1,n=3,sumlogy=2,sumy=2){  
 -a+n*a*log(b)+(a-1)*sumlogy-b*sumy-n*lgamma(a)  } 
LOGPOST()  # -3     OK 
 
MHALG = function(J=1000,y,a0=1,b0=1,adel=1,bdel=1){ 
a=a0; b=b0;   av=a; bv=b;    act=0; bct=0;   n=length(y);    
sumlogy=sum(log(y)); sumy=sum(y)  # sufficient statistics 
for(j in 1:J){ 
 acand=runif(1,a-adel,a+adel) 
 if(acand>0){  
  logprob=  

LOGPOST (a=acand,b=b,n=n,sumlogy=sumlogy,sumy=sumy)-  
 LOGPOST (a=a,b=b,n=n,sumlogy=sumlogy,sumy=sumy)  
  prob=exp(logprob) 
  u=runif(1); if(u<=prob){ act=act+1; a= acand }   } 
 bcand=runif(1,b-bdel,b+bdel) 
 if((bcand>0)&&(bcand<10)){  
  logprob=  

LOGPOST (a=a,b=bcand,n=n,sumlogy=sumlogy,sumy=sumy)-  
  LOGPOST (a=a,b=b,n=n,sumlogy=sumlogy,sumy=sumy)  
  prob=exp(logprob) 
  u=runif(1); if(u<=prob){ bct=bct+1; b= bcand }    
  } 
 av=c(av,a); bv=c(bv,b) 
 } 
list(av=av,bv=bv,aar=act/J,bar=bct/J)        
} 
 
set.seed(312); res=MHALG(J=10100,y=y,a0=1,b0=1,adel=0.3,bdel=1) 
X11(w=8,h=6); par(mfrow=c(2,1));  
plot(res$av); plot(res$bv); c(res$aar,res$bar) # 0.5055 0.5611 
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av=res$av[-(1:101)][seq(10,10000,10)]; J=length(av); J # 1000 
bv=res$bv[-(1:101)][seq(10,10000,10)]; mv=av/bv 
mbar=mean(mv); mci=mbar+c(-1,1)*qnorm(0.975)*sd(mv)/sqrt(J) 
mcpdr=quantile(mv,c(0.025,0.975));  
c(mbar,mci,mcpdr) #  0.3017 0.3001 0.3033 0.2566 0.3570 
 
X11(w=8,h=4); par(mfrow=c(1,1));  
hist(mv,prob=T,xlim=c(0.2,0.4),ylim=c(0,20), breaks=seq(0.2,0.4,0.005), 
 xlab="m",main="(b) Histogram of 1000 m-values") 
lines(density(mv),lty=1,lwd=3) 
abline(v=c(mbar,mci,mcpdr),lwd=2) 
points(m,0,pch=4,lwd=3) 
 
# Prediction of c ----------------------- 
set.seed(332); cv=rep(NA,J); for(j in 1:J) cv[j]=mean(rgamma(10,av[j],bv[j])) 
cbar=mean(cv); cci=cbar+c(-1,1)*qnorm(0.975)*sd(cv)/sqrt(J) 
ccpdr=quantile(cv,c(0.025,0.975)) 
c(cbar,sd(cv),cci,ccpdr)  # 0.29812 0.08356 0.29294 0.30329 0.15843 0.48783 
hist(cv,prob=T,xlim=c(0.05,0.7),ylim=c(0,7), breaks=seq(0,1.6,0.02), 
 xlab="c",main="(c) Histogram of 1000 c-values") 
lines(density(cv),lty=1,lwd=3); abline(v=c(cbar,cci,ccpdr),lwd=2) 
 
# (b)   
y=c(  0.4, 3.3, 1.0, 2.9, 1.8, 4.1);  X11(w=8,h=6); par(mfrow=c(2,1));  
n=length(y); sumlogy=sum(log(y)); sumy=sum(y)  # sufficient statistics 
set.seed(312); res=MHALG(J=10100,y=y,a0=1,b0=1,adel=1.3,bdel=0.7) 
plot(res$av); plot(res$bv); c(res$aar,res$bar) # 0.5129 0.5094 
 
av=res$av[-(1:101)][seq(10,10000,10)]; J=length(av); J # 1000 
bv=res$bv[-(1:101)][seq(10,10000,10)]; mv=av/bv 
mbar=mean(mv); mci=mbar+c(-1,1)*qnorm(0.975)*sd(mv)/sqrt(J) 
mcpdr=quantile(mv,c(0.025,0.975));  
c(mbar,mci,mcpdr) #  2.256 2.208 2.305 1.148 4.188 
 
