3. The Microscopic Connection

3.1 Classical Mechanics

In nonequilibrium statistical mechanics we seek to model transport processes
beginning with an understanding of the motion and interactions of individual
atoms or molecules. The laws of classical mechanics govern the motion of atoms
and molecules so in this chapter we begin with a brief description of the
mechanics of Newton, Lagrange and Hamilton. It is often useful to be able to
treat constrained mechanical systems. We will use a Principle due to Gauss to
treat many different types of constraint - from simple bond length constraints,
to constraints on kinetic energy. As we shall see, kinetic energy constraints are
useful for constructing various constant temperature ensembles. We will then
discuss the Liouville equation and its formal solution. This equation is the central
vehicle of nonequilibrium statistical mechanics. We will then need to establish
the link between the microscopic dynamics of individual atoms and molecules
and the macroscopic hydrodynamical description discussed in the last chapter.
We will discuss two procedures for making this connection. The Irving and
Kirkwood procedure relates hydrodynamic variables to nonequilibrium ensemble
averages of microscopic quantities. A more direct procedure we will describe,
succeeds in deriving instantaneous expressions for the hydrodynamic field
variables.

Newtonian Mechanics

Classical mechanics (Goldstein, 1980) is based on Newton's three laws of motion.
This theory introduced the concepts of a force and an acceleration. Prior to
Newton's work, the connection had been made between forces and velocities.
Newton's laws of motion were supplemented by the notion of a force acting at
a distance. With the identification of the force of gravity and an appropriate
initial condition - initial coordinates and velocities - trajectories could be
computed. Philosophers of science have debated the content of Newton's laws
but when augmented with a force which is expressible as a function of time,
position or possibly of velocity, those laws lead to the equation,

mi = F(r,F,7) (3.1)

which is well-posed and possesses a unique solution.

Lagrange's equations

After Newton, scientists discovered different sets of equivalent laws or axioms
upon which classical mechanics could be based. More elegant formulations are
due to Lagrange and Hamilton. Newton's laws are less general than they might
seem. For instance the position r, that appears in Newton's equation must be a
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Cartesian vector in a Euclidean space. One does not have the freedom of say,
using angles as measures of position. Lagrange solved the problem of formulating
the laws of mechanics in a form which is valid for generalised coordinates.

Let us consider a system with generalisedcoordinates ¢ . These coordinates may
be Cartesian positions, angles or any other convenient parameters that can be
found to uniquely specify the configuration of the system. The kinetic energy
T, will in general be a function of the coordinates and their time derivatives ¢ .
If V(q) is the potential energy, we define the Lagrangian to be

L(q.q.t) = T(q,4,t)- V(q) . The fundamental dynamical postulate states that the
motion of a system is such that the action, S, is an extremum

08 =8 [ L(g.g.1)dr =0 (3.2)

Let 4(?) be the coordinate trajectory that satisfies this condition and let ¢(*) + dq(1)

where 99(1) is an arbitrary variation in ¢(*), be an arbitrary trajectory. The
varied motion must be consistent with the initial and final positions. So that,

8q(1)) =84(1,) =0 We consider the change in the action due to this variation.

! . . ! . nf oL JL \
0S=( L 0q,qg+0q,t)dt - L(g,q,t)dt = —0qg +—90q,dt
ﬁo (q+3q,4+0q.1) ﬁ (4.9,1) ﬁo(aq q+aq q)

(3-3)
Integrating the second term by parts gives
55 =125y +f ("—L 4 (d—L\) dqdt
Lag ], "Je\ag ~ ar\og) (3.4)

The first term vanishes because 99 is zero at both limits. Since for %o <t <f;, 8q(7)
is arbitrary, the only way that the variation in the action 85, can vanish is if the
equation,

_dfan)
dg dt\ag) (3.5)
holds for all time. This is Lagrange's equation of motion. If the coordinates are

taken to be Cartesian, it is easy to see that Lagrange’s equation reduces to
Newton's.

Hamiltonian mechanics

Although Lagrange's equation has removed the special status attached to Cartesian
coordinates, it has introduced a new difficulty. The Lagrangian is a function of
generalised coordinates, their time derivatives and possibly of time. The equation
is not symmetric with respect to the interchange of coordinates and velocities.
Hamilton derived an equivalent set of equations in which the roles played by
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coordinates and velocities can be interchanged. Hamilton defined the canonical
momentum P,

IL(4,4,1)
dq (3.6)

p
and introduced the function
. 0L )
H(q.p.)=q—=-L=gp-L
9q (3.7)
This function is of course now known as the Hamiltonian. Consider a change in
the Hamiltonian which can be written as

dH =qdp + pdq - dL (3.8)

The Lagrangian is a function of ¢, ¢ and ¢ so that the change dL, can be written
as
oL dL . JL
dL=—dq+—dq+—dt
dq dq a1 (3.9)

Using the definition of the canonical momentum 7, and substituting for dL, the
expression for dH becomes

. JL dL
dH =qgdp -—dgq—-—dt
dq at (3.10)
Lagrange's equation of motion (3.5), rewritten in terms of the canonical momenta
is

p=_
dq (3.11)

so that the change in H is
JL
dH = qdp - pdg ——dt
4P =P (3.12)
Since the Hamiltonian is a function of 4,7 and ¢, it is easy to see that Hamilton
equations of motion are
oH . IH

q=—" p=-"
dp and dq (3.13)

As mentioned above these equations are symmetric with respect to coordinates
and momenta. Each has equal status in Hamilton's equations of motion. If H has
no explicit time dependence, its value is a constant of the motion. Other
formulations of classical mechanics such as the Hamilton-Jacobi equations will
not concern us in this book.
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Gauss' Principle of Least Constraint

Apart from relativistic or quantum corrections, classical mechanics is thought
to give an exact description of motion. In this section our point of view will
change somewhat. Newtonian or Hamiltonian mechanics imply a certain set of
constants of the motion: energy, and linear and angular momentum. In
thermodynamically interesting systems the natural fixed quantities are the
thermodynamic state variables; the number of molecules N, the volume V and
the temperature 7. Often the pressure rather than the volume may be preferred.
Thermodynamically interesting systems usually exchange energy, momentum
and mass with their surroundings. This means that within thermodynamic
systems none of the classical constants of the motion are actually constant.

Typical thermodynamic systems are characterised by fixed wvalues of
thermodynamic variables: temperature, pressure, chemical potential, density,
enthalpy or internal energy. The system is maintained at a fixed thermodynamic
state (say temperature) by placing it in contact with a reservoir, with which it
exchanges energy (heat) in such a manner as to keep the temperature of the
system of interest fixed. The heat capacity of the reservoir must be much larger
than that of the system, so that the heat exchanged from the reservoir does not
affect the reservoir temperature.

Classical mechanics is an awkward vehicle for describing this type of system.
The only way that thermodynamic systems can be treated in Newtonian or
Hamiltonian mechanics is by explicitly modelling the system, the reservoir and
the exchange processes. This is complex, tedious and as we will see below, it is
also unnecessary. We will now describe a little known principle of classical
mechanics which is extremely useful for designing equations of motion which
are more useful from a macroscopic or thermodynamic viewpoint. This principle
does indeed allow us to modify classical mechanics so that thermodynamic
variables may be made constants of the motion.

Just over 150 years ago Gauss formulated a mechanics more general than
Newton's. This mechanics has as its foundation Gauss' principle of least constraint.
Gauss (1829) referred to this as the most fundamental dynamical principle
(Whittacker 1937, Pars 1965). Suppose that the cartesian coordinates and
velocities of a system are given at time ¢. Consider the function C, referred to
by Hertz as the square of the curvature, where

N .
C= m[.('l",. —E]
m.

i

2

ol—

i=

(3.14)

C is a function of the set of accelerations {F}. Gauss' principle states that the
actual physical acceleration corresponds to the minimum value of C. Clearly if
the system is not subject to a constraint then C = 0 and the system evolves under
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Newton's equations of motion. For a constrained system it is convenient to change
variables from T to W: where

w; =Mri
G =F/m (3.15)

Because the {w,.} , are related to the Jacobi metric, we will refer to this coordinate
system as the Jacobi frame.

The types of constraints which might be applied to a system fall naturally into
two types, holonomic and nonholonomic. A holonomic constraint is one which
can be integrated out of the equations of motion. For instance, if a certain
generalised coordinate is fixed, its conjugate momentum is zero for all time, so
we can simply consider the problem in the reduced set of unconstrained variables.
We need not be conscious of the fact that a force of constraint is acting upon
the system to fix the coordinate and the momentum. An analysis of the two
dimensional motion of an ice skater need not refer to the fact that the gravitational
force is exactly resisted by the stress on the ice surface fixing the vertical
coordinate and velocity of the ice skater. We can ignore these degrees of freedom.

Nonholonomic constraints usually involve velocities. These constraints are not
integrable. In general a nonholonomic constraint will do work on a system.
Thermodynamic constraints are invariably nonholonomic. It is known that the
Action Principle cannot be used to describe motion under nonholonomic
constraints (Evans and Morriss, 1984).

