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A(q,p,t) = eXpU0 dt l'LN(q,p)]A(q,p,O) = eprO deiLW(q,p')}A(q,p',O)

> eXon dt'ily, (g, p’)]A(q,p’,O) = A(q.p’.1") (5.5

T' T
Using (5.59) and the time transformation (5.48) we find that T =ﬁ1dt =J;dt/s so
that we can rewrite the time average in the usual form,

fdt,A(qp ) fth(q p.1)

f dr' dt—

(4), = =4

(5.60)

So the time average over ¢ is equal to the time average over ' . Using the variables

q,P' and ¢ the time average over equal intervals of  takes the usual form.
The time average over , and however, involves the scaling variable , or
equivalently a time average over unequal intervals of .

One can of course dispense with the original form of Nosé's equations entirely.
There is now no need to consider the notion of non-Galilaean time. We simply
repeat the derivation we gave for the isokinetic distribution based on the
Gaussian isokinetic equations of motion, for the Nosé-Hoover equations. Since

there is no need to refer to non-Galilaean time we refer to , , simply as,

, , (dropping the prime). The particle distribution function
generated by the Nosé-Hoover equations of motion can be obtained by solving
the Liouville equation for the equations of motion written in terms of , and

. It is convenient to consider the total time derivative of which from the
Liouville equation is

(5.61)
From the equations of motion (5.49), dropping the primes, it is easy to see that
isa function of and , and hence independent of . The only nonzero

contribution to the right hand side comes from the dependence of , SO
that

(5.62)

Consider the time derivative of the quantity

(5.63)
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If we take & = 3N -1 then we find that
d d
Elnf =B _(Ho + %QCZ)

dt (5.64)

So that the equilibrium distribution function is the extended canonical
distribution /-,
exp[—B(HO +4 QCZ)]
2
fdrde exp|-B(H, +30¢?) (5.65)

fAI,D) =

In the Hoover representation of the equations of motion, the scaling variable s
has essentially been eliminated so the number of degrees of freedom of the
system, changes from 3N +1 to 3N and 8 changes from 3N to 3N -1.

5.3 Isothermal Linear Response Theory

In §5.2 we considered two forms of thermostatted dynamics - the Gaussian
isokinetic dynamics and the Nosé-Hoover canonical ensemble dynamics. Both
of these thermostatted equations of motion can add or remove energy from the
system to control its temperature. It is particularly important to incorporate
thermostatted dynamics when the system is perturbed by an external field. This
allows the irreversibly produced heat to be removed continuously, and the
system maintained in a steady, nonequilibrium state. We now generalise the
adiabatic linear response theory of §5.1, to treat perturbed thermostatted systems
we have developed in §5.2. We consider (Morriss and Evans, 1985) an N -particle
system evolving under the Gaussian isokinetic dynamics for 7 <0, but subject
for to an external field F., for all times ¢ >0. The equations of motion are given
by
Q=2ecro
m
p, =F,+ D.F, (¢)-ap, (5.66)
The term ®P: couples the system to a thermostat and we shall take
Eﬂ . EE -
o =0y + @, F(f) = T + T F (1)

. 2
p; b
D

(5.67)

2
so that the peculiar kinetic energy, B = Efp [fom - Ky, is a constant of the

motion. In the absence of the field these equations of motion ergodically generate
the isokinetic distribution function, /7, equation (5.28), with B=3N/2K,  As

we have seen, the isokinetic distribution function /7, is preserved by the field
free isokinetic equations of motion and that,
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afr .
—_— = =0
or = il (5.68)

we use L for the zero field, isokinetic Liouvillean.