X11(w=8,h=4); par(mfrow=c(1,1));  
hist(mv,prob=T,xlim=c(0,7),ylim=c(0,0.8), breaks=seq(0,10,0.5), 
 xlab="x",main="Histogram of 1000 simulated m-values") 
lines(density(mv),lty=2,lwd=3);  abline(v=c(mbar,mci,mcpdr),lwd=2) 
 



Bayesian Methods for Statistical Analysis 

118 

# Prediction of psi ----------------------- 
set.seed(332); psiv=rep(NA,J);  
for(j in 1:J){ yrem=rgamma(24,av[j],bv[j]) 
 yall = c(y,yrem); psiv[j]=mean((abs(yall-mv[j]) ))   } 
psibar=mean(psiv); psici =psibar+c(-1,1)*qnorm(0.975)*sd(psiv)/sqrt(J) 
psicpdr=quantile(psiv,c(0.025,0.975)) 
c(psibar,sd(psiv),psici,psicpdr)  # 1.3068 0.5411 1.2732 1.3403 0.7497 2.7349 
 
hist(psiv,prob=T,xlim=c(0,4),ylim=c(0,1.5), breaks=seq(0,7,0.1), 
 xlab="psi",main="") 
lines(density(psiv),lty=1,lwd=3); abline(v=c(psibar,psici,psicpdr),lwd=2) 
 
R Code for Exercise A.3 
 
# (a) 
X11(w=8,h=5.5);      par(mfrow=c(1,1)); options(digits=4) 
N=100; n=20; a=3; b=0.5; sig=2; set.seed(312); x=runif(N,10,20); 
y=rnorm(N,a+b*x,sig); s=sort(sample(1:N,n)); xs=x[s]; ys=y[s];  
r=(1:N)[-s];    xr=x[r];    yr=y[r];   yT=sum(y);  ysT=sum(ys); yrT=sum(yr) 
ybar=mean(y); ysbar=mean(ys); yrbar=mean(yr);  
xT=sum(x);  xsT=sum(xs); xrT=sum(xr) 
xbar=mean(x); xsbar=mean(xs); xrbar=mean(xr);  
 
m=a+16*b; psi=max(y)/median(y) 
c(m, ybar,max(y),median(y),psi)  # 11.000 10.473     15.234 10.616   1.435 
 
plot(x,y,xlim=c(0,20),ylim=c(0,17));  
points(xs,ys,pch=16); abline(v=0,lty=3); abline(h=0,lty=3); abline(v=16,lty=3);  
abline(h=a+16*b,lty=3);  
abline(a,b,lwd=3);  
abline(lm(y~x),lty=2,lwd=3); abline(lm(ys~xs),lty=3,lwd=3);  
abline(lm(yr~xr),lty=4,lwd=3) 
legend(0,17,bg="white", c("True regression line","Estimate from population", 
 "Estimate from sample","Estimate from nonsample"),  
 lty=1:4,lwd=rep(3,4) ) 
text(16,2,"The solid dots show the sample values") 
 
# (b) Follows on from (a)…. 
# Packages, Load package, MASS        (for use further down) 
 
eta=0; tau=0;  sigma=diag(rep(1,N)); sigmass=diag(rep(1,n));  
sigmarr=diag(rep(1,N-n)); 
p=2;  c=2*eta+n-p;  Xs=cbind(1,xs);    Xr=cbind(1,xr); X=rbind(Xs,Xr)  
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D=solve(t(Xs)%*%solve(sigmass)%*%Xs) 
T=D%*%t(Xs)%*%solve(sigmass)%*%ys; t(T) #  -0.6637  0.7224 
A=2*eta+n-p;  B= 2*tau +  t(ys-Xs%*%T) %*% solve(sigmass) %*%  (ys-Xs%*%T)   
 