We can write a general constraint in the Jacobi frame in the form
g(w,w,1) =0 (3.16)

where & is a function of Jacobi positions, velocities and possibly time. Either
type of constraint function, holonomic or nonholonomic, can be written in this
form. If this equation is differentiated with respect to time, once for
nonholonomic constraints and twice for holonomic constraints we see that,

n(w,w,t) - w =s(W,W,?) (3.17)

We refer to this equation as the differential constraint equation and it plays a
fundamental role in Gauss' Principle of Least Constraint. It is the equation for a
plane which we refer to as the constraint plane. n is the vector normal to the
constraint plane.

Our problem is to solve Newton's equation subject to the constraint. Newton's
equation gives us the acceleration in terms of the unconstrained forces. The
differential constraint equation places a condition on the acceleration vector for
the system. The differential constraint equation says that the constrained
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acceleration vector must terminate on a hyper-plane in the 3N-dimensional
Jacobi acceleration space (equation 3.17).

Imagine for the moment that at some initial time the system satisfies the constraint

equation €=0. In the absence of the constraint the system would evolve
according to Newton's equations of motion where the acceleration is given by

wi=5g (3.18)

This trajectory would in general not satisfy the constraint. Further, the constraint
function & tells us that the only accelerations which do continuously satisfy the
constraint, are those which terminate on the constraint plane. To obtain the
constrained acceleration we must project the unconstrained acceleration back
into the constraint plane.

Gauss' principle of least constraint gives us a prescription for constructing this
projection. Gauss' principle states that the trajectories actually followed are those
which deviate as little as possible, in a least squares sense, from the unconstrained
Newtonian trajectories. The projection which the system actually follows is the
one which minimises the magnitude of the Jacobi frame constraint force. This
means that the force of constraint must be parallel to the normal of the constraint
surface. The Gaussian equations of motion are then

W,=C,-An (3.19)

where A is a Gaussian multiplier which is a function of position, velocity and
time.

To calculate the multiplier we use the differential form of the constraint function.
Substituting for the acceleration we obtain

y o ME-s

n-n (3.20)
It is worthwhile at this stage to make a few comments about the procedure
outlined above. First, notice that the original constraint equation is never used
explicitly. Gauss' principle only refers to the differential form of the constraint
equation. This means that the precise value of the constrained quantity is
undetermined. The constraint acts only to stop its value changing. In the
holonomic case Gauss' principle and the principle of least action are of course
completely equivalent. In the nonholonomic case the equations resulting from
the application of Gauss' Principle cannot be derived from a Hamiltonian and
the principle of least action cannot be used to derive constraint satisfying
equations. In the nonholonomic case, Gauss' principle does not yield equations
of motion for which the work done by the constraint forces is a minimum.
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unconstrained Jacohi
acceleration

constraint satisfying accelaration,

Figure 3.1 Gauss' Principle of Least Constraint

The derivation of constrained equations of motion given above is geometric,
and is done in the transformed coordinates which we have termed the Jacobi
frame. It is not always convenient to write a constraint function in the Jacobi
frame, and from an operational point of view a much simpler derivation of
constrained equations of motion is possible using Lagrange multipliers. The
square of the curvature C is a function of accelerations only (the Cartesian
coordinates and velocities are considered to be given parameters). Gauss' principle
reduces to finding the minimum of C, subject to the constraint. The constraint
function must also be written as a function of accelerations, but this is easily
achieved by differentiating with respect to time. If G is the acceleration
dependent form of the constraint, then the constrained equations of motion are
obtained from

9
35(C2G)=0 (3.21)

It is easy to see that the Lagrange multiplier A , is (apart from the sign) equal to
the Gaussian multiplier. We will illustrate Gauss' principle by considering some
useful examples.

Gauss' Principle for Holonomic Constraints

The most common type of holonomic constraint in statistical mechanics is
probably that of fixing bond lengths and bond angles in molecular systems. The
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vibrational degrees of freedom typically have a relaxation timescale which is
orders of magnitude faster than translational degrees of freedom, and are therefore
often irrelevant to the processes under study. As an example of the application
of Gauss' principle of least constraint for holonomic constraints we consider a
diatomic molecule with a fixed bond length. The generalisation of this method
to more than one bond length is straightforward (see Edberg, Evans and Morriss,
1986) and the application to bond angles is trivial since they can be formulated
as second nearest neighbour distance constraints. The constraint function for a

diatomic molecule is that the distance between sites one and two be equal to 41z,
that is

g(ri0) =r}, -dj =0, (3.22)

where we define T2 to be the vector from Ii to T2, (Fiz =T2 ~T1). Differentiating
twice with respect to time gives the acceleration dependent constraint equation,

rp 'flz +(l.'12)2 =0 (3.23)

To obtain the constrained equations of motion we minimise the function C
subject to the constraint equation (3.23). That is

8[ml . Lzﬂ“ &2 .z]_
a_iﬂi_(rl_ ) + (rz—ml) —k(rlz r12+(r|2))T—0

2N w2 (3.24)
For i equal to 1 and 2 this gives
mr, =F - Ar,
m,f, =F, +Ar,, (3.25)

Notice that the extra terms in these equations of motion have opposite signs.
This is because the coefficients of the I and I accelerations have opposite signs.
The total constraint force on the molecule is zero so there is no change in the
total momentum of the molecule. To obtain an expression for the multiplier A
we combine these two equations to give an equation of motion for the bond
vector Tz,

. (FZ F]) (1 1)
r, =|—-—|+A—+—|r,
m, m m, m (3.26)
Substituting this into the differential form of the constraint function (3.23), gives
r,: (mle - szl) + mlmZI"lzZ

A=- 2
(m1 +m, )rlz (3.27)

It is very easy to implement these constrained equations of motion as the
multiplier is a simple explicit function of the positions, velocities and Newtonian
forces. For more complicated systems with multiple bond length and bond angle
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constraints (all written as distance constraints) we obtain a set of coupled linear
equations to solve for the multipliers.

Gauss' Principle for Nonholonomic Constraints

One of the simplest and most useful applications of Gauss' Principle is to derive
equations of motion for which the ideal gas temperature (ie. the kinetic energy)
is a constant of the motion (Evans et. al. 1983). Here the constraint function is

N
g(r,it) = Y 3mi’ - 3Nk, T =0
2 ’ (3.28)
Differentiating once with respect to time gives the equation for the constraint
plane

= (3.29)
Therefore to obtain the constrained Gaussian equations we minimise C subject
to the constraint equation (3.29). That is

2

o [ & ( F,

a \
a.l;_LzEmj I’j——L) +k2mjr_/.-rj.)=0
i Jj=1 j=1

m;
This gives

(3.30)

mi, =F,—hmpr, (3.31)

Substituting the equations of motion into the differential form of the constraint
equation, we find that the multiplier is given by

=1 (3.32)

As before, A is a simple function of the forces and velocities so that the
implementation of the constant kinetic energy constraint in a molecular dynamics
computer program only requires a trivial modification of the equations of motion
in a standard program. Equations (3.31 & 32) constitute what have become
known as the Gaussian isokinetic equations of motion. These equations were first
proposed simultaneously and independently by Hoover et. al. (1982) and Evans
(1983). In these original papers Gauss' principle was however not referred to. It
was a year before the connection with Gauss' principle was made.

With regard to the general application of Gauss' principle of least constraint one
should always examine the statistical mechanical properties of the resulting
dynamics. If one applies Gauss' principle to the problem of maintaining a constant
heat flow, then a comparison with linear response theory shows that the Gaussian
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equations of motion cannot be used to calculate thermal conductivity (Hoover
1986). The correct application of Gauss' principle is limited to arbitrary holonomic
constraints and apparently, to nonholonomic constraint functions which are
homogeneous functions of the momenta.

3.2 Phase Space

To give a complete description of the state of a 3-dimensional N-particle system
at any given time it is necessary to specify the 3N coordinates and 3N momenta.
The 6N dimensional space of coordinates and momenta is called phase space (or
I'-space). As time progresses the phase point I', traces out a path which we call
the phase space trajectory of the system. As the equations of motion for I' are
6N first order differential equations, there are 6N constants of integration (they
may be for example the 6N initial conditions I'(0)). Rewriting the equations of
motion in terms of these constants shows that the trajectory of T is completely
determined by specifying these 6N constants. An alternate description of the
time evolution of the system is given by the trajectory in the extended T -space,

where I = (I.1) | As the 6N initial conditions uniquely determine the trajectory,
two points in phase space with different initial conditions form distinct
non-intersecting trajectories in I'’ -space.

53_.1(t), w2y {) Py (0P (1), e Pye() = T(1)

Figure 3.2 Phase Space Trajectory 6N-dimensional I" -space. As time evolves
the system traces out a trajectory in 6N-dimensional T'-space.