To calculate the linear thermostatted response we need to solve the linearised
Liouville equation for thermostatted systems. Following the same arguments
used in the adiabatic case (equations (5.8-12)), the linearised Liouville equation
is,

9 . - 2
py Af(U,t) +iL,Af(T,t) = —AiL(t) f,(T') + O(A®) (5.69)

where IL(t) is the external field dependent, isokinetic Liouvillean and
AiL(1) = iL(#) - iL; _ 1ts solution is the analogue of (5.13), namely

Af(T,0) = - fo'ds exp(—iL, (t - $)) AiL(s) f,(T) + O(A®) (5.70)

Using equations (5.8), (5.28) and (5.66), and the fact that P = 3N[2K, , it is easy
to show that

Ail(2) f7(T) = il(t) f(T) = iLy f7(T') = iL(2) f(I')

e o (2 mep))
_(r(z) prRerRIO AL

= B4, (D)= (0T, = (ep)

(5.71)
There is one subtle point in deriving the last line of (5.71),
ip Az g -8 SK@)= Kpe ™
“° 9p, A dp Z: )
e & b 0K(p) 93 (K(p) - K,)
Z®) A op, dK(p)
Ba) _
_e K(p>35(1'(([)) K)_
Z,(B) 9K (p) (5.72)

The last line follows because K(P) is a constant of the motion for the Gaussian
isokinetic equations of motion. We have also assumed that the only contribution
to the phase space compression factor comes from the thermostatting term ®P:.
This means that in the absence of a thermostat, that is the adiabatic case, the
phase space is incompressible and

0 - w [0 0
— T =Y|—C+-="D,| =0
ar “\dq, ap, (5.73)

This assumption or condition, is known as the adiabatic incompressibility of phase
space (AIl'). A sufficient, but not necessary condition for it to hold is that the
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adiabatic equations of motion should be derivable from a Hamiltonian. It is
important to note that AII' does not imply that the phase space for the
thermostatted system should be incompressible. Rather it states that if the
thermostat is removed from the field dependent equations of motion, the phase
space is incompressible. It is essentially a condition on the external field coupling

terms Ci(4:P) and Di(4:P). It is not necessary that ¢ be independent of ¢, and

D, be independent of 7. Indeed in §6.3 we find that this is not the case for planar
Couette flow, but the combination of partial derivatives in equation (5.73) is
zero. It is possible to generalise the theory to treat systems where AII' does not
hold but this generalisation has proved to be unnecessary.

Using equation (5.67) for the multiplier o, to first order in N we have
AIL(1) f7(T) = {pD(1) + 3N ), (T)
_pSc,-F, -, -
=B 3 CF, =D, ) F0) (D)
=BJ(DF, (1 /() (5.74)

This equation shows that AiL()f() is independent of thermostatting. Equations
(5.74) and (5.15) are essentially identical. This is why the dissipative flux J is
defined in terms of the adiabatic derivative of the internal energy. Interestingly,
the kinetic part of the dissipative flux, J(I'), comes from the multiplier o, while
the potential part comes from the time derivative of ®.

Substituting (5.74) into (5.70), the change in the isokinetic distribution function
is given by

AF(T1) = =B [(ds exp(=iL(1 =) JDIF, () £,(T) 5.75)

Using this result to calculate the mean value of B(?) , the isothermal linear response
formula corresponding to equation (5.16), is,

(B(1), -~ (B(0)), = [ dTBT)AA(T.)
= =B f{ds [dTBIT)exp(=iL(t = )JTIF,()f; (T)
= =B fds [dTf, (D)D) expGL(t - ) BF,(5)
=~ fds [dTf,(T)J(T)B( = )F,(5)
= =B fids (Bt = 9)J(O),, F.(5) (5.76)

Equation (5.76) is very similar in form to the adiabatic linear response formula

derived in §5.1. The notation ( )T.o signifies that a field-free (0), isokinetic (T)
ensemble average should be taken. Differences from the adiabatic formula are
that;
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1.  the field-free Gaussian isokinetic propagator governs the time evolution in

the equilibrium time correlation function (B(t -s)J (0))T.0,
2. the ensemble averaging is Gaussian isokinetic rather than canonical,
3. because both the equilibrium and nonequilibrium motions are thermostatted,

the long time limit of (B(t))r on the left hand side of (5.76), is finite,

4. and the formula is ergodically consistent. There is only one ensemble
referred to in the expression, the Gaussian isokinetic distribution. The
dynamics used to calculate the time evolution of the phase variable B in
the equilibrium time correlation function, ergodically generates the ensemble

of time zero starting states /r(), We refer to this as ergodically consistent
linear response theory.