J=1000; set.seed(5);   lamvec=rgamma(J,A/2,B/2);    
betamat=matrix(NA,nrow=2,ncol=J) 
for(j in 1:J) betamat[,j] = mvrnorm( n=1, mu=T, Sigma=D/lamvec[j] ) 
 
avec=betamat[1,]; bvec=betamat[2,] 
ahat=mean(avec); bhat=mean(bvec); c(ahat,bhat) # -0.5742  0.7175 
yrmat=matrix(NA,nrow=N-n,ncol=J) 
set.seed(334); for(j in 1:J)  

yrmat[,j]= rnorm(N-n,avec[j]+bvec[j]*xr,1/sqrt(lamvec[j])) 
# Use simulated values of beta and yr to do inference 
mvec=avec+16*bvec; ybarvec=rep(NA,J); psivec=rep(NA,J) 
for(j in 1:J){ ysim = c(ys, yrmat[,j]) 
  ybarvec[j]=mean(ysim) 
  psivec[j] = max(ysim)/median(ysim)    } 
mhat=mean(mvec); mci= mhat +c(-1,1)*qnorm(0.975)*sd(mvec)/sqrt(J) 
 mcpdr=quantile(mvec,c(0.025,0.975)) 
ybarhat=mean(ybarvec);  
ybarci = ybarhat +c(-1,1)*qnorm(0.975)*sd(ybarvec)/sqrt(J) 
  ybarcpdr=quantile(ybarvec,c(0.025,0.975)) 
psihat=mean(psivec); psici = psihat +c(-1,1)*qnorm(0.975)*sd(psivec)/sqrt(J) 
  psicpdr=quantile(psivec,c(0.025,0.975)) 
 
hist(mvec,prob=T,xlim=c(8,14),ylim=c(0,1), breaks=seq(7,14,0.25), 
 xlab="m",main="(a) Histogram of 1000 m-values")  # Ignore warnings 
lines(density(mvec),lty=2,lwd=3) # Histogram estimate  
abline(v=c(mhat,mci,mcpdr),lty=2,lwd=3) # Histogram estimates 
mhat2=c(1,16)%*%T; points(mhat2,0, pch=16,cex=1.5) # Exact posterior mean 
mvarterm2=c(1,16)%*%D%*%c(1,16); msdterm2=sqrt(mvarterm2) 
mv=seq(6,16,0.05); fmv2=mv 
for(k in 1:length(mv))  
       fmv2[k]=mean(dnorm(mv[k],mhat2,msdterm2/sqrt(lamvec))) 
lines(mv,fmv2,lwd=3);  # Exact posterior density of m 
points(median(y),0, pch=4,cex=2,lwd=3  )  # True value of m 
legend(8,1,c("Histogram estimate","Exact density"), lty=c(2,1),lwd=c(3,3),  
 bg="white") 
legend(8,0.6,c("Rao-Blackwell","True"),pch=c(16,4), 
   pt.cex=c(1.5,2), pt.lwd=c(1,3), bg="white") 
 
hist(ybarvec,prob=T,xlim=c(8,12),ylim=c(0,1), breaks=seq(3,18,0.25), 
 xlab="ybar",main="(b) Histogram of 1000 ybar-values") 
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lines(density(ybarvec),lty=2,lwd=3)  # Histogram estimate 
abline(v=c(ybarhat, ybarci, ybarcpdr),lty=2,lwd=3) # Histogram estimates 
ybarv=seq(8,13,0.02); fybarhatv=ybarv;  
meanvalvec = (1/N)*(  ysT+(N-n)*(avec+bvec*xrbar)  ) 
varvalvec = (N-n)/(lamvec*N^2) 
for(k in 1:length(ybarv)){ 
 fybarhatv[k]= mean(   dnorm(ybarv[k], meanvalvec, sqrt(varvalvec) ) )   } 
lines(ybarv, fybarhatv,lty=1,lwd=3)   # Rao-Blackwell 
points(mean(meanvalvec),0,pch=16,cex=1.5) # Rao-Blackwell 
points(ybar, 0, pch=4,cex=2,lwd=3  )   # True value of ybar 
 
legend(8,1,c("Histogram estimate","Rao-Blackwell"),  
 lty=c(2,1),lwd=c(3,3), bg="white") 
legend(8,0.6,c("Rao-Blackwell","True value"),pch=c(16,4), 
   pt.cex=c(1.5,2), pt.lwd=c(1,3), bg="white") 
 
hist(psivec,prob=T,xlim=c(1.25,2.5),ylim=c(0, 3), breaks=seq(0,10,0.05), 
 xlab="psi",main="(c) Histogram of 1000 psi-values") 
den=density(psivec); lines(den, lty=2,lwd=3) 
abline(v=c(psihat, psici, psicpdr),lty=2,lwd=3) 
 