To illustrate the ideas of I'-space and I'' -space it is useful to consider one of the
simplest mechanical systems, the harmonic oscillator. The Hamiltonian for the
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. . . H= —l(kxz + 2/;/n) . .
harmonic oscillator is 2 p where m is the mass of the oscillator and
k is the spring constant. The equations of motion are

co9H _p
dp m
oH
p=—d—=—kx
0x (3.33)

and the energy (or the Hamiltonian) is a constant of the motion. The I'-space for
this system is 2-dimensional (*.7) and the T'-space trajectory is given by

(x(®),p) = /xo coswt +&Sinwt,p0 COSWf — MmX,sin u)t)

\ mo (3.34)
The constants % and Po are the 2 integration constants written in this case as
an initial condition. The frequency  is related to the spring constant and mass

by o’ =k/m. The I'-space trajectory is an ellipse,

m’o’x(0) + p(t) = m'0’x; +p; (3.35)

2 2 2 2\1/2
which intercepts the x-axis at *(xp+ polm’©™)  and the P-axis at
2 2 2 2.\1/2
(py +m'©°x))"" The period of the motion is T =2/ = 2x(m/k)"* This is the
surface of constant energy for the harmonic oscillator. Any oscillator with the
same energy must traverse the same I'-space trajectory, that is another oscillator
with the same energy, but different initial starting points (X.P0) will follow the

same ellipse but with a different initial phase angle.

The trajectory in I'" -space is a elliptical coil, and the constant energy surface in
I'" -space is a elliptical cylinder, and oscillators with the same energy start from
different points on the ellipse at time zero (corresponding to different initial
phase angles), and wind around the elliptical cylinder. The trajectories in
I'" -space are non-intersecting. If two trajectories in I''-space meet at time ¢,
then the two trajectories must have had the same initial condition. As the choice
of time origin is arbitrary, the trajectories must be the same for all time.

In I'-space the situation is somewhat different. The trajectory for the harmonic
oscillator winds around the ellipse, returning to its initial phase point (%o:7)
after a time T. The period of time taken for a system to return to (or to within
an e-neighbourhood of) its initial starting phase is called the Poincaré recurrence
time. For a simple system such as the harmonic oscillator the recurrence time is
trivial to calculate, but for higher dimensional systems the recurrence time
quickly exceeds the estimated age of the universe.

3.3 Distribution Functions and the Liouville Equation

In the first few sections of this chapter we have given a description of the
mechanics of individual N-particle systems. The development which follows
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describes an ensemble of such systems; that is an essentially infinite number of
systems characterised by identical dynamics and identical state variables (N,V, E
or T etc.) but different initial conditions, (I'(0)). We wish to consider the average
behaviour of a collection of macroscopically identical systems distributed over
a range of initial states (microstates). In generating the ensemble we make the
usual assumptions of classical mechanics. We assume that it is possible to know
all the positions and momenta of an N particle system to arbitrary precision at
some initial time, and that the motion can be calculated exactly from the equations
of motion.

The ensemble contains an infinite number of individual systems so that the
number of systems in a particular state may be considered to change continuously
as we pass to neighbouring states. This assumption allows us to define a density
function f(I'.1), which assigns a probability to points in phase space. Implicit
in this assumption is the requirement that f(I'.), has continuous partial
derivatives with respect to all its variables, otherwise the phase density will not
change continuously as we move to neighbouring states. If the system is
Hamiltonian and all trajectories are confined to the energy surface then /(I'.)
will not have a continuous partial derivatives with respect to energy. Problems
associated with this particular source of discontinuity can obviously be avoided
by eliminating the energy as a variable, and considering /(I'.?) to be a density
function defined on a surface of constant energy (effectively reducing the
dimensionality of the system). However it is worth pointing out that other sources
of discontinuity in the phase space density, may not be so easily removed.

To define a distribution function for a particular system we consider an ensemble
of identical systems whose initial conditions span the phase space specified by
the macroscopic constraints. We consider an infinitesimal element of phase space
locatedat I' = ((LP). The fraction of systems 0N, which at time ¢ have coordinates
and momenta within 84, 0P of 4, P is used to define the phase space distribution
function f(4,p:?), by

ON = f(q.p.1)5qdp (3.36)
The total number of systems in the ensemble is fixed, so integrating over the
whole phase space we can normalise the distribution function,

If we consider a small volume element of phase space, the number of trajectories
entering the rectangular volume element 994 9P through some face will in general
be different from the number which leave through an opposite face. For the
faces normal to the ¢i-axis, located at 41, and ¢:+ 94, the fraction of ensemble
members entering the first face is
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(G s)q,(qyse 51 )0G,. .. 0G,, OP
Similarly the fraction of points leaving through the second face is

f(q, +84,,....t)4,(q, +8q,,....t ¥ q,...8q,;,0p

0 . 9¢
= (f(q,,...,t)+'—f§q,)(q, (4, +Bq,,...,t)+i6q,)6q2...6qw6p
dq, d4q,
Combining these expressions gives the change in 6N due to fluxes in the 9
direction
d . of a4,
—ON, =-|¢——+f—"|dqd
70N (ql P f qop

g, (3.38)

Summing over all coordinate (and momentum) directions gives the total fractional
change 8N as
d < J . J . .9 . 0
—ON =- I—f(_'qi"'_'pi)+qi'_f+pi_f]6q6p
dr z|\aq, 4" p, oa, " op; |

i i i

(3.39)

Dividing through by the phase space volume element 94 9P we obtain the rate
of change in density /(4:P), at the point (4,P),

Ly a8 o
dqdpdr  ar\dqdp) ot

q.p (3.40)

Using the notation, = (q,p) = (ql’qZ”"’q3N’pl’pZ""’p3N) for the 6 N-dimensional
phase point, this may be written as
of _I. of 9

ERRPICIN S S C A
arl fBF g of dI (/F) (3.41)

T

This is the Liouville equation for the phase space distribution function. Using
the streaming or total time derivative of the distribution function, we can rewrite
the Liouville equation in an equivalent form as,

ﬂ=ﬂ+r’.<”_f__f:—r.'r=-ﬂ\(r)

dt ot 9r (3.42)

This equation has been obtained without reference to the equations of motion.
Its correctness does not require the existence of a Hamiltonian to generate the
equations of motion. The equation rests on two conditions: that ensemble
members cannot be created or destroyed and that the distribution function is
sufficiently smooth that the appropriate derivatives exist. A(T) is called the
phase space compression factor since it is equal to the negative time derivative of
the logarithm of the phase space distribution function.

d
Eln[ AT,n]=-AT) (3.43)
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The Liouville equation is usually written in a slightly simpler form. If the
equations of motion can be generated from a Hamiltonian, then it is a simple
matter to show that A(T')=0 . This is so even in the presence of external fields
which may be driving the system away from equilibrium by performing work
on the system.

N0 9 . N(o oH o oH
AM) = F| == +=— P | = Y | ———= ——=——| =0
i aqi api i=1 aqi api api aqi

i=1

(3.44)

The existence of a Hamiltonian is a sufficient, but not necessary condition for
the phase space compression factor to vanish. If phase space is incompressible
then the Liouville equation takes on its simplest form,

d

Z_g

dr . (3.45)

Time Evolution of the distribution function

The following sections will be devoted to developing a formal operator algebra
for manipulating the distribution function and averages of mechanical phase
variables. This development is an extension of the treatment given by Berne
(1977) which is applicable to Hamiltonian systems only. We will use the compact
operator notation

U gy (L )y

ot \or ar) (3.46)
for the Liouville equation, equation (3.41). The operator iL is called the
distribution function (or f-) Liouvillean. Both the distribution function /, and
the /-Liouvillean are functions of the initial phase T'. We assume that there is
no explicit time dependence in the equations of motion (time varying external
fields will be treated in Chapter 8). Using this notation we can write the formal
solution of the Liouville equation for the time dependent N-particle distribution

function f(I'.?) as
J(T.1) = exp[~iLt] f(T,0) (3.47)

where f(I',0), is the initial distribution function. This representation for the
distribution function contains the exponential of an operator, which is a symbolic
representation for the infinite series of operators. The / -propagator is defined
as,

. <« (-D" . .
exp[—th]:nZO—n! (iL) (3.48)

The formal solution given above can therefore be written as
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10 =3 010 = 3 5 10) o9

This form makes it clear that the formal solution derived above is the Taylor
series expansion of the explicit time dependence of f(I'.7), about f(I',0).

Time Evolution of phase variables

We will need to consider the time evolution of functions of the phase of the
system. Such functions are called phase variables. An example would be the

phase variable for the internal energy of a system, Hy(1)= E[ P [2m + (g, 4, ).
Phase variables by definition, do not depend on time explicitly, their time
dependence comes solely from the time dependence of the phase I'. Using the
chain rule, the equation of motion for an arbitrary phase variable B(I') can be
written as

P P 9
BI)=T—B= Z(q, +p,- )B(F)siL(F)B(F)
ar g, " Ip (3.50)

The operator associated with the time derivative of a phase variable iL(I) is
referred to as the phase variable (or 7 -) Liouvillean. The formal solution of this

equation can be written in terms of the P -propagator, e™ . This gives the value
of the phase variable as a function of time

B(1) = exp|iLt| B(0) (3.51)

This expression is very similar in form to that for the distribution function. It
is the Taylor series expansion of the total time dependence of B(f), expanded
about B(0). If the phase space compression factor A(I') is identically zero then
the 7 -Liouvillean is equal to the f-Liouvillean, and the P -propagator is simply
the adjoint or Hermitian conjugate of the /-propagator. In general this is not
the case.