The last point means that time averaging rather than ensemble averaging can
be used to generate the time zero starting states for the equilibrium time
correlation function on the right hand side of equation (5.76).

It can be useful, especially for theoretical treatments, to use ergodically
inconsistent formulations of linear response theory. It may be convenient to
employ canonical rather than isokinetic averaging, for example. For the canonical
ensemble, assuming AII', we have in place of equation (5.71),

AIL(1)f,(T) = ~(BAD + 3NAat ) £,(T)

=([3 ZF,' -G, _;_11\(]2% 'Di) F,f.(')

AK .
=BIDIFLD)+ g 3 L DFL D)+ 0) 5
0 5.77

where A d®/dt is the difference between the rate of change of ® with the external
field turned on and with the field turned off (4@ (F.) / df = d®(F, - 0)/ dt)_ Similarly
Aa = a(F,)-a(F,=0)=a,F, (see equation 5.67). The response of a phase variable
B, is therefore,

(B1)), =(BOY, -B [ds(B(t=5)JO), ,F(s)

3 AK p;
-8 Odr<B(t— 5) E—’~Di(0)> F(s)
<K>v,() m 0 (5.78)

Using the same methods as those used in deriving equation (5.35), we can show
that if B is extensive, the second integral in equation (5.78) is of order 1 and
can therefore be ignored.

Thus for a canonical ensemble of starting states and thermostatted Gaussian
isokinetic dynamics, the response of an extensive variable B, is given by



112

Statistical Mechanics of Nonequilibrium Liquids
(B()), = (BO), - B fas(B( ~5), J(0),, F() (5.79)

Like the isokinetic ensemble formula, the response, (B(tr»p, possesses well
defined steady state limit.

It is straightforward to apply the linear response formalism to a wide variety of
combinations of statistical mechanical ensembles, and equilibrium dynamics.
The resultant susceptibilities are shown in the Table 5.1 below. It is important
to appreciate that the dissipative flux J(I') is determined by both the choice of
equilibrium ensemble of starting states and the choice of the equilibrium
dynamics.

Table 5.1 Linear Susceptibilities expressed as equilibrium time correlation
functions’

Adiabatic response of canonical ensemble

(T.5.1)
% = B(B(ty)J(0),
Isothermal response of canonical or isothermal ensemble
(T.5.2)
% =B{B()J(0),,
Isoenergetic response of canonical or microcanonical ensembles (Evans and Morriss, 1984b).
(T.5.3)
% (1) = B{B(ty )] (0)), ,
Isoenthalpic response of isoenthalpic ensemble
(T.5.4)
% = B(B(1)J(0)),

—]F‘, - dI/dt, isoenthalpic dynamics defined in (Evans and Morriss, 1984b).
Nosé dynamics of the canonical ensemble

% =B(B(.)J(0), (7.5.5)

T Equilibrium dynamics: ‘v, Newtonian; r, Gaussian Isokinetic; / Gaussian
isoenthalpic; I, Nosé-Hoover. Ensemble averaging:- ( )« canonical; ( )r isokinetic;
(), microcanonical; (), isoenthalpic.

§ Proof of (T.5.5) can be found in a paper by Holian and Evans (1983).

5.4 The Equivalence of Thermostatted Linear Responses

We shall now address the important question of how the various linear
susceptibilities described in Table 5.1, relate to one another. For simplicity let
us assume that the initial unperturbed ensemble is canonical. In this case the
only difference between the adiabatic, the isothermal, the isoenergetic and the
Nosé susceptibilities is in the respective field free propagators used to generate
the equilibrium time correlation functions. We will now discuss the differences
between the adiabatic and isothermal responses, however the analysis of the
other cases involve similar arguments. Without loss of generality we shall assume
that the dissipative flux J and the response phase variable B are both extensive
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and have mean values which vanish at equilibrium. The susceptibility is of order
N.