# psimode=den$x[(1:length(den$x))[den$y==max(den$y)]]  # optional extras.... 
# psimedian=median(psivec); abline(v=c(psimode,psimedian),lty=1,lwd=3) 
 
points(psi, 0, pch=4,cex=2,lwd=3  )   # True value of psi 
legend(2.05,3,c("Histogram estimate"), lty=c(2),lwd=c(3), bg="white") 
legend(2.05,2,c("True value"),pch=c(4), pt.cex=c(2), pt.lwd=c(3), bg="white") 
 
# Perform exact inference on ybar using a function from a previous exercise: 
 
NNGFPM= function(eta=0, tau=0, alp=0.05, 
   ys= c(5.6,2.3,8.4,5.1,4.3), X=rep(1,15) ,  N=15, sigma=diag(rep(1,N))   )    { 
# This function performs inference under the normal-normal-gamma  
# finite population model. 
# Inputs: eta, tau,     alp,  ys,   X,  N,  sigma 
# Outputs: A list with $a, $b and $c indicating    (ybar-a)/b given ys ~  t(c) 
 
p=ncol(cbind(NA,X))-1;    n = length(ys);   c=2*eta+n-p 
ysT=sum(ys); Xs=cbind(NA,X)[1:n,][,-1];  Xr=cbind(NA,X)[(n+1):N,][,-1] 
sigmass=sigma[1:n,1:n];         sigmarr=sigma[(n+1):N,(n+1):N] 
sigmasr=sigma[1:n,(n+1):N];     sigmars=t(sigmasr) 
D=solve(t(Xs)%*%solve(sigmass)%*%Xs) 
beta=D%*%t(Xs)%*%solve(sigmass)%*%ys 
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A=Xr-sigmars%*%solve(sigmass)%*%Xs;       oner=rep(1,N-n) 
a=(1/N)*(     ysT     +     t(oner)%*%     
   (     Xr%*%beta   +   sigmars%*%solve(sigmass)%*%(ys-Xs%*%beta)      )     ) 
b2=(1/(c*N^2)) * ( 2*tau + t(ys-Xs%*%beta)%*%solve(sigmass)%*%  
    (ys-Xs%*%beta)  ) *  t(oner)%*% 
    (sigmarr-sigmars%*%solve(sigmass)%*%sigmasr +A%*%D%*%t(A))   %*%   
     oner 
b=sqrt(b2); cpdr=a+c(-1,1)*qt(1-alp/2,c)*b 
list(a=a,b=b,c=c,beta=beta, cpdr=cpdr) } 
 
res= NNGFPM(   eta=0, tau=0, alp=0.05, ys=ys,X=X,N=N, sigma=sigma   ) 
c(res$a,res$b,res$c, res$cpdr)  # 10.1744  0.4035 18.0000  9.3267 11.0221 
 
# Plot for inference on ybar again 
hist(ybarvec,prob=T,xlim=c(8,12),ylim=c(0,1), breaks=seq(3,18,0.2), 
 xlab="ybar",main="(d) Histogram of 1000 ybar-values") 
abline(v=c(ybarhat, ybarci, ybarcpdr),lty=2,lwd=3) # Histogram point estimates 
points(mean(meanvalvec),0,pch=16,cex=1.5)  