Properties of Liouville Operators

In this section we will derive some of the more important properties of the
Liouville operators. These will lead us naturally to a discussion of various
representations of the properties of classical systems. The first property we shall
discuss relates the P -Liouvillean to the f -Liouvillean as follows,

[ AT (O)LB(T) = = [ dTB(T)iLf (0) (3.52)

This is true for an arbitrary distribution function f(0). To prove this identity
the LHS can be written as
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) . . 9 .
AT~ BT) = [ fOFBI) | - [dTBT)—A{ AT

__ (P9, 9 1)
= ~[drB() F— + =T} £(T)

== faTB(F)iLf(F) (3.53)

The boundary term (or surface integral) is zero because f(S)—0 as any
component of the momentum goes to infinity, and / can be taken to be periodic
in all coordinates. If the coordinate space for the system is bounded then the
surface S is the system boundary, and the surface integral is again zero as there
can be no flow through the boundary.

Equations (3.52 & 53) show that L, L are adjoint operators. If the equations of
motion are such that the phase space compression factor, (3.43), is identically
zero, then obviously L=L and the Liouville operator is self—adjoint, or Hermitian.

Schrodinger and Heisenberg Representations
We can calculate the value of a phase variable B(?) at time ¢ by following B as

it changes along a single trajectory in phase space. The average (BC(®) can
then be calculated by summing the values of B(f) with a weighting factor
determined by the probability of starting from each initial phase I'. These
probabilities are chosen from an initial distribution function /(I';0). This is the
Heisenberg picture of phase space averages.

(B(t)) = [dTB(1) () = [ dTf(T)exp[iLt JB(T) (3.54)

The Heisenberg picture is exactly analogous to the Lagrangian formulation of
fluid mechanics; we can imagine that the phase space mass point has a differential
box dI' surrounding it which changes shape (and volume for a compressible
fluid) with time as the phase point follows its trajectory. The probability of the
differential element, or mass /()4 remains constant, but the value of the
observable changes implicitly in time.

The second view is the Schrodinger, or distribution based picture (Fig. 3.3).
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(@) B(I'{0)) B(I'(t))

I'(t) I
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e

Figure 3.3 The Schrodinger-Heisenberg Equivalence

N
(a) The Heisenberg picture:B = T.gr B = L) B

ofil’y) _ -a
(b) The Schrodinger picture: dt ~ dL

ensemble representatives.

. _ . JANG
-THIY) = —1[,f(l",t); KO~ = the local density of
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In this case we note that {B(")) can be calculated by sitting at a particular point
in phase space and calculating the density of ensemble points as a function of
time. This will give us the time dependent N-particle distribution function
J(T',0), The average of B can now be calculated by summing the values of B(I')
but weighting these values by the current value of the distribution function at
that place in phase space. Just as in the Eulerian formulation of fluid mechanics,
the observable takes on a fixed value B(I') for all time, while mass points with
different probability flow through the box.

(B(t)) = faTB(I‘) F(@,1) = deB(F) exp|-iLt] £(T",0) (3.55)

The average value of B changes with time as the distribution function changes.
The average of B is computed by multiplying the value of B(I'), by the
probability of find the phase point I at time ¢, that is /(I'»7).

As we have just seen these two pictures are of course equivalent. One can also
prove their equivalence using the Liouville equation. This proof is obtained by
successive integrations by parts, or equivalently by repeated applications of
equation (3.52). Consider

— 1 n
jdrf(r)B(z) = j drf(T)exp[iLe]BT) = Y - j dTf(T)(iLt)" BT

n=0""*

=Zi j drf(r)(zr-i] B(T)
mon! ar (3.56)
One can unroll each P-Liouvillean in turn from the phase variable to the

ryn-l1
distribution function (for the first transfer we consider (iL)" Btobea composite
phase variable) so that equation (3.56) becomes,

Jarropn =3 | —z%('rf(r))Ifr%) BD)

This is essentially the property of phase and distribution function Liouvilleans
which we have already proved, applied to n" Liouvillean. Repeated application
of this result leads to

v 2 +) _ ,
jdrf(r)B(z) = ;Tjdr((f : rj f(l“)]B(l“) = J'drB(r)exp[—sz] ()
So finally we have the result,

fdrf(r)B(t) = f dUB(T')f(T,t) (3.57)

The derivation we have used assumes that the Liouvillean for the system has no
explicit time dependence. (In Chapter 8 we will extend the derivation of these
and other results to the time dependent case.) Our present derivation make no
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other references to the details of either the initial distribution function, or the
equations of motion for the system. This means that these results are valid for
systems subject to time independent external fields, whether or not those
equations are derivable from an Hamiltonian. These results are also independent
of whether or not the phase space compression factor vanishes identically.

A final point that can be made concerning the Schrédinger and Heisenberg
pictures is that these two ways of computing phase averages by no means exhaust
the range of possibilities. The Schrodinger and Heisenberg pictures differ in
terms of the time chosen to calculate the distribution function, f(I'.0). In the
Heisenberg picture that time is zero while in the Schrodinger picture the time
is t. One can of course develop intermediate representations corresponding any
time between 0 and ¢ (eg. the interaction representation).

3.4 Ergodicity, Mixing and Lyapunov Exponents

For many systems it is apparent that after possible initial transients lasting a
time %o, the N particle distribution function f(I';f), becomes essentially time
independent. This is evidenced by the fact that the macroscopic properties of
the system relax to fixed average values. This obviously happens for equilibrium
systems. It also occurs in some nonequilibrium systems, so-called nonequilibrium
steady states. We will call all such systems stationary.

For a stationary system, we may define the ensemble average of a phase variable
B(I'), using the stationary distribution function f(T'), so that

(B) = [dT (D) B(T) (3.58)

On the other hand we may define a time average of the same phase variable as,

ty +T

(B), = lim— [diB(®)

to (359)
where 7 is the relaxation time required for the establishment of the stationary
state. An ergodic system is a stationary system for which the ensemble and time
averages of usual phase variables, exist and are equal. By usual we mean phase
variable representations of the common macroscopic thermodynamic variables
(see §3.7).
It is commonly believed that all realistic nonlinear many body systems are
ergodic.

Example

We can give a simple example of ergodic flow if we take the energy surface to
be the two-dimensional unit square 0 < 7 <1 and 0 <¢ <1. We shall assume that
the equations of motion are given by
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p=a

g=1 (3.60)
and we impose periodic boundary conditions on the system. These equations of
motion can be solved to give

p(1)=py +at
q(t)=q, +1 (3.61)

The phase space trajectory on the energy surface is given by eliminating ¢ from
these two equations

p=py+a(qg-q,) (3.62)

If o is a rational number, @ =m/n, then the trajectory will be periodic and will
repeat after a period T =n. If o is irrational, then the trajectory will be dense
on the unit square but will not fill it. When « is irrational the system is ergodic.
To show this explicitly consider the Fourier series expansion of an arbitrary
phase function A(4:p),

Alq.p)= Y Ay exp(2mi(jq + kp)) (.63)

We wish to show that the time average and phase average of A(¢P) are equal
for a irrational. The time average is given by
to+T

= hm— dt E A, exp(2m'[j(q0 +1)+ k(p, + oct)])

T TJ1 =

eZm(/ka)T _ 1

1
=Ay+ lT1m p: A,A exp(2m[J(q0 +1t,)+k(p, + at, )])
jk

2mi(j + ok) (3.64)
For irrational o, the denominator can never be equal to zero, therefore

(4), = 4, (3.65)

Similarly we can show that the phase space average of A is

A o =ﬁ:dqjidpA(q,P) = Ay (3.66)

and hence the system is ergodic. For rational o the denominator in (3.64) does
become singular for a particular /k-mode. The system is in the pure state labelled
by Jk. There is no mixing.

Ergodicity does not guarantee the relaxation of a system toward a stationary
state. Consider a probability density which is not constant over the unit square,
for example let /(¢,P:t =0) be given by

£(4,p,0) = sin(wp, )sin(g,) (3.67)
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then at time ¢, under the above dynamics (with irrational o), it will be

£(q.p.t) =sin(n(p, - an)sin(m(g, - 1)) (3.68)

The probability distribution is not changed in shape, it is only displaced. It has
also not relaxed to a time independent equilibrium distribution function.
However after an infinite length of time it will have wandered uniformly over
the entire energy surface. It is therefore ergodic but it is termed non mixing.

It is often easier to show that a system is not ergodic, rather than to show that
it is ergodic. For example the phase space of a system must be metrically transitive
for it to be ergodic. That is, all of phase space, except possibly a set of measure
zero, must be accessible to almost all the trajectories of the system. The reference
to almost all, is because of the possibility that a set of initial starting states of
measure zero, may remain forever within a subspace of phase space which is
itself of measure zero. Ignoring the more pathological cases, if it is possible to
divide phase space into two (or more) finite regions of nonzero measure, so that
trajectories initially in a particular region remain there forever, then the system
is not ergodic. A typical example would be a system in which a particle was
trapped in a certain region of configuration space. Later we shall see examples
of this specific type.