The only difference between (T.5.1) and (T.5.2) is in the time propagation of the
phase variable B,

B(t;)=U (1)B(I') = exp(iL 1) B(T") (5.80)
and

B(1y)=Uy()BX') = exp(iLy1)B(I') (5.81)

In equations (5.80) and (5.81) the Liouvillean ‘L is the Newtonian Liouvillean,
and L7 is the Gaussian isokinetic Liouvillean obtained from the equations of
motion (5.23), with a given by the . =0 limit of equation (5.20). In both cases
there is no explicit time dependence in the Liouvillean. We note that the
multiplier o, is intensive.

We can now use the Dyson equation (3.102), to calculate the difference between
the isothermal and adiabatic susceptibilities for the canonical ensemble. If =
denotes the isothermal propagator and — the Newtonian, the difference between
the two relevant equilibrium time correlation functions is

(/=B -(1=>B)=(J=A—->B)=5(/=B) (5.82)

where we have used the Dyson equation (3.102). Now the difference between
the isothermal and Newtonian Liouvillean is

A=ilL, —iL —AFi——(xip R
b a T o, (5.83)

Thus

§(J=B)= —_[(: ds <J cxp(iLNs)ocgpl . aipvcxp(iLN(z - s))B>

i

(5.84)

where a is the field-free Gaussian multiplier appearing in the isothermal equation
of motion. We assume that it is possible to define a new phase variable B’ by

N
exp(iL,)B’ =Y p, ~iexp(iLNt)B
= op, (5.85)

This is a rather unusual definition of a phase variable, but if B is an analytic
function of the momenta, then an extensive phase variable B’ always exists.

First we calculate the average value of B'(?).
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(B'(ty) = <Ep —— B(1y) > fdrf(r>2p pB(r)

- —fdrBaN)E (p.f(D)
= 3N(B(t,)) + ZB(B(tN)K(0)> = 2B{ B(t,)[K(0)- < K(0) >]) (5.86)

Unless B is trivially related to the kinetic energy K, (B,(’N» =0, Typically B
will be a thermodynamic flux such as the heat flux vector or the symmetric

traceless part of the pressure tensor. In these cases (B'@) vanishes because of
Curie's Principle (§2.3).

Assuming, without loss of generality, that (B(tN )> =0 , then we can show ,
(/= B)= —ﬂ) ds{Jexp(iL,s)o.exp(iL,(t - 5))B’)

= ~[ dS{I (=5 (O) B (1, - 5,)) (5.87)
This is because {(/)={(a)=0 . Because J, B and B’ are extensive and o is
intensive, equation (5.87) can be expressed as the product of three zero mean
extensive quantities divided by N. The average of three local, zero mean
quantities is extensive, and thus the quotient is intensive. Therefore, except in
the case where B is a scalar function of the kinetic energy, the difference between
the susceptibilities computed under Newton's equations and under Gaussian

isokinetic equations, is of order /N compared to the magnitude of the
susceptibilities themselves. This means that in the large system limit the adiabatic
and isokinetic susceptibilities are equivalent. Similar arguments can be used to
show the thermodynamic equivalence of the adiabatic and Nosé susceptibilities.
It is pleasing to be able to prove that the mechanical response is independent of
the thermostatting mechanism and so only depends upon the thermodynamic
state of the system.

Two further comments can be made at this stage: firstly, there is a simple reason
why the differences in the respective susceptibilities is significant in the case
where B is a scalar function of the kinetic energy. This is simply a reflection of
the fact that in this case B, is intimately related to a constant of the motion for
Gaussian isokinetic dynamics. One would expect to see a difference in the
susceptibilities in this case. Secondly, in particular cases one can use Dyson
decomposition techniques, (in particular equation (3.107)), to systematically
examine the differences between the adiabatic and isokinetic susceptibilities.
Evans and Morriss (1984) used this approach to calculate the differences,
evaluated using Newtonian and isokinetic dynamics, between the correlation
functions for each of the Navier-Stokes transport coefficients. The results showed



Linear Response Theory

that the equilibrium time correlation functions for the shear viscosity, for the
self diffusion coefficient and for the thermal conductivity and independent of
thermostatting in the large system limit.
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