# Rao-Blackwell estimate of predictive mean 
abline(v=c(res$a,res$cpdr), lty=1, lwd=3) # # Exact point estimates 
points(ybar, 0, pch=4,cex=2,lwd=3  )   # True value of ybar 
lines(density(ybarvec),lty=2,lwd=3)  # Histogram estimate of predictive pdf 
lines(ybarv, fybarhatv,lty=3,lwd=3)   # Rao-Blackwell estimate of pdf 
lines(ybarv, dt((ybarv-res$a)/res$b,c)/res$b,lty=1,lwd=3) # Exact predictive pdf 
legend(8,1,c("Histogram","Rao-Blackwell","Exact pdf"), 

lty=c(2,3,1),lwd=c(3,3,3)) 
legend(8,0.5,c("Rao-Blackwell","True value"), 

pch=c(16,4),pt.cex=c(1.5,2), pt.lwd=c(1,3)) 
text(11.65,0.8, 
"The solid vertical lines\nshow the exact \npredictive mean\nand 95% CPDR") 
 
# Detail in last figure  
hist(ybarvec,prob=T,xlim=c(10,11.5),ylim=c(0,1), breaks=seq(3,18,0.2), 
 xlab="ybar",main="(e) Detail in subplot (d)") 
abline(v=c(ybarhat, ybarci, ybarcpdr),lty=2,lwd=3) # Histogram point estimates 
points(mean(meanvalvec),0,pch=16,cex=1.5)  

# Rao-Blackwell estimate of predictive mean 
abline(v=c(res$a,res$cpdr), lty=1, lwd=3) # # Exact point estimates 
points(ybar, 0, pch=4,cex=2,lwd=3  )   # True value of ybar 
lines(density(ybarvec),lty=2,lwd=3)  # Histogram estimate of predictive pdf 
lines(ybarv, fybarhatv,lty=3,lwd=3)   # Rao-Blackwell estimate of pdf 
lines(ybarv, dt((ybarv-res$a)/res$b,c)/res$b,lty=1,lwd=3) # Exact predictive pdf 
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legend(11.1,1,c("Histogram","Rao-Blackwell", 
"Exact pdf"),lty=c(2,3,1),lwd=c(3,3,3)) 

legend(11.1,0.6,c("Rao-Blackwell","True value"), 
pch=c(16,4),pt.cex=c(1.5,2), pt.lwd=c(1,3)) 

 
# Exact values of the quantities of interest and summary estimates  ------------ 
c(m,mhat2,mhat,mci,mcpdr)  

# 11.000 10.895 10.906 10.875 10.937  9.893 11.863 
c(ybar,res$a,ybarhat,ybarci,ybarcpdr)  

# 10.473 10.174 10.185 10.158 10.211  9.353 11.049 
c(psi,psihat,psici,psicpdr) # 1.435 1.659 1.650 1.668 1.444 2.014 
 
#  Preparation of data for input to WinBUGS  ---------------------------------------- 
paste(as.character(round(ys,2)), collapse=",") 
# 14.98,10.99,9.58,6.56,13.83,……, 10.66,10.41" 
paste(as.character(round(c(xs,xr),2)), collapse=",") 
# 19.34,18.2,14.27,10.91,13.45,…..,12.57,10.36,19.49                    
 
WinBUGS Code for Exercise A.3 
 
model 
{ 
for(i in 1:100){ 
   mu[i] <- a + b*x[i] 
   y[i] ~ dnorm(mu[i],lam) 
   } 
a ~ dnorm(0.0,0.0001) 
b ~ dnorm(0.0,0.0001) 
lam ~ dgamma(0.0001,0.0001) 
m <- a+16*b 
ybar <- mean(y[]) 
max <- ranked(y[],100) 
medL <- ranked(y[],50) 
medU <- ranked(y[],51) 
med <- (medL + medU)/2 
psi <- max/med 
} 
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# data 
list(y=c( 

14.98,10.99,9.58,6.56,13.83, 11.38,9.13,13.25,7.03,11.14, 
2.74,11.97,12.15,9.39,11.71, 10.25,7.98,8.54,10.66,10.41, 