Lyapunov Exponents

If we consider two harmonic oscillators (see §3.2) which have the same frequency

w but different initial conditions (xwpn) and (xz’pz), we can define the distance
between the two phase points by

d =0l =(r 1)’ =J(x2 -x) +@,2nz;($) (3.69)

Using the equation for the trajectory of the harmonic oscillator (3.34), we see
that as a function of time this distance is given by

2

P, () - pl(t))
d(t =Jx 1) - x,(t 2+(—=do
(1) =y (%, - x,)) o (0) (.70
where % (?) and P:(*) are the position and momenta of oscillator i, at time . This
means that the trajectories of two independent harmonic oscillators always

remain the same distance apart in I'-space.

This is not the typical behaviour of nonlinear systems. The neighbouring
trajectories of most N-body nonlinear systems tend to drift apart with time.
Indeed it is clear that if a system is to be mixing then the separation of
neighbouring trajectories is a precondition. Weakly coupled harmonic oscillators
are an exceptions to the generally observed trajectory separation. This was a
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cause of some concern in the earliest dynamical simulations (Fermi, Pasta & Ulam,
1955).

As the separation between neighbouring trajectories can be easily calculated in
a classical mechanical simulation, this has been used to obtain quantitative
measures of the mixing properties of nonlinear many-body systems. If we
consider two N-body systems composed of particles which interact via identical
sets of interparticle forces, but whose initial conditions differ by a small amount,
then the phase space separation is observed change exponentially as

d(0) =y (1, () -T,(0)" = cexp(ra) (3.71)

At intermediate times the exponential growth of (1) will be dominated by the
fastest growing direction in phase space (which in general will change
continuously with time). This equation defines the largest Lyapunov exponent A
for the system (by convention A is defined to be real, so any oscillating part of
the trajectory separation is ignored). For the harmonic oscillator the phase
separation is a constant of the motion and therefore the Lyapunov exponent A,
is zero. In practical applications this exponential separation for an N particle
system continues until it approaches a limit imposed by the externally imposed
boundary conditions - the container walls, or the energy, or other thermodynamic
constraints on the system (§ 7.8). If the system has energy as a constant of the
motion then the maximum separation is the maximum distance between two
points on the energy hypersphere. This depends upon the value of the energy
and the dimension of the phase space.

The largest Lyapunov exponent indicates the rate of growth of trajectory
separation in phase space. If we consider a third phase point I's(*), which is
constrained such that the vector between I'i and I'; is always orthogonal to the
vector between I'i and I'., then we can follow the rate of change of a two
dimensional area in phase space. We can use these two directions to define an

area element V>(?), and rate of change of the volume element is given by
Vy(1) = V,(0)exp([h, +h, 1) (3.72)

As we already know the value of M, this defines the second largest Lyapunov
exponent *2. In a similar way, if we construct a third phase space vector T'i4(?)
which is constrained to be orthogonal to both I, and T'5(), then we can
follow the rate of change of a three dimensional volume element Vi) and

calculate the third largest exponent A, ;
Vi) =V, (O)CXP(D"I +h, + ha]t) (3.73)

This construction can be generalised to calculate the full spectrum of Lyapunov
exponents for an N particle system. We consider the trajectory I'() of a
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dynamical system in phase space and study the convergence or divergence of
neighbouring trajectories by taking a set of basis vectors (tangent vectors) in

phase space {61’62’63’ } , where 9;=I:=T';, Some care must be exercised in
forming the set of basis vectors to ensure that the full dimension of phase space
is spanned by the basis set, and that the basis set is minimal. This simply means
that constants of the motion must be considered when calculating the dimension
of accessible phase space. If the equation of motion for a trajectory is of the form

I =G(I) (3.74)
then the equation of motion for the tangent vector 9; is
8, =F,()=T()-5, +0(?) (3.75)

Here T(I) is the Jacobian matrix (or stability matrix dG/dT )for the system. If
the magnitude of the tangent vector is small enough the nonlinear terms in
equation (3.75) can be neglected. The formal solution of this equation is

8, = exp| [ s T()]6,(0) (3.76)

The mean exponential rate of growth of the i" tangent vector, gives the i®
Lyapunov exponent

1 bl
t [o, 0 (3.77)

The existence of the limit is ensured by the multiplicative ergodic theorem of
Oseledec [1968] (see also Eckmann and Ruelle [1985]). The Lyapunov exponents

can be ordered M >N, >...> A, and if the system is ergodic, the exponents are

independent of the initial phase I'(0) and the initial phase space separation 9:(0).

If we consider the volume element Vv where N is the dimension of phase space
then we can show that the phase space compression factor gives the rate of
change of phase space volume, and that this is simply related to the sum of the
Lyapunov exponents by

V=(Zrhv, <[ Sa v
N ar N & i} N
For a Hamiltonian system, the phase space compression factor is identically zero,
so the phase space volume is conserved. This is a simple consequence of

Liouville's theorem. From equation (3.78) it follows that the sum of the Lyapunov
exponents is also equal to zero. If the system is time reversible then the Lyapunov

(3.78)

exponents occur in pairs (=A,+X.). This ensures that d(1), Va(0), Vi()) etc. change
at the same rate with both forward and backward time evolution. It is generally
believed that it is necessary to have at least one positive Lyapunov exponent
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for the system to be mixing. In chapters 7 and 10 we will return to consider
Lyapunov exponents in both equilibrium and nonequilibrium systems.

3.5 Equilibrium Time Correlation Functions

We shall often refer to averages over equilibrium distribution functions /o (we
use the subscript zero to denote equilibrium, which should not be confused with
f©0), a distribution function at = 0). Distribution functions are called
equilibrium if they pertain to steady, unperturbed equations of motion and they
have no explicit time dependence. An equilibrium distribution function satisfies
a Liouville equation of the form

d .

ggfo=~lo=0 (3.79)
This implies that the equilibrium average of any phase variable is a stationary
quantity. That is, for an arbitrary phase variable B,

d d . .
—{BW), = [ dry,(TyexpGLy) BT = '[dl"fo(l")gexp(lLt)B(F)

= jdrfo(r)iL exp(iL)B(T) = —jdr(iL];,(r))exp(iLz)B(r) =0 (3.80)

We will often need to calculate the equilibrium time correlation function of a
phase variable A with another phase variable B at some other time. We define
the equilibrium time correlation function of A and B by

Cp(1) = [dTf,B'e"A=(ANB'), (3.81)

where B denotes the complex conjugate of the phase variable B. Sometimes we
will refer to the autocorrelation function of a phase variable A. If this variable
is real, one can form a simple graphical representation of how such functions
are calculated (see Fig. 3.4).

Because the averages are to be taken over a stationary equilibrium distribution
function, time correlation functions are only sensitive to time difference between
which A and B are evaluated. C1s(?) is independent of the particular choice of
the time origin. If iL generates the distribution function /o, then the propagator
exp(-iLt) preserves /o. (The converse is not necessarily true.) To be more explicit
Jo(t) =exp(-iLt;) f, = f,, so that Caz(*) becomes
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Figure 3.4 Equilibrium time autocorrelation function of real variable A.

N’[
<A(0)A(At)>=Ni AQACHAY |,  t=0,7, 2T, ...

T for samples in the sum to be independent, T
b
should be chosen so that <A(0)A(T) > << <A0)™>

Co(t) = [dTY,B'e" A= [dT),(1,)B'e" A
= [ar(e™*f,)Be"A
— J.drfo (eiLz, B*)eiL(rl 4

= [drf,A + 0B @) (3.82)

In deriving the last form of (3.82) we have used the important fact that since
iL=dI'/dt*0/OT and the equations of motion are real it follows that L is pure
imaginary. Thus, (iL)" =iL and (¢")" = €™ Comparing (3.82) with the definition
of Cus(?), above we see that the equilibrium time correlation function is
independent of the choice of time origin. It is solely a function of the difference
in time of the two arguments, A and B. A further identity follows from this
result if we choose i = ~/. We find that

Cup() =(AM B (0)), =(A0)B'(-1), (3.83)
So that,
Cas (1) ={A'B(=0)) = Cyy(-1) (3.84)

or using the notation of section 3.3,

Udrﬁ)B*ef“AT =[ [arae fOB*‘)T =[ [arf,ae B ]

_ * —ilt
= [arja'e™B (3.85)

The second equality in equation (3.85) follows by expanding the operator
exp(-iLt) and repeatedly applying the identity
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. N . . d . d .

iLt(f,B ):5-(170B )=8 }~(Fﬁ))+fol—‘~§3
= B'iLf, + f,iLB = f,iL

The term L/, is zero from equation (3.79).

Over the scalar product defined by equation (3.81), L is an Hermitian operator.

The Hermitian adjoint of L denoted, I’ can be defined by the equation,

Udl‘foB*eiL’A]* = jdrﬁ)A* exp[—iLTl]B (3.86)

Comparing (3.86) with (3.85) we see two things: we see that the Liouville operator
L is self adjoint or Hermitian (L=L"); and therefore the propagator e™, is
unitary. This result stands in contrast to those of §3.3, for arbitrary distribution
functions.