NA,NA,NA,NA,NA,  NA,NA,NA,NA,NA,  NA,NA,NA,NA,NA,  NA,NA,NA,NA,NA, 
NA,NA,NA,NA,NA,  NA,NA,NA,NA,NA,  NA,NA,NA,NA,NA,  NA,NA,NA,NA,NA, 
NA,NA,NA,NA,NA,  NA,NA,NA,NA,NA,  NA,NA,NA,NA,NA,  NA,NA,NA,NA,NA, 
NA,NA,NA,NA,NA,  NA,NA,NA,NA,NA,  NA,NA,NA,NA,NA,  NA,NA,NA,NA,NA), 
 
x=c(19.34,18.2,14.27,10.91,13.45,13.3,11.31,16.62,13.07,17.45,10.55, 
17.66,17.34,17.46,16.14,17.19,10.96,14.19,16.08,14.83,17.92,16.61, 
14.52,16.7,12.28,14.61,14.51,11.5,15.17,16.72,11.27,15.21,16.34, 
10.36,12.62,19.27,19.7,12.26,10.07,18.74,11.86,12.35,16.79,13.18, 
14.05,17.52,18.17,18.7,18.1,10.17,10.26,12.95,12.64,12.35,18.39, 
12.08,17.48,13.47,14.47,16.76,17.64,14.32,19.07,17.29,15.87,14.2, 
18.49,14.69,13.57,14.74,12.41,19.99,18.39,16.43,15.6,15.74,18.33, 
16.98,16.72,19.3,13.92,11.4,11.55,13.83,12.36,13.3,15.3,19.26,18.15, 
17.75,10.72,13.78,13.2,14.98,13.53,10.19,16.46,12.57,10.36,19.49)) 
 
# inits 
list(a=0,b=0,lam=1)     
    
R Code for Exercise A.4 
 
# (g) 
postfun = function(s=c(1,2), ys=c(0,1)){    ysT=sum(ys) 
 if(any(s==1)==T){  if(ysT==0) probs=c(0.9,0.1) 
    if(ysT==1) probs=c(0.5,0.5) 
    if(ysT==2) probs=c(0.1,0.9)   } 
 if(any(s==1)==F){  if(ysT==0) probs=c(11/12,1/12) 
    if(ysT==1) probs=c(11/20,9/20) 
    if(ysT==2) probs=c(11/92,81/92)   } 
 probs    } 
 
postfun() # 0.5 0.5    Just testing 
postfun(s=c(2,4),ys=c(1,1)) # 0.1195652 0.8804348 
 
thetahatfun=function(s=c(1,2), ys=c(0,1)){   probs=  postfun(s=s,ys=ys);    
 thetavals=c(1,3)/4;    sum( thetavals * probs )  }    
thetahatfun() # 0.5     Just testing 
thetahatfun(s=c(2,4),ys=c(1,1)) # 0.6902174 
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phihatfun=function(s=c(1,2), ys=c(0,1)){ probs=postfun(s=s,ys=ys);   
 thetavals=c(1,3)/4; phivals=2*thetavals/(3-thetavals) 
 sum( phivals * probs )    }    
 
phihatfun() # 0.4242424    Just testing  
phihatfun(s=c(2,4),ys=c(1,1)) # 0.6086957 
 
yrThatfun=function(s=c(1,2), ys=c(0,1)){   thetahat=thetahatfun(s=s,ys=ys) 
 if(any(s==1)==T){  res=2*thetahat } 
 if(any(s==1)==F){   

phihat=phihatfun(s=s,ys=ys); res = thetahat + phihat  } 
 res    } 
 
yrThatfun() # 1    Just testing 
yrThatfun (s=c(2,4),ys=c(1,1))  # 1.298913 
 
ybarhatfun=function(s=c(1,2), ys=c(0,1)){   EyrT= yrThatfun (s=s,ys=ys) 
   (sum(ys)+EyrT)/4   } 
 
ybarhatfun() # 0.5     Just testing 
ybarhatfun(s=c(2,4),ys=c(1,1))  # 0.8247283 
 
smat=matrix(c(1,2, 1,2,  1,2,  1,2,  2,3,  2,3,  2,3,  2,3), byrow=T,nrow=8, ncol=2) 
ysmat= matrix(c(0,0, 0,1, 1,0, 1,1,    0,0,   0,1,  1,0,  1,1),  

byrow=T,nrow=8, ncol=2) 
thetahatvec=rep(NA,8); phihatvec=rep(NA,8); ybarhatvec=rep(NA,8);  
 
for(k in 1:8){   thetahatvec[k]= thetahatfun(s=smat[k,],ys=ysmat[k,]) 
  phihatvec[k]= phihatfun(s=smat[k,],ys=ysmat[k,]) 
  ybarhatvec[k]= ybarhatfun(s=smat[k,],ys=ysmat[k,])   } 
 
cbind(smat,NA,ysmat,NA,thetahatvec, NA, phihatvec, NA, ybarhatvec) 
#                    thetahatvec    phihatvec     ybarhatvec 
# [1,] 1 2 NA 0 0 NA   0.3000000 NA 0.2303030 NA 0.1500000 
# [2,] 1 2 NA 0 1 NA   0.5000000 NA 0.4242424 NA 0.5000000 
# [3,] 1 2 NA 1 0 NA   0.5000000 NA 0.4242424 NA 0.5000000  repeat OK 
# [4,] 1 2 NA 1 1 NA   0.7000000 NA 0.6181818 NA 0.8500000 
# [5,] 2 3 NA 0 0 NA   0.2916667 NA 0.2222222 NA 0.1284722 
# [6,] 2 3 NA 0 1 NA   0.4750000 NA 0.4000000 NA 0.4687500 
# [7,] 2 3 NA 1 0 NA   0.4750000 NA 0.4000000 NA 0.4687500  repeat OK 
# [8,] 2 3 NA 1 1 NA   0.6902174 NA 0.6086957 NA 0.8247283 
 
0.15*(27/52) + 0.5*(21/52) +  0.85*(4/52) #  0.3451923 
0.1284722*(9/16) +  0.46875*(6/16) + 0.8247283*(1/16)  # 0.2995924 
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# (h) 
(1/6)*(0.15 + 0.5 + 0.5 + 0.46875+ 0.46875 + 0.8247283)  # 0.4853714 
(2/9)*(0.5 + 0.85 + 0.85) + (1/9)*(0.46875+ 0.46875 + 0.8247283) # 0.684692 
 
# (i) Check posterior means and predcitive means via Gibbs sampler 
options(digits=4) 
GS=function(J=1000,   s=c(1,2),ys=c(1,0),    theta=1/4 ){ 
thetav=rep(NA,J); yrTv=rep(NA,J); yTv=rep(NA,J) 
yrmat=matrix(NA,nrow=J,ncol=2); ysT=sum(ys) 
 
for(j in 1:J){      
      probsyi = c(1-theta, theta) 
     yr2=sample(x=c(0,1),size=1,prob=probsyi)    
     if(s[1]==1) yr1=sample(x=c(0,1),size=1,prob=probsyi)   else 
                       yr1=sample(x=c(0,1),size=1,prob=c(3,2)*probsyi)    
     yr=c(yr1,yr2); yrT=sum(yr); yT=ysT+yrT 
     probstheta=c(  (1/4)^yT *(3/4)^(4-yT),  (3/4)^yT *(1/4)^(4-yT) ) 
     theta = sample(   x=c(1/4,3/4),   size=1, prob= probstheta)  
     thetav[j]=theta;  yrTv[j]=yrT;   yTv[j]=yT;  yrmat[j,]=yr       
    } 
list(thetav=thetav, yrTv=yrTv, yTv=yTv, ybarv=yTv/4, yrmat=yrmat)    } 
 
set.seed(111); J = 10000;  thetahatvec=rep(NA,6); ybarhatvec=rep(NA,6) 
res=GS(J=J,s=c(1,2),ys=c(0,0)) 
     thetahatvec[1] = mean(res$thetav); ybarhatvec[1] = mean(res$ybarv);  
res= GS(J=J,s=c(1,2),ys=c(0,1))   
     thetahatvec[2] = mean(res$thetav); ybarhatvec[2] = mean(res$ybarv);  
res= GS(J=J,s=c(1,2),ys=c(1,1))   
     thetahatvec[3] = mean(res$thetav); ybarhatvec[3] = mean(res$ybarv);  
res=GS(J=J,s=c(2,3),ys=c(0,0))   
     thetahatvec[4] = mean(res$thetav); ybarhatvec[4] = mean(res$ybarv);  
res= GS(J=J,s=c(2,3),ys=c(0,1))   
     thetahatvec[5] = mean(res$thetav); ybarhatvec[5] = mean(res$ybarv);  
res= GS(J=J,s=c(2,3),ys=c(1,1))   
     thetahatvec[6] = mean(res$thetav); ybarhatvec[6] = mean(res$ybarv);  
thetahatvec # 0.3007 0.4924 0.6997 0.2952 0.4764 0.6925   
                      # All very close to results in (c) 
ybarhatvec  # 0.1518 0.4929 0.8485 0.1308 0.4719 0.8269    
                      # All very close to results in (f) 
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# (j) Check design bias of predictive mean of ybar if theta=1/4 and y=(0,0,1,1) 
smatrix=matrix(c(1,2, 1,3,  1,4,  2,3,  2,4,  3,4), byrow=T,nrow=6, ncol=2) 
y=c(0,0,1,1); J = 10000; ybarhatsimv=rep(NA,J); set.seed(413) 
 