We can use the autocorrelation function of A to define a norm in Liouville space.
This length or norm of a phase variable A, is defined by the equation,
2 # 2 2
|AF = farf,AMA T) = [arf|ADF ={aryf), =0 6.87)

We can see immediately that the norm of any phase variable is time independent
because

|A@I = [dTf,A0)A” (1) = [dTf, [exp(LO)AT)][ expLrA”(T)]

= JdTf, exp(LO(AMA' (D) = [ar (expiLa f) 4] =4O g0
The propagator is said to be norm preserving (Fig. 3.5). This is a direct result of
the fact that the propagator is a unitary operator. The propagator can be thought
of as a rotation operator in Liouville space.
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A(t) = ell'A

Note: <B>, = [dI'f B

r(t) = <|A()f>y1?

= 1(0) AD)=ellA=A

Figure 3.5 The propagator is norm preserving

A phase variable whose norm is unity is said to be normalised. The scalar product,
(A,B) of two phase variables A, B is simply the equilibrium average of A and
B namely <AB™>,. The norm of a phase variable is simply the scalar product of
the variable with itself. The autocorrelation function Cy(t) has a zero time value
which is equal to the norm of A. The propagator increases the angle between
A" and A(*), and the scalar product which is the projection of A(?) along A’
therefore decreases. The autocorrelation function of a given phase variable
therefore measures the rate at which the 6N-dimensional rotation occurs.

We will now derive some relations for the time derivatives of time correlation
functions. It is easy to see that

d d _ .
L Cu()= Ejdrfo (exp[iLt] AMT)) B'(T)

= jdrfo (iLexp[iL{]A(T)) B (D) = C (1)
= j dr (™ A(D) )iL(f,B"(T)) = —JdFA(Z)%(FfOB*(F))
=— j drf, (™ A(D))iLB (T")

= - [ dTy, (™ AM)) B'(T) = —C (1) (3.90)

3.6 Operator Identities
In this section we develop the operator algebra that we will need to manipulate
expressions containing Liouvilleans and their associated propagators. Most of

the identities which we obtain are valid for arbitrary time independent operators.
Thus far we have been dealing with propagators in the time domain. For many
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problems it is more useful to consider their frequency dependent Laplace, or
Fourier-Laplace, transforms. A useful mathematical object is the Laplace transform
of the propagator. This is called the resolvent. The resolvent is an operator in
the domain of the Laplace transform variable s,

G(s)= J.dte’”e’i“
g (3.91)

Our first operator identity is obtained by considering two arbitrary operators
A and B,

(A+B)'=A" -A'B(A+B)" (3.92)
This identity is easily verified by operating from the right-hand side of this
equation with (A+ B), so

(A+ By (A+B) = [A“ —A'B(A+ B)“](A+ B)

=A"'(A+B)-A"'B

—ATA+A'B-A"B=1 (3.93)
The operator expression (A+ B)" is the inverse of the operator (A+B). To
interpret an operator inverse of (A + By , we use the series expansion

(I+4)7" =Y (-4

;) (3.94)

First we prove that the right-hand side of this expression is indeed the inverse
of the operator (/ + A). To do this consider

DA U+ )= P A=A 1 599

so that this series expansion allows us to represent the inverse of (/ + 4) in terms
of an infinite series of products of the operator A.

The Dyson Decomposition of Propagators

Now we can investigate the Laplace transform (or resolvent) of the exponential
of an operator in more detail. We use the expansion of the exponential to show
that

f dte e ™ =j;'dte"" i_T)'At = i(;?nA”]:dte“"t”

=§:(—)" <3 =§(1+é)—1 —(s+ A
n=0

(3.96)
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This means that the resolvent of the operator, ¢, is simply (s +4)". We can
now consider the resolvent derived from the operator (A4 + B), and using the first
identity above, relate this resolvent to the resolvent of A. We can write

(s+A+B) " =(s+A)" —(s+A)'B(s+ A+B)" (3.97)

Substituting the Laplace integrals for the operators (s + A" and (s + A+ B)™ into
this equation gives

o % o B3
fdte*\-lef(A+B)I =fdte<stefAt _fdt]e—.sf] e—AtlBj‘dtze—\tZe—(A+B)rz
0 0 0 0

0 t
=fdte—st{e—m —fdt e—A/; Be—(A+B)(l—n)}
1
0 0

As the equality holds for all values of s, the integrands must be equal, so

(3.98)

e—(A+B)t _ efm _j-dtlefmlBefmw)(pzl)

0 (3.99)
This result is a very important step towards understanding the relationship
between different propagators and is referred to as the Dyson decomposition when
applied to propagators (Dyson, 1949). The derivation that we have used here is
only valid if both of the operators A and B have no explicit time dependence.
(We consider the time dependent case in Chapter 8.) If we consider the

propagators €Xp((A + B)) and exp(A?), then a second Dyson decomposition can
be obtained:

t
e(A+B)t _ eAI +fdteAtl Be(A+B)(t—t])
- 1
0 (3.100)

It is handy to use a graphical shorthand for the Dyson equation. Using this
shorthand notation these two equations become,

E=«- & (®-0)« (3.101)
and

>=>+ > (®-0)~> (3.102)

The diamond 4 denotes the (A+ B)-Liouvillean and the circle o denotes the
A-Liouvillean; the arrows < and = denote the propagators €xp(~(A + B)f) and
exp((A+B)t) respectively, while < and — denote €Xp(-=A?) and exp(A?)
respectively. An n -1 fold convolution is implied by a chain of n arrows.

As an example of the application of this result, consider the case where B is a
small perturbation to the operator A . In this case the Dyson decomposition gives
the full (A + B)-propagator as the sum of the unperturbed A-propagator plus a
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correction term. One often faces the situation where we want to compare the
operation of different propagators on either a phase variable or a distribution
function. For example one might like to know the difference between the value
of a phase variable A(I') propagated under the combined influence of the

N-particle interactions and an applied external field ., with the value the
phase variable might take at the same time in the absence of the external field.
In that case (Evans and Morriss, 1984)

A(LF) = > A(T)

=[>+ > (®-0)>+—>(®#-0)>(®-0)~
+—>(®-0)—>(®-0)—>(®-0)~
+—>(®-0)—>(®-0)>(®#-0)>(¢®-0)~
F oo, ] A(T)

Therefore we can write,

0

n
— AT) = 2 ~[@-00—>]1 Aam
= (3.103)

This equation is of limited usefulness because in general, 4 and —, do not
commute. This means that the Liouvillean frequently represented by #, is locked
inside a convolution chain of propagators with which it does not commute. A
more useful expression can be derived from (3.102) by realising that ¢ commutes
with its own propagator namely, =. Similarly o commutes with its own
propagator, —. We can 'unlock' the respective Liouvilleans from the chain in
(3.102) by writing,

S=>+€>5->50 (3.104)
We can recursively substitute for =, yielding,
>=>+®>->5-550
+ & & > 55 - 2 5 55 o0 + —->->-> o0 o0
Foe, (3.105)

Now it is easy to show that,

oy ={t' ]_)
! (3.106)
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Thus (3.105) can be written as,

>={l1+t(®-0)+(t?/2))(®#®-2%0+00)
+ (2 /31) (¢ ¢ ¢ -3 & ¢ 0 + 3 & 00 -00 0)
F oo - (3.107)

This equation was first derived by Evans and Morriss (1984). Its utility arises
from the fact that by 'unrolling' the Liouville operators to the left and the
propagator to the right, explicit formulae for the expansion can usually be
derived. A limitation of the formula is that successive terms on the right hand
side do not constitute a power series expansion of the difference in the two
propagators in powers of the difference between the respective Liouvilleans. To

be more explicit, the term, 5 (6€¢-3600+3%00-000)isnotingeneral
of order (¢ - 0)’.

Campbell-Baker-Hausdorff Theorem

If A and B are non commuting operators then the operator expression
exp(A)exp(B) can be written in the form €XP(C) where C is given by

C= A+ B+3[A B]+ 5{[4.B]B]+[[B.A}A]}+... (3-108)

The notation [] is the usual Quantum Mechanical commutator. A rearrangement
of this expansion, known as the Magnus expansion is well known to quantum
theorists (Magnus, 1954). Any finite truncation of the Magnus expansion for
the time displacement operator, gives a unitary time displacement operator
approximation (Pechukas and Light, 1966). This result has not proved as useful
for nonequilibrium statistical mechanics as it is for quantum theory. We give it
here mainly for the sake of completeness.

3.7 The Irving-Kirkwood Procedure

In Chapter 2 we gave a brief outline of the structure of macroscopic
hydrodynamics. We saw that given appropriate boundary conditions, it is
possible to use the Navier-Stokes equations to describe the resulting macroscopic
flow patterns. In this chapter we began the microscopic description of
nonequilibrium systems using the Liouville equation. We will now follow a
procedure first outlined by Irving and Kirkwood (1950), to derive microscopic
expressions for the thermodynamic forces and fluxes appearing in the
phenomenological equations of hydrodynamics.

In our treatment of the macroscopic equations we stressed the role played by
the densities of conserved quantities. Our first task here will be to define
microscopic expressions for the local densities of mass, momentum and energy.
If the mass of the individual atoms in our system is m then the mass per unit
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volume at a position r and time ¢ can be obtained by taking an appropriate
average over the normalised N-particle distribution function /(I'."). To specify
that the particles should be at the macroscopic position r, we will use a

macroscopic delta function, 9(r =¥;). This macroscopic delta function is zero if
atom i is outside some microscopic volume dV; it is a constant if atom i/ is inside
this volume (8 is a smeared out version of the usual point delta function). We
will assume that particle dynamics are given by field-free Newtonian equations
of motion. The value of the constant is determined from the normalisation
condition,

[dr d(r)=1
v (3.109)
The volume V is envisioned to be infinitesimal on a macroscopic scale.
The mass density P(r's) can be calculated from the following average,
p(r,t)=fd1“ f(F,t)Emf)(r—r‘.)
=Jr f(r’O)E,- (RS =<2ml”“”> (3.110)

The first line of this equation is a Schrodinger representation of the density
while the second and third lines are written in the Heisenberg representation.
The equivalence of these two representations is easily seen by 'unrolling' the
propagator from the distribution function onto the phase variable. Since r, is a
constant, a nominated position it is unchanged by this 'unrolling' procedure.

The momentum density, P(r,)u(r,?), and total energy density, P(r)e(r.?), are
defined in an analogous manner.

o(r,Hu(r,r) =fdr f(F,t)E mvd(r-r,)

= fdU T.0Ypdr-r)= <2Pi(f)|r,m=r>

(3.111)
p(r,t)e(r,t)=fdrf(r,t){-;Emv,. +%2¢U}6(r—ri)
= _;Emvi +;‘E ¢ij
" o (3.112)

In these equations V: is the velocity of particle i, P; is its momentum, s = ;=T
and we assume that the total potential energy of the system, @ is pair-wise

additive and can be written as,

1
=32¢i1

’

(3.113)
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We arbitrarily assign one half of the potential energy to each of the two particles

which contribute ? to the total potential energy of the system.

The conservation equations involve time derivatives of the averages of the
densities of conserved quantities. To begin, we will calculate the time derivative
of the mass density.

] of (T, 1)
Ep(r,t) =de‘ lemﬁ(l‘—r,-)
= _deEWb(r—r[)iLf(F,t)

= [dar f(r,t)iLEma(r -r;)

B (r-r)
= far f(F,t)lEmv,. T
_ L 00(r-r))
= fdr f(F,t)va[ —

- _V-fdr f(F,t)zmv,-é(l‘ -r,)

= -V-[p@r,0u(r,n] (3.114)

The fifth equality follows using the delta function identity,
d dJ

L8 -r)=-——8(r-r

or, (r-r,) - (r-r)

We have shown that the time derivative of the mass density yields the mass
continuity equation (2.4) as expected. Strictly speaking therefore, we did not
really need to define the momentum density in equation (3.111), as given the
mass density definition, the mass continuity equation yields the momentum
density expression. We will now use exactly the same procedure to differentiate
the momentum density.

9 _ af .0 _

at[p(r,t)u(r,t)] fdr py Zmivié(r r,)
=—fdr2m,.v,.6(r—r,.)iLf(F,z)
=fdrf(r,r)iLE myvd(r-r,)
= [dTf(T.0) Y [8(r —x iLmy, +mv,ild(r -r)]

ad(r-r,) |

= |— - ’
_fdff(r,t)zlé(l' r)F, +mv,y; or, | (3.115)

We have used Newtonian equations of motion for the Liouvillean iL.
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%[P(r,t)u(r,t)] -[arrray {6 (r—r)F, +mv,y, ¥]
=fﬁf(r,f)26(r_ri)Fi — %-fdrf(r,l‘)ZMIV,V,f) (r-r,)

If we consider the second term on the right-hand side then

%-fﬁf(r,z)gm,v,v,é(r r,)

9
. <E m(v.() = u(r,0)(v,(t) - u(r,t))|r’(t)=r>

ar \<

9
Tor <E PEEERES r"(”='”> (3.116)

In the final term in equation (3.116), W(r.?) is independent of the particle index
and can be factored outside the summation. The remaining summation is, using

equation (3.110), simply equal to the mass density P(rs). Combining these results
it follows that

d d
E[p(r,t)u(r,t)] + pm '[p(r,t)u(r,t)u(r,z)] =def(F,t)lEf)(r -1,)F,

_% <2 m (v, —u(,H)v, -u(r,) ]l’i(t)=l'>

We will now consider the first term on the right hand side of this equation in
some detail.

[dTf(T.0) Yo (r -r)F,

(3.117)

_ 90,
= fcﬂ“f(l“,t)zjé(r r,.);L

=—%def(F,t)E[6(r r)—¢L+8(r r,)z—q;ﬂ}
—_— fdl“f(l‘t)z[é(r r)—q)L d(r- r/)%}

=4 fdTf(T, t)z[é(r r)-o(r- r)]—‘

Treating themacroscopicdelta function as an analytic function, we may expand

(3.118)

d(r =1;) 25 a Taylor series about (X —T;)_ This gives
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2
d(r-r)=38(-r)+r; dir O(r-r,)+ 21,1'1,",, %B(r r)+..

i

=d(r-r)-r; —6(1' r)+ 6(r r)-..

2" a . (3.119)

Thus the difference between the two delta functions is

2

d(r-r)-08(r-r;)=r; -%B(r— rl.)—%rijrij-%B(r—ri)t...

0
1,0,0(r -,
=or o0 (3.120)
where the operator 0j is given by,
Oi.=1—iri.'i+ Lf T, a\ +...
T e T T ) (3.121)

Using this equation for the difference of the two delta functions 3(r -T;) and
(r -1;) Jeads to

[p(r Hu(r,t)]+ a— [p@,Hu(r,Hu(r,n]

[fa’I‘f(I“ r)Er”oa(r r)—L+<Em (v, —u@))v, —u(r,)

>1
e ()=r J

(3.122)

Comparing this equation with the momentum conservation equation (2.12) we
see that the pressure tensor is,

P(r,?) =<Emi(v,. —u(r,n) v, —u(r,1) —%ErUO d(-r)F, >
! ri(0=r (3.123)

F, =

where =99,/9r; is the force on particle i due to particle J.

We will now use the same technique to calculate the microscopic expression for
the heat flux vector. The partial time derivative of the energy density is (from
equation (3.112))

9 of.nf 2
E[p(r’t)e(r’t)]=deT (3 zmvi +3 Zq)ij\é(r—ri)

- fdrf(r,t){iL(—; > mv}+4 Eq),:,\ }5 (r-r,)

+fdl“f(1",t)(%2 mv? +%2 ¢U) iLd(r-r,)
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=def(F,t){Evi °F, ——éz(vi ‘F,+v, .Fﬁ)}é(r -r,)

+ fdrf<r,r>(—; ymv; +3 }j%) \d %

= [dUf@03 v, F[s@-r)-8@-r)]

N 2 Vvoer-
~fdrf (= (Emv +52¢@,/ va(r-r) (3.124)

In the second term, the gradient operator 9/dr is contracted into V. Using our
previous result for the difference of two delta functions, equation (3.120), gives

i[p(r,t)e(r,t)]

def(F t)L Er‘/O‘,vl ‘F, ( Emv +3 E¢’//VJ6(r r;)

(3.125)
From equation (2.24) we conclude that,
Jor,n)+ P(r,t) “u(r,?) + p(r,t)e(r,t)u(r,t)
_fdl“f(l“ z) Erl/ v, F, +(22mv +5 Eq)u) d(r-r,)
[ J (3.126)
Now the definition of the energy density, equation (3.112) gives
p(r,)e(r, )u(r,t) = a'rf(r,t)(l mv’ +% ¢,,.) d(r-r,)u(r,7)
J 2 (3.127)
so that,
Jo(r,0) +P(r,1) -u(r,1)
= [drA(T, t) ErUOU F, + (—; N mv} +%E¢U)(v, - u(r,t))](‘)(r -r)
l ! b (3.128)

Similarly, from the definition of the pressure tensor P(r.) (see equation (3.123)),
we know that

P(r,?) - u(r) =def(I‘,t){Emi(v[ —u)(v,-u)- ETU A }.ué(r—ri)
i (3.129)

thus we identify the heat flux vector as,
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J,(r.,0) =fdl“f(l“,t)[(-§ Emvf +4 Zq)u.) (v,—u)- zm(v[ —u)(v,-u)-u
-1 3, v, -w F 0, -r)
= [aTAT.0l3 Fmiv, - w) +u ) v, - w +4 T o, (v, - w)

-3 Erlj(vi -u) FUOU]é (r-r,
et (3.130)

From the definitions of the mass density and momentum density (equations
(3.110) and (3.111)) we find that

[ATATH X ~wymu'd(r—x) = 0 (3.131)

so there is no contribution from the u” term. Further, if we define the peculiar
energy of particle i to be

€= —lm[(v[ - u)2 +3 ) 0,
i 22 ' (3.132)

then the heat flux vector can be written as

J, (.0 =fdl"f(1“,t)[2(vi ~ue, - ’72 r,(v,—u)-F,0,]3(r -r,)

or,

T, = <2(vi -we, -1y r,(v, ~u) F,0, >
7 i r, (=1 (3.133)

3.8 Instantaneous Microscopic Representation of Fluxes

The Irving-Kirkwood procedure has given us microscopic expressions for the
thermodynamic fluxes in terms of ensemble averages. At equilibrium in a uniform
fluid, the Irving-Kirkwood expression for the pressure tensor is the same
expression as that derived using Gibbs' ensemble theory for equilibrium statistical

mechanics. If the fluid density is uniform in space, the 0; operator appearing
in the above expressions reduces to unity. This is easier to see if we calculate
microscopic expressions for the fluxes in k -space rather than real space. In the
process we will better understand the nature of the Irving-Kirkwood expressions.