for(j in 1:J){      indexsim=sample(1:6,1,prob=c(1,1,1,1,1,1)) 
                         ssim=smatrix[indexsim,];  yssim= y[ssim] 
                         ybarhatsimv[j] = ybarhatfun(s=ssim,ys=yssim)         } 
 
est=mean(ybarhatsimv)-0.5;  
ci=est+c(-1,1)*qnorm(0.975)*sd(ybarhatsimv-0.5)/sqrt(J) 
c(est,ci) # -0.01562 -0.01945 -0.01179     Consistent with -0.01463 in (h)(i) 
 
# Check design bias of predictive mean of ybar if theta=1/4 and y=(1,0,1,1) 
y=c(1,0,1,1); J = 10000; ybarhatsimv=rep(NA,J); set.seed(442) 
 
for(j in 1:J){      indexsim=sample(1:6,1,prob=c(2,2,2,1,1,1)) 
                         ssim=smatrix[indexsim,];  yssim= y[ssim] 
                         ybarhatsimv[j] = ybarhatfun(s=ssim,ys=yssim)         } 
 
est=mean(ybarhatsimv)-0.75;  
ci=est+c(-1,1)*qnorm(0.975)*sd(ybarhatsimv-0.5)/sqrt(J) 
c(est,ci) #   -0.06592 -0.06944 -0.06239  Consistent with -0.06531 in (h)(ii) 
 
# (k)  Check mean of predictive mean of finite population mean 
smatrix=matrix(c(1,2, 1,3,  1,4,  2,3,  2,4,  3,4), byrow=T,nrow=6, ncol=2) 
J = 10000; ybarhatsimv=rep(NA,J); set.seed(102);  
 
for(j in 1:J){ 
     thetasim=sample(c(1/4,3/4),1);    ysim=rbinom(4,1,thetasim) 
     if(ysim[1]==0) indexsim = sample(1:6,1,prob=c(1,1,1,1,1,1)) 
     if(ysim[1]==1) indexsim = sample(1:6,1,prob=c(2,2,2,1,1,1)) 
    ssim=smatrix[indexsim,];  yssim= ysim[ssim];     
     ybarhatsimv[j]= ybarhatfun(s=ssim,ys=yssim)   } 
 
est = mean(ybarhatsimv);  
ci = est+c(-1,1)*qnorm(0.975)*sd(ybarhatsimv)/sqrt(J)  
c(est,ci)  # 0.4992 0.4938 0.5047    Consistent with 0.5          
        
 
  
    
 


	if((theta>=1/2)&&(theta<3/2)) res=1-1/(2*theta)
	if((theta>=3/2)&&(theta<=2))  res=1/theta
	res/B   }
	thetavec = seq(0,2,0.001); postvecB=thetavec;
	for(i in 1:length(thetavec)) postvecB[i]=postfunB(theta=thetavec[i])
	if((theta>=0)&&(theta<1/2)) res=1
	if((theta>=1/2)&&(theta<=2))  res=1/(2*theta)
	res/A   }
	if((theta>=3/2)&&(theta<2)) res=1-3/(2*theta)
	res/C   }
	postvecA=thetavec; postvecC=thetavec;
	for(i in 1:length(thetavec)){ postvecA[i]=postfunA(theta=thetavec[i])
	postvecC[i]=postfunC(theta=thetavec[i])  }
	samp = sample(x=xvec,size=J,replace=TRUE,prob=fvec)