In this section we derive instantaneous expressions for the fluxes rather than
the ensemble based, Irving-Kirkwood expressions. The reason for considering
instantaneous expressions is two-fold. The fluxes are based upon conservation
laws and these laws are valid instantaneously for every member of the ensemble.
They do not require ensemble averaging to be true. Secondly, most computer
simulation involves calculating system properties from a single system trajectory.
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Ensemble averaging is almost never used because it is relatively expensive in
computer time. The ergodic hypothesis, that the result obtained by ensemble
averaging is equal to that obtained by time averaging the same property along
a single phase space trajectory, implies that one should be able to develop
expressions for the fluxes which do not require ensemble averaging. For this to
be practically realisable it is clear that the mass, momentum and energy densities
must be definable at each instant along the trajectory.

We define the Fourier transform pair by

p 1 —-ikr
O = far e oy SO = fdk e

(3.134)

In the spirit of the Irving-Kirkwood procedure we define the instantaneous
r-space mass density to be,

D= Jmd(r-r,
p(r.t) 2m (r-r,(1) (3.135)

where the explicit time dependence of P(r) (that is the time dependence
differentiated by the hydrodynamic derivative /07, with r fixed) is through

the time dependence of Ti(*) . The k -space instantaneous mass density is then

N N
ikr ikr. (1)
pk,t)=[dr md(xr-r,())e” = » me""
/ 2 El (3.136)
We will usually allow the context to distinguish whether we are using ensemble
averages or instantaneous expressions. The time dependence of the mass density
is solely through the time dependence of T, so that

D) 4 N e

ot = S (3.137)

iker, (1)

Comparing this with the Fourier transform of (2.4) (noting that df dtlk in (3.137)
corresponds to &/ o, in (2.4)) we see that if we let J(r;1) =p(r,)u(r,?) then,

N
Jk1)= Emviek'r‘“)
= (3.138)
This equation is clearly the instantaneous analogue of the Fourier transform of
the Irving-Kirkwood expression for the momentum density. There is no ensemble
average required in (3.137). To look at the instantaneous pressure tensor we only
need to differentiate equation (3.138) in time.

N

L J(k,t) = E (ik- mv, (1)v,(1)e™ " + F,.e"k'““’)
at = (3. 139)
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We can write the second term on the right hand side of this equation in the form
of the Fourier transform of a divergence by noting that,

DLIAEED) (FRRT IS VS

N
i=1 ij= i,j=1

5]
N —Lkr

_ EF ( Sikry )e,-kf, ikl Eru , e -1 ey

i ! ke, (3.140)
Combining (3.139) and (3.140) and performing an inverse Fourier transform we
obtain the instantaneous analogue of equation (3.123). We could of course
continue the analysis of §3.7 to remove the streaming contribution from the
pressure tensor but this is more laborious in k -space than in real space and we
will not give this here. We can use our instantaneous expression for the pressure
tensor to describe fluctuations in an equilibrium system. In this case the streaming
velocity is of course zero, and

N N —lkr (t)
ikt —1 ikr (1)
Pk.1) =S mv,0)v, (0™ — £, (OF, (1) ——— "™
2 22 s ke () (3.141)
The k-space analysis given provided a better understanding of the
N k -space it is not necessary to perform the
apparently difficult operation of Taylor expanding delta functions.

Irving-Kirkwood operator

Before we close this section we will try to make the equation for the momentum
density, J(r5)=p(r,Nu(r,?),  a little clearer. In k-space this equation is a
convolution,

Jt)= [di'p(k - K", yu(k',0) (3.142)

Does this definition of the streaming velocity u, make good physical sense? One
sensible definition for the streaming velocity u, would be that velocity which
minimises the sum of squares of deviations from the particle velocities V:. For
simplicity we set # =0, and let R, be that sum of squares,

If u(r) minimises this sum of squares then the derivative of R with respect to

each of the Fourier components W(K,), must be zero. Differentiating (3.143) we
obtain,

OR K -
- E Eu(k )eﬂk“ r; e*lkm Yo 0
Juk,) & (3.144)

This implies that
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N N

-k, r; — —ik,r; -k, T
E mv.e = E E mu(k,)e e
i=1 =l n

(3.145)
Both sides of this equation can be identified as k -space variables,
J(=k,) = ) u(k,)p(-k, -k,)
2 P (3.146)
So that
J(kl‘/l): u(kn) (km _kn)
2 P (3.147)

This is the Fourier series version of equation (3.142).

We can use the same procedure to calculate an expression for the heat flux
vector. As we will see this procedure is very much simpler than the
Irving-Kirkwood method described in §3.7. We begin by identifying the
instantaneous expression for the instantaneous wavevector dependent energy
density in a fluid at equilibrium,

1 .2 1 iker, (¢
pe(k,?) = E(Em[ri )+ EEq)U(rU(z)))e i

i

(3.148)

This is instantaneous, wavevector dependent analogue of (3.112). To simplify
notation in the following we will suppress the time argument for all phase
variables. The time argument will always be ¢. If we calculate the rate of change
of the energy density we find,

%[pe( k)] =ik- ’Ef,.(t)(% mr?(t) +—; Zq),.j(r,, (t)))e“”'“) + E mr, -t e™"®

*lE (1'-‘. %L +I; '&)eik'rim
24 gr; = or; (3.149)

L 0=1) 6, o
Where we use the notation i+ If we denote the energy of particle i as

¢ and ¥ as the force exerted on particle i due to J then (3.149) can be rewritten
as,

%[pe(k,t)] =ik ’Ef:‘eieik.ri + Zi.i ’ Fieik‘rl‘ _%Zj(i‘i By - i.j ¥y o

. - ikr; 1 . ik ik-
=zk-Erieie’ i +52ri -Fi,(e’ e r‘)
i i,j

This equation involves the same combination of exponents as we saw for the
pressure tensor in (3.140). Expanding exponentials to first order in k, and using
equation (2.24) we find that the wavevector dependent heat flux vector can be
written as

(3.150)
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. 1 . 2
Jok=0)= Yre-—>r F, -1, +0(k")
2 22/ Y (3.151)
In r-space rather than k-space the expressions for the instantaneous pressure
tensor and heat flux vector become,

[ 1

P(r,1) = Y i m,(v,(0) = w())(¥, () = u(t) =3 Y £, (OF, (1) 8(r = ,(1)

”| 7 J (3.152)

[ . ]

Joen=> l(v’m —u())e,(H) =3 D e, XV, (1) - w(0) - F, (1) Ja(r -1,()
i i (3.153)
Our procedure for calculating microscopic expressions for the hydrodynamic
densities and fluxes relies upon establishing a correspondence between the
microscopic and macroscopic forms of the continuity equations. These equations
refer only to the divergence of the pressure tensor and heat flux. Strictly speaking
therefore we can only determine the divergences of the flux tensors. We can
add any divergence free quantity to our expressions for the flux tensors without
affecting the identification process.

3.9 The Kinetic Temperature

We obtain an instantaneous expression for the temperature by analysing the
expression for the pressure tensor (3.150) for the case of an ideal gas at
equilibrium. Thus if 7(T.?) is the local instantaneous number density,

N

%n(r,t)kBT(r,l)=E%mi(vi(t)—u(r,t))25(ri(t)—r)

i=1 (3.154)
We will call this expression for the temperature, the kinetic temperature. In
using this expression for the temperature we are employing a number of
approximations. Firstly we are ignoring the number of degrees of freedom which
are frozen by the instantaneous determination of W(r.f). Secondly , and more
importantly, we are assuming that in a nonequilibrium system the kinetic

temperature is identical to the thermodynamic temperature T,
oE
=
dSlyy (3.155)

This is undoubtedly an approximation. It would be true if the postulate of local
thermodynamic equilibrium was exact. However we know that the energy,
pressure, enthalpy etc. are all functions of the thermodynamic forces driving
the system away from equilibrium. These are nonlinear effects which vanish in
Newtonian fluids. Presumably the entropy is also a function of these driving
forces. It is extremely unlikely that the field dependence of the entropy and the
energy are precisely those required for the exact equivalence of the kinetic and
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thermodynamic temperatures for all nonequilibrium systems. Recent calculations
of the entropy of systems very far from equilibrium support the hypothesis that
the kinetic and thermodynamic temperatures are in fact different (Evans, 1989).
Outside the linear (Newtonian), regime the kinetic temperature is a convenient
operational (as opposed to thermodynamic) state variable. If a nonequilibrium
system is in a steady state both the kinetic and the thermodynamic temperatures
must be constant in time. Furthermore we expect that outside the linear regime
in systems with a unique nonequilibrium steady state, that the thermodynamic
temperature should be a monotonic function of the kinetic temperature.
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